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A-COALGEBRAS

ABHISHEK BANERJEE, ANITA NAOLEKAR

ABSTRACT. In this paper, we use the language of monads, comonads and Eilenberg-
Moore categories to describe a categorical framework for A,.-algebras and A..-coalgebras,
as well as A-modules and A..-comodules over them respectively. The resulting formal-
ism leads us to investigate relations between representation categories of A..-algebras
and A.-coalgebras. In particular, we relate A,.-comodules and As.-modules by con-
sidering a rational pairing between an A..-coalgebra C and an A..-algebra A. The
categorical framework also motivates us to introduce A.,-contramodules over an A.-

coalgebra C'.
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A monad on a category C consists of an endofunctor U : C — C along with natural
transformations U o U — U and 1 — U satisfying conditions similar to an ordinary
ring. As with a ring, one can study a monad by looking at its representation category,
i.e., its category of modules. The role of modules over the monad U is played by the
classical Eilenberg-Moore category E My (see [20], [21]). For instance, Borceux, Caenepeel
and Janelidze [11] have shown that Eilenberg-Moore categories can be used to study a
categorical form of Galois descent, extending from the usual notion of Galois extension of
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commutative rings. The dual notion of comonad resembles that of a coalgebra, and we
have Eilenberg-Moore categories of comodules over them. For instance, Eilenberg-Moore
categories of comodules can be used to study notions such as relative Hopf modules, or
Doi-Hopf modules (see [14]).

In this paper, we consider A.,-versions of monads, comonads and their representation
categories. We develop Eilenberg-Moore categories for A,-monads and A.,-comonads.
We study a bar construction for A,-monads. We also study versions of distributive laws
that enable us to lift A,.-monads to the Eilenberg-Moore category, or extend A..-monads
to the Kleisli category, of an ordinary monad. This gives us a categorical framework for
Aso-algebras and A.-coalgebras, as well as A,-modules and A,.-comodules over them re-
spectively, using the language of monads, comonads and Eilenberg-Moore categories. We
are then motivated by this formalism to consider rational pairings between A..-coalgebras
and A,-algebras, and also to introduce A..-contramodules.

We recall that an A-algebra A consists of a graded vector space A = @A, and a
neZ

sequence {my : A®* — A}y>; of homogeneous linear maps satisfying higher order asso-
ciativity conditions. The A -algebras were introduced by Stasheff [42], [43], and applied
to the study of homotopy associative structures on H-spaces. In later years, A.-structures
have found widespread applications in algebra, topology, geometry as well as in physics
(see, for instance, [1], [9], [22], [23], [26], [27], [29], [30], [35], [41], [44]).

We investigate relations between three “module like” categories associated to A..-(co)-
algebras: modules, comodules and contramodules. We define a rational pairing between
an A-coalgebra C' and an A, -algebra A. This gives us an adjunction between the
category of A,-modules over A and the A,.-comodules over C'. This extends the classical
theory that embeds the comodules over a coalgebra as a coreflective subcategory of the
modules over its dual algebra (see, for instance, [13, Chapter 1]).

On the other hand, if C” is an ordinary coassociative coalgebra, we know that there are two
different representation categories of C’. One is the usual category of C’-comodules and
the other is the category of C’'-contramodules, introduced by Eilenberg and Moore in [21,
IV.5]. At a categorical level, both are dual to the notion of modules over an algebra, which
makes the study of contramodules as fundamental as that of comodules. Accordingly, our
monadic approach motivates us to introduce A..-contramodules over an A..-coalgebra C'.
We also introduce a contratensor product that gives us an adjunction between categories
of A,-comodules and A,-contramodules. For the contratensor product in the case of
contramodules over a coassociative coalgebra, we refer the reader to [37].

We should mention that our approach to A..-structures in this paper using monads and
comonads is inspired by Béhm, Brzezinski and Wisbauer, who provided a unifying frame-
work for studying modules, comodules and contramodules over ordinary algebras and
coalgebras in [10]. As such, we hope that this is the first step towards studying no-
tions such as mixed distributive laws, entwining structures and Galois properties over
As-algebras and A..-coalgebras, as well as relative Hopf modules, Doi-Hopf modules,
and Yetter-Drinfeld modules. The literature on the latter is vast and has been developed
widely by several authors (see, for instance, [3], [4], [12], [14], [15], [16], [17], [18]).
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We now describe the paper in more detail. We begin in Section 2 with an abelian category
C that is K-linear (for a field K') and satisfies (AB5). An A,-monad (U, ©) consists of
a sequence U = {U,},ez of endofunctors on C along with a collection © of natural
transformations

@ = {ak(ﬁ) . [Uﬁ = Unl 0...0 [Unk — Un1+...+nk+(2_k) = U2ﬁ+(2—k) | k 2 ]., n= (TL]_7 7nk) S Zk}

satisfying certain relations. We say that (U, ©) is even if 0(n) = 0 whenever k is odd.
Dually, an A.,-comonad (V,A) consists of a sequence V = {V,,},,cz of endofunctors and
a collection A of natural transformations

A = {6x(n) :V2ﬁ+(2_k) = an-l—..--‘rnk-‘r(?—k) — V0.0V, =V5 | k>1, 7= (n, ,nk() € )Zk}
1.2

satisfying dual relations. Our first result is that if {(U,, V,)},ez is a sequence of adjoint

functors, then U = {U,},cz can be equipped with the structure of an even A.,,-monad

(resp. an even A,-comonad) if and only if V = {V,},cz can be equipped with the

structure of an even A -comonad (resp. an even A.-monad). Additionally, if U =

{U,, }nez is an even A,.-monad, we describe a process that gives a collection V¥ = {V&},

of subfunctors of V = {V,,},,cz carrying the structure of an A.-comonad (V¥ A®) that

is locally finite. In other words, for each k > 1, T' € Z, the induced morphism

Vo =Vt — H Ve 0.0V (1.3)

nezZk Sn=T

factors through the direct sum kﬂa Ve o..oVP.

nEZk SA=T
If (U,0) is an As-monad, an A,-module (M, ) consists of a collection M = {M,}nez
of objects of C along with morphisms

™= {ﬂ'k(ﬁ, l) UM, — M2ﬁ+l+(2_k) ’ k> 1, n= (nl, ...,nk,l) € Zk_l, leZ } (14)

satisfying certain conditions described in Definition 3.1. This gives the Eilenberg-Moore
category EMy o) of Ax-modules over (U, ©). We also describe a canonical functor C —
EMu,e). Further, if the functors {Uy, },ez preserve direct sums, this extends to a functor
U:ct—s EMy,e) from the category C* of Z-graded objects over C. The A,-comodules
over an A.-comonad (V, A) are defined in a dual manner. If {(U,, V,,) },.ez is a sequence of
adjoint functors, we show (see Proposition 3.5) that the category of even A.-modules over
(U, ©) is isomorphic to the category of even A,-comodules over (V,A). We also define
oo-morphisms @ = { ay(n,1) : UpM}" — Mg, ) between A-modules (M*,7?),
(M? 7?) (see Definition 3.6). Then, we show in Theorem 3.8 that even A,-modules over
(U,©) with odd oco-morphisms between them correspond to even A,-comodules over
(V, A) with odd co-morphisms between them.

We study locally finite A,-comodules over A.-comonads in Section 4. Let (V,A) be
an A..-comonad such that each V,, is exact. If P = {P,},ez is an A.-comodule, we
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describe a process of restricting the structure maps pi(n,1) : Pepyip—k) — VB of P
to a subobject P® such that for each k > 1,1 € Z, T € Z, the induced morphism

I man:pPe,,, — [ Vap® (1.5)
AEZrF—1 Sa+I=T AEZk—1 Sa+I=T
factors through the direct sum b VaP®. Further, we show (see Theorem 4.6)

ReZr—1 SnaH=T
that this construction gives a right adjoint to the inclusion of locally finite A..-comodules
into the Eilenberg-Moore category EM™:2) of A -comodules over (V,A).
In Section 5, we develop the bar construction for an A.-monad (U,®). This gives a
comonad Bar(U, ©) which is graded and equipped with a coderivation. If (W, d;,0,) is a
conilpotent dg-comonad (see Definition 5.2), we show that morphisms from (W, dy,d2) to
Bar(U, ©) correspond to families of natural transformations satisying conditions similar
to the classical case of twisting morphisms. In Section 6, we study distributive laws
between an A-monad (U, ©) and an ordinary monad S. We show how these distributive
laws can be used to lift (U, ©) to an A,-monad (ENJ, (:)) on the Eilenberg-Moore category
EMs of S. Similarly, we show how distributive laws can be used to extend (U, ©) to an
As-monad (U, ©) on the Kleisli category KI(S) of S.
In Section 7, we relate this formalism of monads and comonads to A,-algebras and A-
coalgebras. Motivated by a classical construction of Popescu [36] (see also Artin and
Zhang [2]) on the noncommutative base change of an algebra, we construct examples of
As-monads and A.-comonads starting with a K-linear Grothendieck category C. If A
is an Ay -algebra and F is a monad on C that preserves direct sums, the collection of
functors US™ = {Ué’f = A, ®@F(_) : C — C},ez is an A-monad on C. Additionally,
if A is even (i.e., the operations my, : A®* — A vanish whenever k is odd) and I has a
right adjoint G, the collection of functors V"% = {Vé’f’ = Hom(A,,G(_)):C — C}nez
is an A.-comonad on C (see Proposition 7.2). We also mention classes of A.-algebras
that satisfy this evenness condition and have been studied extensively in the literature
(see [19], [24], [28], [34])-
Henceforth, we fix C = Vect, the category of K-vector spaces. If A is a Z-graded vector
space, we show that the collection of functors U4 = {U4 := A, ® __: Vect — Vect}nez
can be equipped with the structure of an A.-monad if and only if A can be equipped
with the structure of an A, -algebra. In that case, the Eilenberg-Moore category E My,
of As.-modules over U4 corresponds to A,-modules over the A .-algebra A. On the other
hand, if C' is an A..-coalgebra that is even, it follows from our earlier result in Theorem
2.3 that the right adjoints { Hom(C_,, ) : Vect — Vect},ez can be equipped with the
structure of an A,-monad. This is the key observation that motivates our definition of
A -contramodules in Section 9.
By a pairing of an A-algebra A and an A,.-coalgebra C, we will mean an co-morphism
of Ay-algebras f = {f;, : A®%® — C*};>; from A to the graded dual C* of C. We show
that such a pairing induces a functor ¢(C, A) : M® — 4M from right C-comodules to left
A-modules. Additionally, when the pairing is rational in the sense of Definition 8.3, the
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functor 1(C, A) embeds MY as a full subcategory of 4M. Our main result in Section 8 is
that a rational pairing f = {fi. : A®* — C*};>; of an A, -algebra with an A, -coalgebra
gives rise to an adjunction (see Theorem 8.6)

AM(1(C, A) (M), M) = MY (M', Ry (M)) (1.6)

for any M’ € MY and M € 4M.

We introduce A.-contramodules in Section 9. If A’ is an ordinary algebra, we note
that the structure map A’ ® M’ — M’ of a module M’ may be expressed equivalently
as a morphism M’ — [A', M'] := Vect(A', M'). Accordingly, a contramodule over an
ordinary coalgebra C’, as defined by Eilenberg and Moore in [21, IV.5], consists of a
space M" along with a structure map Vect(C', M") = [C', M"] — M" satisfying certain
coassociativity conditions. In particular, if V' is any vector space, then [C', V] is a C'-
contramodule. In a categorical sense, it may be said therefore that both comodules and
contramodules dualize the notion of module over an algebra. Even though the study of
contramodules in the literature is not as developed as that of comodules, the topic has
seen a lot of renewed interest in recent years (see, for instance, [5], [6], [7], [10], [37], [38],
[39], [40], [46]).

Accordingly, our notion of an A.-contramodule over an A,,-coalgebra C' consists of a
graded vector space M € Vect? along with a collection of structure maps

Ve (CF 1 M) = [C**Y M) — M k>1 (1.7)

satisfying certain conditions set out in Definition 9.1. We show that there is a canonical
functor [C,_] : Vectt — Mic,_; from graded vector spaces to the category M, of
As-contramodules over C'. Further, we will describe a canonical functor that relates
Aso-contramodules to the Eilenberg-Moore category of A,-modules over the A, -monad
{Hom(C_,, _) : Vect — Vect},ez described in Section 7. There is also a faithful functor
k¢ that takes Mc,_; to As-modules over C*.

The final result of Section 9 relates A,.-contramodules to A,.-comodules, using contraten-
sor products. For contramodules over coassociative coalgebras, the contratensor product
was defined in [37], along with its right adjoint. We let C', D be Ay -coalgebras. Let
N be a space equipped with an A-left C-coaction as well as an A.-right D-coaction
(a (C, D)-bicomodule for instance) satisfying certain conditions. Using N, we define a
contratensor product (see (9.22))

_Xe N :Mg,  — M” (1.8)
We conclude with Theorem 9.8, which gives an adjunction of functors
MP(M B N, Q) = Mc_(M, [N, Q]”) (1.9)

for M € M|¢_j and Q € MP. We also mention that for the convenience of the reader
and in order to fix notation, we have collected the basic definitions of A.-algebras, A..-
coalgebras, A,-modules and A.-comodules in an appendix in the final section of this
paper (see, for instance, [27], [31]).
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2. A-monads, A,-comonads and adjoints

Let K be a field. Throughout this section and the rest of this paper, we let C be a K-
linear abelian category. We will suppose that C satisfies the (AB5) axiom. This means in
particular that for any family {M;};cr of objects in C, we have an inclusion PM; — [[M;.
icl il

For any tuple n = (ny, ...,ng) € ZF, we set || := k and X7 := n; + ... + ng. We also write
n for the opposite tuple (ny,...,n1) € Z¥. On the other hand, for T € Z and k > 1, we
denote by Z(T, k) the set of all n € Z* satisfying ¥n = T.

For any collection U = {U, : C — C}.ez of endofunctors on C indexed by Z and
n = (ny,..,n;) € Z*, we will denote by U, the composition U, := U,, o...oU,,. We
start by considering an A,.-monad on C.

2.1. DEFINITION. An A..-monad (U,©) on C consists of the following data:
(a) A collection U = {U,, : C — C}nez of endofunctors on C.

(b) A collection © of natural transformations

O ={0k(n) : Un=Up, 0...oUp,, — Uy 4 4npt2—k) = Usagro—i) | K> 1, = (n1,...,np) € v/
(2.1)
satisfying, for each z € ZV, N > 1:

0= (-1t ng, (0, X0 + (2 — q),7")(Up * 0,(7') % Upr) : Up 0 Ups 0 U — Usipysmrs s (3—3)

(2.2)
where the sum runs over partitions z = (n,n',n") with |n| = p, |7'| = q, |n"| =r. We
will say that (U, ©) is even if each 0x(n) = 0 whenever k is odd.

2.2. DEFINITION. An Ay-comonad (V,A) on C consists of the following data:
(a) A collection V = {V,, : C — C}nez of endofunctors on C.

(b) A collection A of natural transformations

(2.3)
such that, for each z € ZV, N > 1, we have

0= Z(_l)pq+r+qzﬁ(vﬁ * 5q(ﬁ,) * Vﬁ”)5p+1+7‘(ﬁ7 xn' + (2 - Q)a ﬁ//) : VZﬁ+Eﬁ'+Zﬁ"+(3—N} — V0 Vg 0 Van
(2.4)
where the sum runs over partitions z = (n,n',n") with |n| = p, |0'| = q, |n"| =r.
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We will say that an As-comonad (V,A) is locally finite if for each k > 1, T € Z, the
induced morphism

H 0k(1) : Vrpo—i) = Vo mpr2-k) — H Vi 0.0V, = H Vi (2.5)
REZ(T,k) REZ(T,k) nEZ(T,k)
factors through the direct sum € Vj.
nEZ(T k)
We will say that (V,A) is even if each 0,(n) = 0 whenever k is odd.
In any category A containing products and direct sums, we will say that a collection {; :

X — X, }tier of morphisms is locally finite if the induced morphism [[n; : X — J[X;
i€l i€l
factors through the direct sum @@X;. We now make two conventions that we will use for
i€l
notation throughout the paper.
(1) Suppose (U, V) is a pair of adjoint functors between categories A and B, so that we
have natural isomorphisms

BUX,Y) = A(X,VY) (2.6)

for objects X € A, Y € B. For any morphism f € B(UX,Y), we denote by ff the
corresponding morphism in A(X, VY'). Conversely, for any g € A(X,VY), we denote by
g" the corresponding morphism in B(UX,Y).

(2) Suppose (Uy, V1) and (Us, V3) are pairs of adjoint functors between categories A and
B. Then, we know that there are isomorphisms

Nat(Uy, Us) = Nat(Va, V2) (2.7)

For any natural transformation € Nat(Uy,Us,), we denote by nf' the corresponding
natural transformation in Nat(Vs, V;). Conversely, for any ¢ € Nat(V3,V}), we denote by
¢F the corresponding natural transformation in Nat(Uy, Us).

We will say that (U = {U, : A — B}nez,V = {Vo : B — A},ez) is a Z-system of
adjoints between categories A and B if (U,, V},) is a pair of adjoint functors for each n € Z.

2.3. THEOREM. Let (U ={U, : C — C}uez,V = {V,, : C — C},ez) be a Z-system of
adjoints on C. Then,

(a) U can be equipped with the structure of an even A..-monad if and only if V can be
equipped with the structure of an even A..-comonad.

(b) U can be equipped with the structure of an even A..-comonad if and only if V can be
equipped with the structure of an even A..-monad.

PRrROOF. We only prove (a) because (b) is similar. Suppose that (U,© = {0x(n)}) is an
even A,-monad. Accordingly, we have transformations

(ek(ﬁ) . Uﬁ — U2ﬁ+(2_k)) — (6’5(7_1) . V2ﬁ+(2_k) — Vﬁﬂp) (28)
Using the notation of (2.2), we see that the 6 (n) satisfy, for any z € ZV¥, N > 1,

ST (D (Vs 5 67 () # Vi) 81 (0,50 + (2= 0) 7 =0 (29)

z=(n,n/ ")
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as a transformation Vyy i sa i sarp3-n) — Virer 0 Virer 0 Vo (note that ¢ must be even).
We now set 0 (71) := 0% (n). Accordingly, the condition in (2.9) now becomes

Z (_1)p(Vﬁ//op * 5q<’r_l/0p) * Vﬁop)5p+1+r(ﬁ//0p, Eﬁ/()p + (2 — q), ﬁOp) =0 (210)

zZ=(n,n ,i")

Comparing with (2.4), we see that (V, A = {§x(72)}) satisfies the conditions for being an
even A,-comonad. Further, these arguments can be reversed, showing that if V carries
the structure of an even A.,-comonad, then U carries structure of an even A.,-monad.
This proves the result. L]

We will now describe the connection between A,,-monads and locally finite A,,-comonads.
For this, we will first prove some simple lemmas on the collection End(C) of endofunctors
in C. If F € End(C), a subfunctor F' < F is a natural transformation such that
F'(M) — F(M) is a monomorphism in C for each M € C. In order to avoid set
theoretic complications, we will assume wherever necessary that the category End(C) is
well-powered, i.e., the collection of subfunctors of any F' € End(C) forms a set.

2.4. LEMMA. Let F', G € End(C). Suppose that G preserves monomorphisms. Then,
if F" =< F' — F and G" — G' — G are subfunctors, the composition G" o F" is a
subfunctor of G' o F”.

PrOOF. We take some M € C and consider the following commutative diagram
GoF'(M) 2% GoF'(M) 2% GoF(M)
monOT monoT (2.11)
G"o F"(M) % G'o F"(M) ™% G'o F'(M)
Since G preserves monomorphisms, the morphisms in the top row of (2.11) are all monomor-
phisms. Further, the commutativity of the square in (2.11) shows that G’ o F"(M) —
G'o F'(M) is a monomorphism. The composition in the bottom row now gives the desired

result.
| |

2.5. LEMMA. Let {n; : F — F;};cr be a family of morphisms in End(C). Fizx an indexing
set A. For eachi € I, let {F*}aca be a family of subfunctors of F; and let {F*},ca be a
family of subfunctors of F' such that n; : F — F; restricts to nf* : F* — EF. For each
a € A, suppose that {n : F* — F}icr is locally finite in End(C). Then, the family

{nfzzn?:FA:ZFQHZF;‘:FiA} (2.12)
el

acA aEA acA

is locally finite.
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PROOF. Since {n® : F* — F?},c; is locally finite for each o € A, we have morphisms

F* — @Ff — [[F. Summing over all @ € A, we can consider for each iy € I the
iel i€l
following composition

S YO = @Y Y 213
acA acAiel i€l a€A acA

The second morphism in (2.13) is given by the canonical projection corresponding to

ip € I. The interchange in the middle term in (2.13) is justified by the fact that C satisfies

(AB5). As we vary over all iy € I, the compositions in (2.13) give us a factorization

> — @Y r— 1D F (2.14)

acA iel acA ielacA

This proves the result. L]

2.6. LEMMA. Let F, G € End(C). Suppose that G preserves monomorphisms. Let
{F°}aca (resp. {G*}aca) be a family of subfunctors of F' (resp. G). Then, ) ., G*F*
is a subfunctor of (3_,ca G*) (D nea F%)-

PROOF. For each fixed ag € A, we have subfunctors F*° — (> _, F'“) < F and G* —
(>oaeca G) = G. Applying Lemma 2.4, it follows that each G*° [ is a subfunctor of
(D aea GU) (X nea F*). The result is now clear by summing over all o € A. "

We now consider a Z-system (U = {U, : C — C},ez,V = {V,, : C — C}uez) of
adjoints on C. Suppose that (U, 0) is an A, -monad, given by a collection of natural
transformations

O = {0(n) : Up = Uy, 0...oUp, — Upy o tmyt2-k) = Usire—py | K > 1, 2= (na, ..., mp) € ZF}

(2.15)
satisfying the condition in (2.2). If (U, ©) is even, setting d;(71) = 0F(7°) as in the proof
of Theorem 2.3, we know that (V,A) is an A,-comonad, where

A = {6(n) : V2ﬁ+(2_k) = Vn1+...+nk+(2—k) — V0.0V, =V; | k> 1, 7= (n,...ng) € Zk}
(2.16)

We now consider a family V* = {V® — V, },cz of subfunctors satisfying the following

conditions

(a) For any k > 1 and 71 = (nq, ...,ng) € ZF, each of the transformations d;(7n) in (2.16)

restricts to the corresponding subfunctors

A = {00(7) : Vi gy = V2

sty — Vo 0o VE =VE [ B> 1, 7= (m,...,m) € ZF}

(2.17)
We note here that since each V,, is a right adjoint, it preserves monomorphisms. As such, it
follows from Lemma 2.4 that each V& = Vi o...0 V] is a subfunctor of V; =V, 0...0V,, .
(b) For each k > 1 and T' € Z, the collection

{5?(77) : %+(2—k) = Vgl+...+nk+(2—k) — Vﬁl ©...0 ng = Vg} (2.18)

REZ(Tk)

is locally finite.
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2.7. LEMMA. (V* A%) is a locally finite Aw-comonad.

PROOF. By assumption, the natural transformations dx(n) restrict to transformations
d%(n). Since each V,, preserves monomorphisms, we see that all the terms appearing in
(2.4) restrict to corresponding subfunctors. As such, these transformations d§(n) satisfy
the condition in (2.4). Hence, (V¥ A%) is an A,-comonad. The fact that (V¥ A%) is
locally finite follows directly from the assumption in (2.18). =

We now let {(V* A%)},ca denote the collection of such families of subfunctors. We note
that this collection is non-empty since it contains the family of zero subfunctors. We now

define
® — {Vf = ZV,‘;} (2.19)
nez

a€cA

2.8. PROPOSITION. The collection V¥ = {V®Y ., is equipped with the structure of a
locally finite Aoo-comonad.

PROOF. For any k > 1 and in = (ny, ..., ng) € ZF, we consider

)= 6¢(n) Y Vi —> > Voo oVe (Zm) o..0 (Z%)

acA acA acA acA acA

(2.20)
where the inclusion in (2.20) follows from Lemma 2.6. Again since each V,, preserves
monomorphisms, we see that all the transformations appearing in (2.4) restrict to corre-

sponding subfunctors. It follows that the transformations 6 (72) : Vg ok Ve o

..o V¥ satisfy the condition in (2.4), making (V®,A® = {5f(n) | k > 1, n € Z*}) an

A -comonad.

Additionally, using Lemma 2.5, we see that for each £ > 1 and T € Z, we have a
factorization

ZaeA V%—i—@—k) - H ZaGA Vgl €. 0 ng — H (ZaeA VTO{1) €. 0 (ZaeA ng)

REZ(T k) REZ(T k)
@ ZaeA V%I ©..0 ng - @ (ZQEA Vgl) ©..0 (ZaeA ng)

REZ(T,k) REZ(Tk)

(2.21)
From (2.21), it is clear that (V¥ A®) is locally finite.
u

2.9. REMARK. On the other hand, suppose that (U ={U,, : C — C}nez,V={V,:C —
Cluez) is a Z-system of adjoints such that V carries the structure of an even A..-monad.
By Theorem 2.3, we know that U = {U, },ez is canonically equipped with an Ay -comonad
structure. Additionally, if we suppose that each U, preserves monomorphisms, we can
construct by a process similar to (2.19) a family U® = {U? — U, },ez of subfunctors
equipped with a locally finite As-comonad structure.
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3. Eilenberg-Moore categories for A,-monads and A..-comonads

We now consider modules over A.-monads and comodules over A.,-comonads.

3.1. DEFINITION. Let (U,©) be an Ax-monad over C. A (U, O)-module (M, ) consists
of the following data:

(a) A collection M = { M, }nez of objects of C.

(b) A collection of morphisms

™ = {T(k(ﬁ,l) . UﬁMl — M2ﬁ+l+(2,k) | kf Z 17 n = (nl, ...,/n/k_l) € Zkil, l € Z } (3].)
satisfying, for each z € ZY, N >0 and | € Z,

(=1)prarteXin (R, B0 + (2 — q), 7", 1) o (Us  0,()) (Unw M)
z=(a,n'n")
LY (S (3, S L4 (2 b)) o Un(m(, 1)) 5P

z=(m,m’)

On the left hand side of (3.2), we have |n| = p, |?'| = q and |0"| = r — 1, while on
the right hand side, we have |m| = a and |m'| = b — 1. Accordingly, both sides of (3.2)
represent morphisms

UnUpUpr My = Ug Uy My — M2m+2m/+l+(2—N) = M2ﬁ+2ﬁ'+2ﬁ”+l+(2—N) (3-3)

A morphism [ : (M,7) — (M',7") of U-modules consists of a collection f = {f; :
M; — Mj}iez such that m (7, 1) o Us(fi) = foatit@—k) © Te(n,1) for every k > 1, n =
(n1,...,np—1) € Z"1, 1 € Z . We denote the category of (U, ©)-modules by EMy o).

We will say that a U-module (M, ) is even if mi(n,l) = 0 whenever k is odd. The full
subcategory of even U-modules will be denoted by EM(EU@).

3.2. DEFINITION. Let (V,A) be an Ay -comonad over C. A (V,A)-comodule (P, p) con-
sists of the following data:

(a) A collection P = {P,}necz of objects of C.

(b) A collection of morphisms

P = {,Ok(ﬁ, l) . P2ﬁ+l+(2—k) — Vﬁpl | k Z 1, n = (nl, ...,nk,l) S Zk_l, leZ } (34)
satisfying, for each z € ZY, N >0 and | € Z,

S (=) (Y s 8, (7)) (Vi BY) © ppraar (7, S0+ (2 — q), 72", 1)

z=(n,n’,n"")
LY ()RR (1)) © pesa (A, S+ 1+ (2— b)) 50)

zZ=(m,m’)

On the left hand side of (3.5), we have |n| = p, || = q and |0"| = r — 1, while on
the right hand side, we have |m| = a and |m'| = b — 1. Accordingly, both sides of (3.5)
represent morphisms

Pspiswsarti+@-N) = Pomysmsive-N) — Ve Vi B = Ve Ve Vi B (3.6)
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A morphism g : (P,p) — (P',p") of V-comodules consists of a collection g = {g; :
Py — Pl}iez such that pj(n,l) o I8n+i+(2—k) = Vala) o pr(n,1) for every k > 1, n =
(n1,...,np_1) € Z¥1, 1 € Z . We denote the category of (V,A)-comodules by EM V2.

We will say that a V-comodule (P, p) is even if pp(n,l) = 0 whenever k is odd. The full

subcategory of even V-comodules will be denoted by EMTA).

3.3. PROPOSITION. (a) Let (U, ©) be an A-monad over C. Then, for any object M € C,
the collection {U,, M },cz can be equipped with a canonical (U, ©)-module structure.

(b) Let (V,A) be an As-comonad over C. Then, for any object M € C, the collection
{V,.M},cz can be equipped with a canonical (V, A)-comodule structure.

PROOF. We prove only (a) because (b) is similar. For the sake of convenience, we set
Q,, := U, M for each n € Z. For i = (ny,...,np_1) € ZF"1 k> 1,1 € Z, we set
o B 0 (1) (M) _ (3.7)
m(n,1) 1 UpQ = URU M ——— Usinyiro-n)M = Qsatit—k ’
We note that the condition in (2.2) for (U, ©) to be an A.-monad implies in particular
that for each z € Z¥, N > 0 and [ € Z, we must have

Y (=Lt eng, (0, 0 4 (2 = q), 07 D) (M) o (Un + 6,(n)(Unr Ui M)
z=(n,n’,n"")
=— > (=)= (m, Em 41+ (2= b)) (M) o U (6 (m, 1) (M))
z=(m,m’)
(3.8)
On the left hand side of (3.8), we have |n| = p, |?/| = ¢ and |R”| = r — 1, while on the
right hand side, we have |m| = a and |m/| = b — 1. Putting m(n,l) = 0x(n,1)(M) and

Q. = U, M, it follows from (3.8) that

Z (—1)p+qr+q2ﬁﬂp+1+7« (ﬁ, Z/ﬁ// + (2 — q), 77’,”, l) O (Uﬁ * eq(ﬁ,))(Uﬁ”Ql)

" =— > (—1)a+b2m7ra+1(m, Xm' + 1+ (2-10)) o Ug(mp(m/, 1)) (39

z=(m,m’)

z=(n,n

This proves the result.
]

Let (U,0) be an A, -monad over C. We now let CZ denote the category of Z-graded
objects over C. Then, for any M = {M,;};cz in CZ, we set

UM = {(@M)l =P UxMy} (3.10)

r+y=I

In particular, for M € C, we denote by UM the object {Up,M} ez € EMu ey determined
by Proposition 3.3.

3.4. PROPOSITION. Let (U,0) be an Ay-monad over C such that each of the functors
{U, }nez preserves direct sums. Then, U determines a functor

@ : CZ — EM(U@) (3.11)
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PROOF. For the sake of convenience, we set () = (@M)l for each | € Z. For n =
(N1, esnp_1) € ZF1 k> 1,1 € Z, we define m, (7, 1) : UpQ; — Qxnti+(2—k) by setting

D O (n.2)(My)

U,Q; = Uy @ Uzk[y = @ U;LUZ]\/[y r+y=’—7> @ U2ﬁ+z+(2—k)j\/jy = Q2ﬁ+l+(2—k)
a+y=1 a+y=1 = (l) a+y=1
(3.12)

In (3.12) we have used the fact that each U, and hence any U, preserves direct sums.
As in (3.8), we note that the condition in (2.2) for (U, ©) to be an A,,-monad implies in
particular that for each z € Z~, N > 0 and x,y € Z, we must have
Yo (FPHEERG, (0, X0+ (2 - ), 17, 1) (My) 0 (Un % 6,(0)) (Une Us M,)
z=(n,n/,n"")
== 2 (=) 0ana(m, S + x + (2 = ) (M,) 0 Un (61, ) (M)
z=(m,m’)

(3.13)
Applying the definition of 7 (7,1) in (3.12) and taking the direct sum of the equalities in
(3.13) over all x, y € Z such that [ = z + y, we obtain

> (SR, e (7, 50 4 (2 q), 7", 1) o (Us # 04(7)) (Usn Q)

Z=(m,AR") . (3.14)
=— > (=D)*Eng, L (m, S + 14 (2 = b)) o U (my(m/, 1))
z=(m,m’)
It is now clear that we have a functor U : C%Z — EMwu e). [

We mention here the following two simple facts on the formalism of adjoint functors,
which we will use in the proof of the next result.

(1) Let (Uy, V1) and (Us, V2) be pairs of adjoint endofunctors on a category A. We consider
a transformation 6 : U; — U, and the corresponding transformation 6% : Vo, — V}
between right adjoints. Let X, Y € A and let f: U, X — Y be a morphism. Then, we
have commutative diagrams

Us X WY
V \ N V w«
[¢] O R
Uy X o) .Y X o) Y
(3.15)
(2) Let (Uy, Vi) and (Us, Va) be pairs of adjoint endofunctors on a category A. We consider

objects X, Y, Z € A as well as morphisms f: U3 X — Y and g : U,Y — Z. Then, we
have commutative diagrams

UY wy
oU2 oUg R
\ (goU2f) : % (goU2f) VL
(3.16)

Us Uy
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3.5. PROPOSITION. Let (U= {U, : C — C},>0,V ={V,, : C — C},.>0) be a Z-system
of adjoints on C. Let (U,0) be an even As-monad and (V,A) be the corresponding
As-comonad. Then, the categories EM(eU@) and EMS?) are wsomorphic.

PROOF. Let (M, ) be an even (U, ©)-module as in Definition 3.1. Accordingly, for n €
ZF1 k> 1,1 € Z, we have morphisms

(Wk(ﬁ, l) : MﬁMl — M2ﬁ+l+(2_k)) = (W,f(ﬁ, l) : Ml — VﬁOpMEﬁ+l+(2_k)) (317)
We now define P = { P, };cz by setting P, = M_; for each | € Z as well as

nf(neP,—Sn—1—(2—

D v, =V,p (318)

Pr(, 1) : Poagiv—k) = M_sa_i—(2—k)

for | € Z and 7 € Z*~'. From the proof of Theorem 2.3, we know that the collection
A = {6,(n)} is given by setting dx(n) = 65(n°?). In the notation of (3.2), we now see
that for each z € ZN, N > 0, | € Z, we have

> (LR, (0, B0+ (2 = q), 1, 1) o (Ug x 04(71)) (Unn M)

z=(n,n',n'") ) (3 19)
=— > (=) (m, 2w+ L4 (2 = b)) o U (mp (0, 1)) '

z=(m,m’)
Taking adjoints on both sides of (3.19), we obtain

S (L (R, S 4 (2 — ), 7, 1) o (Un % 6,(7) (Unr M)

SO s e (S 4 14 (2 B)) 0 Ut h (520

zZ=(m,m’)

We now consider one by one the terms in (3.20). For any term on the left hand side of
(3.20), we apply (3.15) with

X =M, Y = MEﬁ+Eh'+Eﬁ”+l+(2—N)
0 = n ¥ Gq(ﬁ’) * [Uﬁ// . Ul = UﬁUﬁ/Uﬁ” — UﬁUEﬁ/+(2,q)Uﬁ// = U2
f=mpr140 (7, 20" + (2 — ¢), 0", 1) : U2 X = UpUsir 4 2-)Unr Mi —> Mspisnisargiye-ny =Y
(3.21)
It follows therefore from (3.15) that the left hand side of (3.20) gives

S (L (0, 50+ (2 ), 1) © (U % By(1) (U M)
- -—(-Z-/ (=L)rrer e (Vs % ef(ﬁ/))(vﬁ” (Mzi142-n))) © W§+1+r<ﬁa xn' 4+ (2 —q),n",1)

(3.22)
If we shift degrees by setting I’ = =¥z — [ — (2 — N) and use (3.18), then (3.22) becomes

— 2 (NP (Varer % 06(0P)) (Vior (Pr)) © ppr1gr (AP, B0 + (2 — q), n, 1)
z=(7,n’,7A"")
(3.23)
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where the sign is obtained from the fact that ¢ and p+ 1+ r are both even. For any term
on the right hand side of (3.20), we now apply (3.16) with

X =M, Y = Msmiyi4(2-v) Z = Mspysm 1i+(2-N) Uy = Upy U, =Upm
f = Wb(m,, l) : UlX = Um/Ml — MEm’+l+(2—b) =Y
g = Tap1 (M, X' + 14+ (2-10)) : UsY = UsMsmtiq2-5) — Msmismtiie-n) = 2
(3.24)
It follows therefore from (3.16) that the right hand side of (3.20) gives

— X (=) (m, I+ 14 (2 = b)) 0 U (my(m, 1))

z=(m,m’)
=— (=1)*=Y ol (M, 2’ + 1+ (2 — b)) o 7t (m, 1)
z=(m,m/’
=— (= 1))=Y vop pa i1 (P, —XZ — 1 — (2 — N)) o pp(m'P, =3/ — | — (2 = 1))
z=(m,m’)
(3.25)
Again, if we shift degrees by setting I’ = —¥zZ — [ — (2 — N), then (3.25) becomes
- Z (_1>a+b2me/oppa+1(mOp7 l/) O pb(m/Op, Z’I?_”L + l/ + (1 - a))
z=(m,m’)
= Z Vm/oppa+1(m0p7 l/) O pb(m/Op, Em + l/ + (]_ - CL)) (326)
z=(m,m’)

where the last equality in (3.25) follows from the fact that a + 1 and b must both be
even. By inspecting (3.23) and (3.26), we see that the morphisms pg(7n,1) together make
P={P,=M_,},cz into a (V, A)-comodule. These arguments can be reversed, showing
that even (U, ©)-modules correspond to even (V, A)-comodules and vice-versa.

"

3.6. DEFINITION. Let (U,0) be an As-monad over C and let (M, z'), (M? m2) be
(U, ©)-modules. An co-morphism o : (M, 7)) — (M? 7%) consists of a collection

a={a(n,l): UM} — M§ﬁ+l+(1_k) | k>1, = (ny,...npq) EZ 1 €Z}
(3.27)
satisfying for each z € ZN, N >0, 1 € 7Z,

S ()R (i, S 4 L (2 — b)) o Un(m (0, 1))
=(m,m’)

+ Z (_1)a+b6+b2ﬁaa+1+c(ﬁ, Z'FLI + (2 - b), ’fL”7 l) (@] (Uﬁ * eb(fl/) * Uﬁ//)(Mll)

z=(n,n/,n'")
= (Z )wiﬂ(ﬁ, S+ 1+ (1= 0) o Ulaw(#',1))
z=(p,p’

3]

(3.28)
where:
(1) In the first term on left hand side of (3.28), we have |m| =a and |m'| =b— 1.
(2) In the second term on left hand side of (3.28), we have |n| = a, |7'| = b and |n"| =
c—1.
(8) On the right hand side of (3.28), we have |p| = a and |p'| =b — 1.
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We observe that both sides of (3.28) represent morphisms U;M;! — M2232+l+(17N)' We

will denote by EM w,e) the category of (U, ©)-modules equipped with co-morphisms. For
any (M,r) in E\]\//[(U@), the identity ¢ : (M, 7) — (M, ) is given by taking ¢;(l) = id :
M; — M; for each | € Z and 1,(2,1) = 0 otherwise. Given morphisms « : (M, 7t) —
(M? 7?) and B : (M?, 7%) — (M3, 73), we define their composition v = S« as follows

v={ &1 : IUM1—>M§ZH+(1 . | k>1,2=(21,..,211) EZF1 1€ Z }

w(Z,0) = > Ban1(n, X/ + 14+ (1 —0)) o Un(aw(7/, 1))
z=(7,7’)

(3.29)
where || = a and |7/| = b — 1 in (3.29). We will say that a morphism « : (M*' 7!) —
(M? 7?) is odd if ay (1, 1) = O for any even k. In particular, any identity morphism is odd.
From (3.29), we also notice that the composition of odd morphisms in EM y ey must be
odd.

3.7. DEFINITION. Let (V,A) be an Ay-comonad over C and let (P, p'), (P2 p?) be
(V, A)-comodules. An oo-morphism o : (P, pt) — (P2, p?) consists of a collection

a={ o) Py — VaPl | k>1, = (n1,...np1) €Z¥1, 1€ Z } (3.30)

satisfying for each z € ZN, N >0, | € Z,
> (=1)PHEV g (o3 (1)) 0 g (M, B + 1+ (2 = D))

z=(m,m’)

+ 3 (SD)TTEN(V x 6y(R) % Vi )(PP) © Qagrge(Rl, B0 + (2 = D), 0", 1)

z=(n,n’,n'")
= (Z )Vﬁ(ab@/a 1) © P (P, Z0 + 1+ (1))
zZ=(p,p’
(3.31)
where:
(1) In the first term on left hand side of (3.31), we have |m| = a and |m'| =b— 1.
(2) In the second term on left hand side of (3.31), we have |n| = a, |7'| = b and |n"| =
c—1.
(8) On the right hand side of (3.31), we have |p| = a and |p'| =b— 1.

We observe that both sides of (3.31) represent morphisms Py

— (V,A
denote by EM 78 the category of (V, A)-comodules equipped with co-morphisms. The

—— (V,A
composition of morphisms in £M 78 is defined in a manner dual to (3.29). We will say
that a morphism o in EM ™) is odd if ay(n,1) = 0 whenever k is even. We may also

V,A
verify that the collection of odd morphlsms in EM Y is closed under composition.
For an A,.-monad (U, ©) we denote by EM (v,0) the subcategory of EM (u,0) whose objects
are even (U, ©)-modules with odd oo- morphlsms between them. Slmllarly, for an A..-

— (V,A — (V,A .
comonad (V,A), we denote by EM io : the subcategory of EM 78 whose objects are
even (V,A)-comodules with odd oo-morphisms between them. We now have the final
result of this section.
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3.8. THEOREM. Let (U = {U,, : C — C}n>0,V = {V,, : C — C}.>0) be a Z-system
of adjoints on C. Let (U,0) be an even As-monad and (V,A) be the corresponding

—— eo — (V, . .
Aoc-comonad. Then, the categories EM oy and EM ., * are isomorphic.

PRrooOF. From Proposition 3.5, we already know that there is a one-one correspondence
between the objects of EM o) and EMS™. We consider therefore a morphism « :

(M, 7!y — (M?,7?) in EM ). Accordingly for any k > 1, n € ZF1 1 € Z we have
morphisms

(ar(R 1) : Un M — M§ﬁ+l+(1—k)) = (g (,0) : M} — Vﬁ"pMX%ﬁ-‘rl—I—(l—k‘)) (3.32)

From the proof of Proposition 3.5, we know that the object (P!, p') (resp. (P2, p?)) in
EMS™ corresponding to (M, 7) (resp. (M?,7?%)) is given by setting

il (noP,—SR—1—(2—

_ k))
P! =ML, pi(n,1) : P21ﬁ+l+(2—k;) = MiZﬁ—l—(Q—k) » VoM, = Vi P/

2. 2 27 1) - p2 2 i (R, —BA—1—(2—k)) 2 2
bri= Mz, pk(”? ): Pm+z+(2—k) = M—Eﬁ—l—(2—kz) » VaMZ, = Vi B,

(3.33)

For k> 1, n € Z¥', | € Z, we now define

al(noP,—Sn—1—(1—

_ k))
Br(n,1) : Péﬁ+l+(1—k) - MiEn—l—(l—k) ’ VﬁMEz = VﬁPzZ (3.34)

— (V,A
We claim that (3.34) determines a morphism (P!, p') — (P?,p?) in EMEO ). From

the proof of Theorem 2.3, we know that the collection A = {d;(n)} is given by setting
ox(n) = 6f(n°). In the notation of (3.28), we now see that for each z € Z¥, N > 0,
[ € Z, we have

S (1), S+ (2 ) 0 Un (b (1)
+ Z (_1)a+bc+b2ﬁaa+1+c(ﬁ,7 Z’fll + (2 — b)7 ’I7L”7 l) o (Uﬁ * gb(ﬁl) * Uﬁ//)(Mll)

> )wﬁﬂ(ﬁ, Zp' 41+ (1= 0)) o Uplen(p', 1))
=
(3.35)
We now consider one by one the terms in (3.35). For those in the first term on the left

hand side of (3.35), we apply (3.16) with

X=MY=M Z =M a-n

S/ +1+(2—-b) U =Up Uy =Upn

f=mi(m/ 1) : Uy X =Up M} — Mém,+l+(2_b) =Y
9= a1 (m, XM’ + 14 (2-0)) : Y = UmMém%H(z—b) — M%HH(&N) =27

(3.36)
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It follows from (3.16) that the first term on the left hand side of (3.35) gives

:(Z ,)( 1)aH 0= (o (m, S + 1+ (2 = b)) o Uy (md (1)) B

w
§I
3

= X V(o S L @ =) o,

f— 7 ( 1>a+b2me/op(/8a+1(mOp, _22 - l — (]_ — N))) o p;(mmp, —Zm, — l — (2 — b))
=(mm)

= V 'op (ﬁa-l—l (mop, l/)) o pll) (mlopv Ym 41— a)
zZ=(m,m’)

(3.37)
where we have set I’ = —XzZ — [ — (1 — N), used the replacements in (3.33), (3.34) as well
as the fact that a, b are both even. For those in the second term on the left hand side of
(3.35), we apply (3.15) with

X = M| Y= Mz2+l+( N)
0 =1U; * Qb(ﬁl) * Upn : Uy = UzUn/Upr — Uiz Usgr +(2 b)U n = Uy
f=agiiie(n, X0 + (2 = 0),0",1) : UoX = UpUsri o) Unn (M}') — M2,y =Y

(3.38)
It follows from (3.15) that the second term on the left hand side of (3.35) gives

> (F1)TeE g age(R, B0+ (2 = b), 7", 1) o (Un # 0p(7) * Unr) (M)
= (—1)atoetO2n (Vo op * O (R) * Vior) (M2, 0 ny) © ot (0B 4+ (2-0),0",1)
= > (=D U(Varer 3 (0'P) % Vior ) (PF) © Bag14c(R"F, B0 + (2 = b), n?, I')

(3.39)
where we have set I’ = —XzZ — [ — (1 — N), used the replacements in (3.33), (3.34) as well
as the fact that b, a 4+ ¢ are both even. For those on the right hand side of (3.35), we
apply (3.16) with

X =M Y= sz +l+(1 b) Z = M2232+l+(1 N) Ur = Uﬁ’ Uy =Up

9= 7T2+1<15a Xp+ 1+ (1 - b)) : U2Y U Mép el (1-b) M2z+l+(1—N) =7
It follows from (3.16) that the the right hand side of (3.35) gives

(mas1 (0,59 + 1+ (1= 0)) o Up(aw(p', 1))

Z=(p.p’)

_ Vo (a1 (9, 29" + 1+ (1 = D))) 0 (', 1) (3.41)
z=(p,p')

= > V; /ap(pa_H( p°P ")) o Bp(P'P, Xp+ 1 + (1 — a))
z=(p,p')

where we have set I' = —Xz — [ — (1 — N) and used the replacements in (3.33), (3.34).
By inspecting (3.37), (3.39) and (3.41) and comparing with (3.31), we conclude that
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— (v,A
{Bk(n,1)} together determine a morphism (P!, p') — (P2, p?) in EMiO g Finally, these

arguments can be reversed, which shows that there is an isomorphism between categories
— — (V,A
EM e, and e

4. Locally finite comodules over A.,-comonads

We suppose throughout that (V, A) is an A,.-comonad. We now define what it means for
a (V, A)-comodule to be locally finite.

4.1. DEFINITION. Let (P, p) be a (V, A)-comodule. In the notation of Definition 3.2, we
will say that (P, p) is locally finite if for any T € Z and k > 1, the family of morphisms
{pk('ﬁ/, l) : PT+(2,]€) — VﬁPl}(ﬁ,l)EZ(T,k) (4:].)

in C 1s locally finite.

In the rest of this section, we suppose that each {V,, },,cz preserves monomorphisms. Given
a (V, A)-comodule (P, p), we now consider, in the notation of Definition 3.2, a family of
subobjects {P® < P, },ez satisfying the following conditions

(a) For any nn € Z*~!, | € Z, the morphisms in (3.4) restrict to the corresponding subob-
jects

p* =) Poiyo — VaB [ k> 1, 0= (1, o) €21 €2} (4.2)
(b) For any T' € Z and k > 1, the family of morphisms

{P(A, 1)« PRio_yy — Vﬁpza}( (4.3)

n,1)€Z(T,k)
is locally finite in C.

4.2. LEMMA. (P%, p®) is a locally finite (V, A)-comodule.

PROOF. Because the morphisms p = {pp(7,l) | k> 1, i = (ny,....,np_1) €EZ*1 1€ Z }
in (3.4) restrict to

p* ={p¢n,0) | k>1,n=(ng,...,np1) €L 1€Z} (4.4)

the morphisms p®(7, ) also satisfy the relations in (3.5). The local finiteness condition is
clear from the assumption in (4.3). n
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We now let {(P%, p*)}aca denote the collection of such families of subobjects. We note
that this collection is non-empty since it contains the zero family. We now define

P = {P;B = ZP;;} (4.5)

acA
4.3. PROPOSITION. The collection P® = {P¥} ., is a locally finite Ay -comodule over
(V, A).

PROOF. Since each V,, preserves monomorphisms, for n = (ny,...,nx_1) € Z¥tand [ € Z,
we have induced maps

> pp (D)
py (7,1) - P§ﬁ+z+(2—k) = X Poiiiemn e Ve V; (Z Pla) = Va(PP)
acA acA acA

(4.6)
Again since the morphisms in (4.6) are restrictions of pi (7, 1) to subobjects, it follows that
they also satisfy the relations in (3.5). This makes (P?, p%) a (V, A)-comodule. Since
each (P, p®) is locally finite, we have for each « € A, T € Z and k > 1, the following
factorisation

(R, EZ(T k) (R, EZ(T k)

\ | | (4.7)

b Vi — S VP
(n,0)EZ(T k) (R, EZ(T k)

s (L) ()

From (4.7), it follows that each of the compositions

{P%r(?—k) - P$+(2fk) — H Vﬁpl®}a614 (4.8)
(n,0)EZ(T k)
factors through the subobject @  V;P?. Since C is abelian and PY@-%—(Q—k) = ea P amiy:
(1) EL(T k)
the result follows. .

Let (P, pP) and (Q, p?) be (V, A)-comodules. By Definition 3.2, a morphism g : (P, pf’) —
,P¥) 1In =) consists ol a collection of morphisms g = 1¢g; : £ — Q1 1ez such that
Q Q) in EM:A) i f llecti f hi B Q h th

IS a+i+(2—k

Psniit(2-1) ) Qsntit(2-k)
ka(ﬁ,l)l J{ka (7l) (4.9)
V. v

is commutative for any n € Z¥', k> 1,1 € Z.
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4.4. LEMMA. Let (V,A) be an Ay-comonad such that each {V,},cz is exact. Suppose
that g : (P, p") — (Q, p?) is a morphism in EM®™2). Then,

R = {Rl = Ker(gl : Pl — Ql)}leZ S = {Sl = Cok‘(gl : Pl — Ql)}leZ (410)

are canonically equipped with the structure of (V, A)-comodules.
PROOF. Since the functors V; are all exact, it is clear from (4.9) that we have induced
morphisms

p?(ﬁ, l) . R2ﬁ+l+(2,k) — VﬁRl pf(ﬁ, l) . SEﬁ+l+(2fk) — VﬁSl (411)

Again since the functors Vj are all exact, it follows that the morphisms in (4.11) satisfy
the conditions in (3.5) for R and S to be (V, A)-comodules.

4.5. LEMMA. Let (V,A) be an As-comonad such that each {V, }nez is exact. Suppose
that g : (P, p") — (Q, p?) is a morphism in EM™2) such that each g, : P, — Q; is an
epimorphism. Then if P is locally finite, so is Q.

PRrROOF. For any T' € Z and k > 1, we consider the families

{Pk (n,1) : Prig_ry — Vj Pl} (A1) E€Z(T k) {pf(ﬁ, l): Qrie—k) — Vﬁ@l}(n,z)eZ(T,k)
(4.12)

It is immediate that ( 1 P2, l)) 0G4 (2—k) = ( IT Vn(gl)>o< [T »E(5, l))
(7,0) (

(R,1)EZ(T k) n,l)€Z(T k) n,l)eZ(T k)

We now consider the commutative diagram

(3 _ LP,
Rrsoon 25 pry oy 2000 @ yop T4 T v,R
(n,0)EZ(T k) (R, EZ(T k)
9T+<2fk>l J@Vfl(gz) lHVﬁ(gl) (4.13)
Q
Qr+(2—k) D Vi —= I Vi@
(n,0)EZ(T,k) (n,0)EZ(T k)

where Ry o_y) is the kernel of gryo—x) : Pry—r) — Qry@-k and the factorization
o (Bef(n,1) = [Tpf(n,1) is due to the fact that (P, p”) is locally finite. From
(4.13) we see that

o (BValg)) o (B pf (1) ovry@r = (ITV (gl)) o LTk o (B (7,1) 0 vri(a-n)
(ITVa(g0) o (TP (2,1)) © vry(2-k)
= (IIp l>09T+2 k) © Urt(2—k) =0

(4.14)

n
A
Q
k
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Since L%k is a monomorphism, it follows from (4.14) that (@Va(a)) o (B pf(7,1)) o

Urye—k) = 0. Since Rpyo_p) is the kernel of the epimorphism grio_p) @ Pryo—r) —

Qr4(2-k), we have an induced map Qrip-ry — @  VzQ; which fits into the com-
(n)EZ(T,k)

mutative diagram (4.13). Again since gr;(o—x) is an epimorphism, it is easily seen that

this gives a factorization of [[p% (7, 1).

4.6. THEOREM. Let (V,A) be an Ax-comonad such that each {V,}ncz is exact. Then,
the association Q — QP determines a functor from EMWYA) to the full subcategory
EMS;DA) of comodules in EM™®) that are locally finite. Further, this functor is right

adjoint to the inclusion EMS\;’OA) — EMWA) e, there are natural isomorphisms
EMYA)(P,Q) = EMELY (P,Q7) (4.15)

for P e EMY® and Q € EMVY),

PROOF. We consider some P € EMQ(];OA), Q € EM™") and a morphism g : P — Q in

EM®™-2) " Applying Lemma 4.4, we can consider the (V, A)-comodule R determined by
setting

P, = R, :=1Im(g,: P, — Qn) — Q, newz (4.16)

Since each P, — R, is an epimorphism and P is locally finite, it follows from Lemma 4.5
that R is also locally finite. As such, the family {R,, < @Q,, }nez of subobjects determines
a locally finite (V,A)-comodule. From the definition in (4.5), it is now clear that each
R, C QY.

It remains to show that the association @@ — Q% is a functor. For this, we consider
a morphism Q' — Q in EMYA). Then Q® € EMS;;A) and if we apply the above
reasoning to the composition Q® — Q' — @Q in EM™?) we see that there is an
induced morphism Q'® — Q%. This proves the result. m

5. Bar construction for A.-monads

In this section, we will obtain the bar construction Bar(U, ©) of an A,-monad (U, ©),
which gives a differential graded comonad on C. Further, we show that morphisms to
Bar(U, ©) from a conilpotent dg-comonad correspond to families of natural transforma-
tions that behave in a manner similar to the classical case of twisting morphisms (see, for
instance, [27, § 3|, [28, § 4], [32, § 2]). We mention here that the cobar construction of
an As-comonad can be obtained in an analogous manner. We begin with the following
definition.

5.1. DEFINITION. A graded comonad (W,d) on C is given by the following
(a) A collection {W,, : C — C},ez of endofunctors on C.
(b) A collection of natural transformations

(52 = {52(711,71,2) : WnlJrnZ — Wn1 o an ‘ (nl,n2) € ZQ} (51)
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such that for each T € 7, the induced morphism

H 52(”1,712) : WT — H Wn1 OWn2 (52)

ni+ng=T ni+ng=T

factors through the direct sum @ W, oW, and for every ny, ng, ng € Z, we have
ni+no=T

(Wnl *52(n2,n3))52(n1,n2+n3) = (52(n1,n2)*Wn3)52(n1+n2,n3) : Wn1+n2+n3 — WTLIOWTLQOWH:,,
(5.3)
A morphism B : (W, d09) — (W', 8}) of graded comonads on C is a collection of nat-
ural transformations = {f, : W,, — W' },.cz such that (Bn, * Bn,)02(n1,ng) =
85 (n1,m2) By 4ny for ni, ne € Z. We will denote by gr — Comon(C) the category of graded
comonads over C.
A differential graded comonad (or dg-comonad) (W,d1,09) on C consists of a graded
comonad (W, 02) as well as a collection of natural transformations

51 = {51(%) : Wn — Wn+1 | n e Z}
satisfying the following conditions (for n, ny, ny € Z)

da(n1,m2)d1(n1 +ng — 1) = (01(ng — 1) x Wy, )0a(ng — 1, ng) + (—=1)" (W, * §1(ng — 1))da(ng, ny — 1)
(5.4)
as maps Wn1+n271 — Wn1 © an'
A morphism [ : (W, 6y,09) — (W', 01,05) of dg-comonads on C is a collection of natural
transformations = {5, : W,, — W/ },.cz such that

61(n) By = Bny101(n) (Bry * By )d2(n1,n2) = 85(n1,1m2) By +ns (5.5)

forn, ny, ny € Z. We will denote by dg — Comon(C) the category of dg-comonads over
C.

If (W,d,) is a graded comonad on C, we set for any i = (ny,...,n;) € Z*, k > 1

Ga(n) := (W, % ook Wy, ok Sa(nge—1,mk))eee(Woy % 0a(ng + ... +1g))02(na,n2 +ng + oo + i) Wy — W, 0.0 W, =W,
(5.6)

We note that due to the coassociativity condition in (5.3), the natural transformation

d(n) appearing in (5.6) can be expressed in a number of equivalent ways, one for each

way the sum (n; + ... + ng) can be “broken up” into the partition (ny, ..., ng).

From the conditions in Definition 5.1, we know that for each T € Z and k > 1, the

morphism  [[ da(n) : Wpr — ] Wi factors through the direct sum @ Ws.
REZ(T,k) REZ(T k) REZ(T k)
We now have the following definition.
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5.2. DEFINITION. Let (W, dy) be a graded comonad over C. We will say that (W, ds) is
conilpotent if for each object M € C and L € Z, we have

8 Bmen
W, (M) = | JKer | W, (M) : P wi(M) (5.7)

k>1 neZ(L,k)

We now let (U, ©) be an A,,-monad, and let (W, d;,d5) be a conilpotent dg-comonad over
C. For each n € Z, we set

A, = H Nat(Wy, Uin) = {¢ = ((P)iez | (¥ € Nat(Wy, U1n)} (5.8)

keZ

where Nat(Wy, Ug,,) is the collection of natural transformations from Wy to Uyy,. We

set A := @ A,. We now have maps {my : A®% — A};>; with my of degree (2 — k),
neZ
given by components

mk(ﬁ) : Anl & A’n2 K. ® Ank — A2ﬁ+ (2—k)
(G @ o ® Cny) — ( S 05T+ n) () « (1) )52@> (5.9)

tez(l k) ez

for n = (ni,ng,....,nx) € Z*. In (5.9), we have suppressed the sign of the summand
Qk(t +n)( (tl) tk))éQ(f) which is (_ )tl(n2+...+nk)+t2(n3+...+nk)+....+tk,1nk as given by
Koszul sign rule. For ease of notation, we set Az = A, ® 4,, ® ... ® A,,,. Accordingly,
an element ((p, ® ... ® () € Ap, @ Ay, ® ... ® A, = Ay will often be denoted by (.

Similarly, we write CT%D = fff) k... K (t’“ for nn, t € ZF. We now have the following result.

5.3. PROPOSITION. The collection (A, {my : A®* — A}y>1) is an A -algebra.

PRrOOF. We choose z € Z" for some N > 1 and consider (; € A;. In the following, we
have suppressed the signs for sake of convenience. With the sum running over partitions
z = (n,n',n") with |n| = p, |7'| = q, |n”| = r, we see that we have for any [ € Z

(U]
( (Z 7”)mp+1+7’(ﬁ, X'+ (2 = ), n")(id @ my(0') @ id)(@))

O]
= < Z mp+1+r(ﬁa ¥n' + (2 - Q) )(Cn ® mq( )(Cn’) ® Cn”)

z=(n,n’,n'")
) S O (T4 (1,50 + (2 — @), W) (CE ok G g () (Gar) o) s (7)) 65()
teZ(l,p+1+r) z=(n,n’,n")

B ZE([:N) ( Z )9P+1+T((t17 EEEE) tp> ZZ:l tp+y7 thqurl’ (3 tp+q+r)
tez(,N) z=(r,i/ ;"

+ (72, 50+ (2 = ), 7)) (Un + O (Epsa, ooos L) +70) 5 Unr)( z@) 0(1)
= 2 S By (B, DA+ (2= q),0") (U % 6, (') % U )((E7)32(8) = 0

teZ(l,N) z+t=(n,n',n'")
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As in [27, § 3.6], we recall here that any A.-algebra (A, {my : A®* — A};>;) can be
equivalently described using structure maps (sA, {by : (sA)®* — (sA)}x>1) given by

b(7) = (= 1)t ety (o) 41, g + 1) 1 (8A)n, @ .o @ (8A)n, — (5A)sni1
(5.10)
for n = (nq,na,...,ny) € Z*, where sA = {(sA); := Aj;1}jez is the suspension of A.
We will need the following basic example of a conilpotent graded comonad for describing
the bar construction. Let F' = {F,, : C — C},ez be a family of endofunctors. As always,
for any k > 1 and n = (ny,...,ny) € Z*, we set F, := F,,, o...0 F,,. We now consider the
graded comonad T¢(F') given by setting

T(F),= @ F Lek (5.11)
REZ(L,k)k>1
The “comultiplication” 6% : T¢(F) — T¢(F) o T(F) is given on components by means
of identity maps F; — Fy, o Fy, for each partition . = (17, 1) of . If we consider some
M € C, we see that 63 (£)(M)| g,y = 0 for any ¢ such that |¢| > |72|. From the condition
in (5.7), it is now clear that (T¢(F),dL") is a conilpotent graded comonad.

5.4. PROPOSITION. Let (W, d2) be a conilpotent graded comonad over C and F = {F, :
C — Clnez be a family of endofunctors. Then, there is a one-one correspondence

[[Vat(Wy, Fr) % gr — Comon(C)((W, 8), (T°(F), 6F)) (5.12)

LEZ

PROOF. For ¢ = {(W}1ez € [] Nat(Wy, Fp), we get x := h(¢) by setting for each
Lez

MecC

viM)= @ xaM)= @ (P&a)(M): Wi (M) — T«F),(M)= @ F.(M) (5.13)

REZ(L k) k>1 REL(L k), k>1 REZ(L k), k>1

where () = (") % % (™) in (5.13) for n = (ny,...,nx) € ZF. Tt is clear from the
conilpotence condition in (5.7) that the morphism in (5.13) is well defined. On the other
hand, for x € gr — Comon(C)((W, &), (T¢(F),6¥)), we get ¢ := g(x) by setting (¥ to
be the composition of x (M) : Wi (M) — T(F)(M) with the projection to Fr(M) for
each M € C. It may be verified that these two associations are inverse to each other. m

5.5. LEMMA. Let F = {F,, : C — C}nez be a family of endofunctors. Then, there is a
one-one correspondence between the following
(a) Families of natural transformations

L={wn): F=F,0..0F, — Fsy | k>17=(ny,..,n) € ZF} (5.14)
(b) Families of natural transformations 6f = {6F(L):T¢(F), — T4(F)ry1 | L € Z}
which satisfy

O3 (Ly, Lo)6F(Ly + Ly — 1) = (6F(Ly — 1) * T(F) )08 (L1 — 1, L)

()M (T(F)y, #0F (Ly — 1)05(Ly, Ly — 1) O1D)

for Ly, Ly € 7.
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PROOF. Given a family I as in (a), we set for each z € Z¥, N > 1:

5{:(25)|Fg = Z (_1)Eﬁ(Fﬁ*7\ﬁ’|(ﬁ/)*Fﬁ”) (B — @ FroFsp10Fqn — TF)sz41
z=(n,n’ ,n") z=(n,n’,n"")

(5.16)
where the sum in (5.16) is taken over all partitions z = (n,7’,n”). It may be verified that
the family &I satisfies the condition in (5.15). Conversely, given a family 6{" as in (b), we
set for each z € ZN, N > 1

61 (22)|r;

’)/|g‘<§) : Fg

where the second arrow in (5.17) is the canonical projection. It may be checked that these
two associations are inverse to each other. ]

TC(F)Zg_H — F22+1 (517)

Given a collection F' = {F}, : C — C},ez of endofunctors, we now set sF' = {(sF), :=
Fuiitnez. If (U,0) is an A,-monad, we can now consider the family I'*U of natural
transformations

Vk()-(S[U)ﬁ
W (n) =

for n = (nq,...,nx), k > 1. Applying Lemma 5.5, the family of natural transformations
in (5.18) corresponds to 55V = {§Y(L) : T¢(sU), — T¢(sU)ry1 | L € Z}. Finally, using
the fact that (U, ©) is an A,,-monad, it can be seen from the relations in (2.2) that each
S3Y(L + 1)65Y (L) = 0. We will now say that the dg-cononad given by

(SU)m - (SU)nk (SU>Eﬁ+1 = Usni2

( )nl(k 1+ Ay 18k(n1+1 nk+1) (518)

Bar(U, ©) := (T¢(sU), 55V, 65") (5.19)

is the bar construction on the A,-monad (U, ©).

5.6. THEOREM. Let (W, 81, d5) be a dg-comonad over C that is conilpotent. Let (U, ©) be
an Aso-monad over C and let (A, {m; : A®' — A};>1) be the An-algebra given by setting
Ap =[] Nat(Wy,Upyy). Then, there is a one-one correspondence between the following:
ez
(a) Morphisms x : (W, 81,8) — Bar(U,0) = (T¢(sU), 65V, 65Y) of dg-comonads over C
(b) Elements ¢ = {("P} ez € T Nat(Wy, (sU) L) = A, satisfying
Lez
Do (D)o (ny — 1, my, — 1)61(M)
i( )"”“'*”l’i(((”l’l) fook CUmD  by (@9) i1 =) (i) e COnmDN Gy (g — 1,y — L mgn — 2, Mo — 1, oy — 1)(M)

(5.20)

(C(

HM\

for each fived k > 1, (ny,...,ny) € Z¥ and M € C.

PROOF. We consider a morphism x : (W, d;,d,) — (T¢(sU), 55V, 55Y) of dg-comonads
over C. In particular, we see that x € gr — Comon(C)((W,dy), (T¢(sU), d5Y)). Since
(W, dy) is conilpotent, it follows from Proposition 5.4 that the morphism x corresponds
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to an element ¢ = {(M},cz € [] Nat(Wy, (sU)r) = A;. Additionally, the morphism
Lez

x of graded comonads is well behaved with respect to the coderivations §; and §5V. We
now fix k > 1, i = (ny,...,ng) € Z¥ and M € C. Composing §;”(M) with the morphisms
induced by y, we have the sum of the following compositions over 0 < <k —1,5>1

Wa——1(M)

g =/ . — —
¢lmamhomi =L g =L = 6o (g —1,.mi — 1, 2 — 1, mip—1) (M)
A/ €Z(n;41—2.5)

ﬁIEZ(ni+1 —2,])

Uy, (M)

Niyorer

) s /.
(_1)"1+---+"i*1(_1)"10 Dtedngg (Uny #o.kUp %05 (0] 41,00 +1)4Un; o % kU ) (M)

(5.21)

Using the coassociativity condition on d5 in (5.3) and the description of the structure
maps of the A-algebra {b : (sA)®" — sA};>; in (5.10), we see that the sum of the
compositions in (5.21) equates to

k—1 o0

SN (=)t e (D e b (¢8I =) e (el s (ORI (g — 1y — Lmggn — 2,m00 — 1,y — 1)(M)

(5.22)
On the other hand, composing §; with the morphisms induced by y, we have the compo-
sition

(=D s w ¢CNGy (ng — 1, ., ng — 1)6, (M) (5.23)
The result is now clear from (5.22) and (5.23). n

6. Distributive laws and lifting of A,-monads to Eilenberg-Moore cate-
gories

Let (S,0s,ts) be a monad on C, with “multiplication” s : SoS — S and “unit” g :

id —> S. The standard Eilenberg-Moore category EMs for the monad S consists of pairs

(M, 7pr : S(M) — M) satisfying 7y 0 S(mps) = mar 0 0s(M) and idyy = mpp 0 ts(M) (see,

for instance, [10]). The category EMs is equipped with a pair (Ls, Rs) of adjoint functors,

where Rs : EMg — C is the forgetful functor and its left adjoint Lg is given by

Ls:C — EMs M+ (S(M),0s(M)) (6.1)

If T is another monad on C, it is a classical fact that liftings of T to a monad T on the
Eilenberg-Moore category of S correspond to monad distributive laws of S over T (see
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Beck [8]). In this section, we will prove similar results, showing how an A,-monad on
C can be lifted to an A,-monad on EMs. We note that dual results may be proved for
lifting of A,.-comonads to Eilenberg-Moore categories of comonads on C.

More explicitly, let F : C — C be an endofunctor. A lifting of F to the Eilenberg-
Moore category E Ms is given by a functor F : EMs — E Ms that fits into the following
commutative diagram

EMs —— EM;s
c — C
We know (see [8]) that such liftings are in one-one correspondence with distributive laws

of the monad S over the endofunctor F. Such a distributive law consists of a natural
transformation A : SF — FS such that the following two diagrams commute

S2F 22, SES 25, RS2

N TR e

SF— 2 \FS SF A FS

Given a distributive law as in (6.3), the lift of F to EMs is defined by setting F(M, ;) :=
(F(M),F(mar) o A(M)). Conversely, given a lifting F of F as in (6.2), the corresponding
distributive law is defined by setting

A:SF —2 SFS = SFRsLs = RsLsRsFLs — RsFLs = FRsLs =FS  (6.4)

where the morphism RSLSRS]AF;LS — RSﬁLS in (6.4) is induced by the counit LsRs — id
of the adjunction (Lg, Rs).

Now suppose that 7 : F — [’ is a natural transformation between endofunctors on C.
Suppose that F (resp. F) lifts to an endofunctor F (resp. F') on EMs, corresponding to
a distributive law A : SF — FS (resp. X : SF' — F'S). The natural transformation 7
is said to lift to EMs (see [45, Definition 3.7]) if for each (M, my) € EMs, the morphism
7(M) : F(M) —s F'(M) gives a morphism 7(M, my;) : F(M, 75) — F'(M, 7p;) in EMs.
In other words, the following diagram must commute

sF(M) 220 ms(vr) BT mar)
S(r(M))l lf(m (6.5)
sF(M) XY sy E0 war)

Additionally, we know from [45, Proposition 3.13] that such a lifting of 7 exists if and
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only if the following diagram commutes

SF —2 FS
srl lrs (6.6)
SF 2 F'S

We need one more convention. If Fy, ..., . is a family of endofunctors, along with

distributive laws {\; : SF; — F;S}i<;<k, we write

A1Fa..

2T @ SF, T,

F1)oF3..Fr Fy..Fr_1)g
7 e e

()\1, cevy )\k) : S(Fle)

s (F1..Fp)S (6.7

for the composition of the distributive laws Ay, ... ,Ax.

6.1. DEFINITION. Let (S,0s,ts) be a monad and let (U,0) be an As-monad on C. A
distributive law of the monad (S, 0s,ts) over the Ax-monad (U, ©) is given by a family
A ={\,:SU, — U,S},cz such that

(a) Each N, : SU,, — U,S is a distributive law for the monad S over the endofunctor
U,.

(b) For each n = (ny,...,ny) € Z¥, k > 1, the following diagram commutes

SUs = SU,,..U,, 2=Cmednd g, § = U,S

SGk(ﬁ)l l@k(ﬁ)S (6.8)

ASat(2—k)
e,

SUsn+@2-k) Usat2-0)S

6.2. LEMMA. Let A = {\, },ez be a dz’stributivejaw of the monad S over the Ay -monad
(U,0). Then, (U, 0) lifts to an Ax-monad (U,©) on the category EMs.

PROOF. Since each A, : SU,, — U,S is a distributive law, it follows from (6.2) and (6.3)
that U, lifts to @n : EMs — EMs. Further, since (6.8) commutes, it follows from the
criterion described in (6.6) that the natural transformations 6;(7) lift to 6,(71) : U, =
T[jm@nk — ®Eﬁ+(2_k). Accordingly, for any (M, my) € EMs and z € ZV, N > 1, it
follows from (2.2) that the morphism in C underlying the sum

S (LG, (7, B (2 — q), ") (T 5 0,(7) % O) (6.9)

is zero, where the sum runs over partitions z = (n,7/,n”) with |n| = p, |#/| =¢, |"| =r.=

6.3. THEOREM. Let (U, ©) be an As-monad and let (S, 60s,ts) be a monad on C. Then,
there is a one one correspondence between the following

(a) Liftings of the As-monad (U,©) to an As-monad (U, ©) on the category EMs.

(b) Distributive laws of the monad S over the As-monad (U, ©).
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ProoFr. We know from Lemma 6.2 that a distributive law of the monad S over the A.-
monad (U, ©) gives rise to a lifting of the A, -monad (U, ©) to EMs. On the other hand,
let (U,O) be a lifting of the Ay-monad (U, ©) to EMs. In particular, the lifting U, of
the endofunctor U, leads to a distributive law \,, : SU,, — U,,S. Also, for any £ > 1 and
n € Z*, we know that the natural transformation 0y(n) : Uy — Usjy(a—p) lifts to EMs.
It now follows from (6.6) that we must have (0;(7)S)o (A, ..., Any) = Asit(2—k) © (SOk(R)).
Hence, the collection A = {\,, : SU,, — U, S},.cz gives a distributive law of the monad
(S, 0s,ts) over the A-monad (U, ©) in the sense of Definition 6.1. Since there is a one
one correspondence between distributive laws and liftings of an endofunctor to FMs, it
follows that these two associations are inverse to each other. [

We recall (see, for instance, [45, Proposition 3.30]) that a distributive law of S over a
monad T gives rise to a new monad TS. We will now study something similar for A..-
monads.

6.4. PROPOSITION. Let A = {\, : SU,, — U, S},ez be a distributive law of the monad
(S, 05, t5) over the Ay-monad (U, 0). Then, the pair (U®), OO)) defined by setting Uy =

U,S and HI(CS)(ﬁ) U U§%+(2—k) as follows

U® = (U,,S)...(U,,S)

(Un;S)...(Unj,_5S)Unj,_; AngS

Uny (g yeshny, )P (6.10)
U,S* = U,,...U,, S*

(% (ﬁ)@g

_ 11
UEﬁ-i-(?—k)S - UEm—(z-k)

gives an As-monad on C, where 05 : S¥ — S is obtained by iterating the multiplication
Os : S?> — 'S on the monad S.

PROOF. We fix any z € Z" and any partition z = (i, 7/, 7") with |n| = p, |?/| = q, |n"| =
r. Since the distributive laws are well behaved both with respect to the multiplication fg
on the monad S as in (6.3) and the structure maps (n) of the A,-monad (U, ©) as in

(6.8), we note that the following diagram commutes

U%S) © US‘LS/) © [U’E‘IS”) Uﬁ o} Uﬁ/ o Uﬁ// o SN

01 1o (2,507 +(2—q) ") (U #65) (1)U ) UnUp Uy 6

U(S) —-U 9;g1+r(’7h72ﬁ’+(27q),'ﬁ”)(TUn*(?q(ﬁ’)*Uﬁu)S
Sa+En/+Xn"+(3—N) — Sn+-3a/+3n"+(3—N)

Uﬁ o Uﬁ’ o Uﬁ// oS
(6.11)
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Here the top horizontal arrow in (6.11) is obtained by repeatedly applying the distributive
laws. It now follows from (2.2) that

S (—1yrrarEng S, (@, SR+ (2 - q), @) (U« 00 (7)) « US)) =0 (6.12)
where the sum runs over partitions z = (n, 7/, n”) with |n| = p, |7/| = q, |[2"]| = 7. "

Let A = {\, : SU,, — U,S},ez be a distributive law of the monad (S 0s,ts) over the
As-monad (U, ©). By Theorem 6.3, (U, ©) lifts to an A.-monad (U, ©) on the category
EMs. Accordingly, we have the category EM ~ ©.6) of (U @) modules in the sense of

Definition 3.1. On the other hand, we have (U(S) ©®) from Proposition 6.4, which is an
As-monad on C. The category of (U®), ©®))-modules is denoted by EMye) o6

6.5. PROPOSITION. Let A = {\, : SU,, — U, S},ez be a distributive law of the monad
(S, 60s,ts) over the Asx-monad (U,0). Then, there is a canonical functor EM(@’é) —
EM([U(S)je(S)).

PROOF. By definition, a (U, ©)-module consists of a collection {(M,,m, : SM, —
M) }nez of objects of EMs and a collection of morphisms in EMs:

{mr(n,1) : Up(My, m) — (M2ﬁ+l+(2,k),Fzﬁ+l+(2,k)) |k>1,n=(ny,..,ng_1) € Zk_l, leZ}

(6.13)
Since [[jﬁ is a lifting of Uy to 2 Ms, there is a morphism Uy M; — Myy44(2—r) in C under-
lying 7, (n,1). We continue to denote this morphism by 74(n, 1) : U M; — Msa it 2—k)-
We also note the morphism

k—2 T k—3 T k—4 T T
71100883 (m)oSF 2 (m) + SF1 (M) ST k-2 ST g3y ST gy
(6.14)

For k > 1, n = (ni,...,ng_1) € Z* ', | € Z, we now consider the composition

m10...08F 73 () oSk~ 2(

@, UM —— i M2n+l+(2 k)

(6.15)
where the first morphism in (6.15) is obtained by repeatedly applying the distributive
law A = {\, : SU,, — U,S},cz as in top horizontal arrow in (6.11). As in the proof
of Proposition 6.4, it may now be verified that the collection {M,},cz along with the
morphisms 7T,(€S) (n, 1) satisfies the relations for being a (U®), ©®))-module in the sense of
Definition 3.1.

& (@, 1) U M, > UnSF1 M,

We conclude this section with the following result. By a distributive law of the A.-
monad (U, ©) over the monad (S, s, ts), we mean a collection of natural transformations

={N, : U,S — SU,, }nez such that



ON REPRESENTATION CATEGORIES OF A, -ALGEBRAS AND A,-COALGEBRAS 2095

(a) The following two diagrams commute for each n € Z

5 NS SX!

U,.S SuU,,S —- S?U,,
Uy %" Unegl legwn (6.16)
U,§ ————SU, U.S . SU,

(b) For each 11 = (ny,...,n;,) € Z*, k > 1, the following diagram commutes

U”l ]U"k 2A"k lUnk )\n1Un2 Unk

UsS = U,, .. UnkSMUm Un, ,SU,, SU,, ..Uy, = SUx
emsl lsekm)
PV
Usnt@-1S en SUsn+@-k)

(6.17)

We now recall (see, for instance, [25, § 5.2]) that the Kleisli category KI(S) of the monad
(S, 0s,ts) is the category whose objects are the same as those of C, but a morphism
M — M' in KI(S) corresponds to a morphism M — S(M’) in C. The composition of
a: M — S(M') with 8 : M' — S(M") in KI(S) is given by

Os (M)

M S sty 2 sz S(M") (6.18)

There is a canonical functor Js : C — KI(S) that is identity on objects and which
takes the morphism a : M — M’ in C to M = M’ IGON S(M') in KI(S). From
[25, Proposition 5.2.5], we know that a natural transformation X, : U, S — SU,, satisfying
the conditions in (6.16) corresponds to an extension U, of the endofunctor U, to the
Kleisli category KI(S), i.e., U, 0 Js = Js o U,. From [45, Theorem 4.16], we know that
the condition in (6.17) ensures that the natural transformations 6x(72) : Us — Uszay(o—r)
extend to natural transformations gk(ﬁ) : [[/jﬁ — [[AJEM(Q_@. Proceeding as in the proof
of Theorem 6.3, we can now prove the following result.

6.6. THEOREM. Let (U, ©) be an As-monad and let (S, 6s,ts) be a monad on C. Then,
there is a one one correspondence between the following
(a) Extensions of the Ax-monad (U, 0) to an Ax-monad (U, 0) on the category KI(S).
(b) Distributive laws of the Ax-monad (U, ©) over the monad S.

7. As-(co)algebras and A..-(co)monads

In this section, we will show how to give examples of A,-monads and A.,-comonads
on any K-linear Grothendieck category. For basic definitions such as A..-algebras, A..-
coalgebras, A,-modules over A.-algebras and A.-comodules over A.-coalgebras, we
refer the reader to the appendix in Section 10.
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Let C be a K-linear Grothendieck category. If R is a K-algebra, an R-object in C consists
of M € C along with a morphism &y : R — C(M, M) of K-algebras. The category Cg
of R-objects in C is a classical construction of Popescu [36, p 108]. This abstract module
theory has also been developed extensively by Artin and Zhang [2], who studied Hilbert
Basis Theorem, completions, localizations and Grothendieck’s theory of flat descent in
this context. In particular, if C = Mod-S, the category of right modules over a K-
algebra S, then Cr = Mod-(S ®k R). Accordingly, the abstract module category Cg is
often understood as a noncommutative base change of R by means of the category C (see
Lowen and Van den Bergh [33]). If V' is a right R-module, then there is a pair of adjoint
functors (see [2, § B3, B4])

@V :C—Cg Homp(V,_):Cp — C (7.1)

Therefore, for C = Cx, an R-module object in C is determined by M € C and a structure
map M ® R — M in C satisfying the usual associativity and unit conditions. We observe
that __® R : C — C is an ordinary monad on C. Similarly, if C’ is a K-coalgebra, a C’-
comodule object in C is determined by P € C and a structure map P — P® (" satisfying
coassociativity and counit conditions (see Brzezinski and Wisbauer [13, § 39.1]). Again,
__® (" is an ordinary comonad on C. This suggests how we can create A,-monads and
As-comonads on C.

We let Vect? be the category of Z-graded vector spaces. We know that Vect” is a closed
symmetric monoidal category, with internal hom [W’ W] of two objects given by

W' W], =[] VectW, Weyy)  peZ (7.2)

kEZ

Additionally, we consider the endofunctor T : Vect? —s Vect? that inverts the grading,
ie., (TW)y :=W_y, for any k € Z and W € Vect?.

We let (F,fr) be a non-unital monad on C. In other words, we have an endofunctor
F € End(C) along with a “multiplication” 8 : FoF — F satisfying the usual associativity
conditions. We note that any monad on C is equipped in particular with the structure of a
non-unital monad. Similarly, a non-counital comonad (G, Ag) consists of an endofunctor
G € End(C) along with a “comultiplication” Ag : G — G o G satisfying the usual
coassociativity conditions. The following result can be used to construct several examples
of A..-monads on C.

7.1. PROPOSITION. Let A = @A, be an Ax-algebra and let (F,0p) be a non-unital

nez
monad on C. Suppose that F preserves direct sums. Then, the collection of functors

UL = {USY == A, @F(_) : C — Cluez (7.3)

is an As-monad on C. In particular, the collection of functors UZ = {[Uén =A,® __:
C — Clnez is an Ax-monad on C.
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PROOF. Let my, : A®% — A of degree (2— k) for k > 1 be the structure maps for A as an
Aso-algebra as in Definition 10.1. Since F preserves direct sums, we note that for k£ > 1
and 7i = (ny,...,ny) € ZF, we have

Ugy 0..oUfn = A ®...0 Ay, @ FF(_) (7.4)
We can now define natural transformations as in (2.1)

AF _ (pAF N\ . 11AF _ 1AF AF AF _ TTAF
O ={bcy (n): Uer =Ug), o...0Uc), — UC,n1+.,.+nk+(2fk) = Uc,zm(sz)} (7.5)
induced by the structure maps A,, ® ... ® A,, — Ay 4. 1no4@2-k) Oof the A -algebra A
and the k-fold multiplication 6§ ' : F¥ — F on the monad F. The relations in (2.2) now
follow directly from the relations satisfied by the structure maps of A (see (10.1)).
u

We will say that an A,.-algebra A is even if the structure maps my : A®* — A vanish
whenever k is odd. For instance, this condition is satisfied by A, ,-algebras (for p even),
which have been extensively studied in the literature (see, for instance, [19], [24], [28],
[34]). An A, ,-algebra is an A.-algebra with all the operations my, vanishing except for
k =2 and k = p. The A, ,-algebras were introduced by He and Lu in [24] and studied
further by Dotsenko and Vallette in [19]. If A is a p-Koszul algebra, then the Ext-algebra
Ext*(Ka, K ) carries the structure of an A, ,-algebra (see [24]). Here, K, refers to the
A-module structure on K obtained from the fact that Ay = K. The authors in [24] also
describe a general procedure for constructing an A, ,-algebra starting from any positively
graded associative algebra. Other motivating examples for A, ,-algebras, such as the A-
Koszul dual of Kt]/(t*) for p > 3, appear in Lu, Palmieri, Wu, and Zhang [34] and in
Keller [28, § 2.6].

7.2. PROPOSITION. Let A = @A, be an A-algebra that is even and let (F,0r) be a
nez
non-unital monad on C. Suppose that F has a right adjoint G. Then, the collection of

functors

Vo = (V&7 = Hom(A,, G(_2)) : C — Chuez (7.6)
18 an As-comonad on C. In particular, the collection of functors
V¢ ={V¢, == Hom(A,,_) :C — Cluez (7.7)
A,G
18 an As-comonad on C. Further, we have isomorphisms of categories EMISAJF > EMGVC

c
AG

——eo —V;

and EMyar = EM
C

PROOF. Since F is a left adjoint (and hence it preserves direct sums), it follows by (7.1)

that the functors Hom(A,,G(_-)) : C — C are right adjoint to the functors A, @ F(__) =

F(A, ® ) : C — C. The result now follows from Theorem 2.3, Proposition 3.5 and
Theorem 3.8. u
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The following result can be used to give several examples of A,-comonads.

7.3. PROPOSITION. Let C'= @ C,, be an Ay -coalgebra with structure maps {wy, : C' —
nez

C®} st and let (G, Ag) be a non-counital comonad on C. Suppose that G preserves direct
sums. Then, the collection of functors

ULOS = (U0 = €, 8 G(L) : € — Chaez (7:8)

can be equipped with the structure of an A-comonad on C. In particular, UL = {Ug(;: =
C_,® __:C—> Clpez is an As-comonad on C.

If C is even, i.e., wy = 0 whenever k is odd and G has a right adjoint J, the collection of
functors

yied — {Vg’:’“ﬂ = Hom(C_,,,J(--)) : C — C}nez (7.9)

is an Asg-monad on C. In particular, if C is even, VE¢ = {V¢$ := Hom(C_,, ) : C —
Clnez is an As-monad on C.

PROOF. In a manner similar to the proof of Proposition 7.1, it is clear from the definition of
an A..-coalgebra in Definition 10.5 and the fact that G preserves direct sums that UgC’G is
an A.-comonad on C. If C'is even, so is U,“®. By (7.1), the functors { Hom(C_,,, J(_)) =
Hom((TC)p, J(--)) }nez are right adjoint to the functors {G((7'C),®--) = C_,@G(--) }nez

and the result now follows directly from Theorem 2.3. [

For the rest of this section, we suppose that C = Vect, the category of vector spaces over
the field K. In this paper, for an A, -algebra A, the category of left A, -modules will
always be denoted by 4M (see Definition 10.3). For an A,.-coalgebra C, the category of
left Au.-comodules will be denoted by “M (see Definition 10.6).

7.4. PROPOSITION. Let A = A, be a Z-graded vector space. Consider the collection
neL
of functors

U4 ={U2:= A, ® _:Vect — Vect}ner (7.10)

Then, the family {U} can be equipped with the structure of an As-monad if and only if
A= @A, can be equipped with the structure of an As-algebra.
nez

PROOF. If A is an A..-algebra, it follows from Proposition 7.1 that {U#} can be equipped
with the structure of an A..-monad. Conversely, suppose that the collection U# as defined
in (7.10) is an A.-monad. Then, by applying the natural transformations 6;}(n) : U4 =
U o..oUp — Ufﬁ“_JrnH(%k) = Uémr(%k) to the vector space K, we obtain morphisms
Apy ® .. @ Ap, — Apig 4nt(2—k)- The relations in (2.2) now ensure that these satisfy
the conditions for being an A..-algebra. m
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7.5. COROLLARY. Let A = @ A, be an Ay -algebra. Then, we have
neL

(a) The category EMy, of modules over the As-monad U = {Ud .= A, @ _: Vect —
Vect}ney is isomorphic to the category 4M of As-modules over A.
(b) Suppose that U2 is even. Then, the collection of functors

VA = {V&d = Hom(A,, ) : Vect — Vect}ynez (7.11)

18 an As-comonad.
(c) Suppose that U? is even. Then, we have isomorphisms of categories EMg, = EMYa

—~— €0 —— V4
and EMy, = EM,, .
PROOF. By inspecting the conditions in Definition 3.1, we can see directly that U4-
modules correspond to A,-modules over A in the sense of Definition 10.3. This proves
(a). Since the functors { Hom(A,, ) }nez are right adjoint to the functors {4, ® __},ez,

the result of (b) follows from Theorem 2.3. The result of (c) is also clear from Proposition
3.5 and Theorem 3.8. n

7.6. PROPOSITION. Let C' = @C, be an Ay-coalgebra. Then, there is a canonical
nez

functor
UTC

I .M — EM (7.12)

that embeds A..-comodules as a full subcategory of the Filenberg-Moore category of co-
modules over the As,-comonad UTC .

PROOF. Let P be an A, -comodule over C' in the sense of Definition 10.6, equipped with
structure maps {wf : P — C®*"1 @ P};>1. Weset Q = TP, ie., Q, := P_, for n € Z.
For any k > 1, i € Z*¥ ', | € Z, we now have
’lUk:.—Eﬁ*l*(Q*k) (C®k71 ®P)_E77L_l

| (7.13)

(TC)n, @ ... @ (TC)y,_, @ (TP); = ULCQ,

Pr(, 1) 1 Qsaqir—k) = Posa—i—(2—k)

where the second map in (7.13) is the canonical projection. Due to the relations in
Definition 10.6 satisfied by the structure maps of P, it is clear that the collection pg(7, 1)
satisfies the relations in (3.5) for @ to be a UT%comodule. As such, setting #°(P) =
Q = TP defines a functor .#¢ : °M —s EMY" .

It remains to show that .#¢ determines a full embedding. For this, we consider P’ € “M
along with structure maps {wi : P’ — C®* 1@ P'};> aswellas Q' = TP = #°(P') €
EMY" with structure maps pj(7, 1) : Q%nrirer — URCQ; determined as in (7.13).
Let b = {hptnez € EMY(#C(P), #°(P')). For each fixed T € Z and k > 1, we
now observe that the outer square as well as the lower square in the following diagram
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commute

by (2-1)
Ty

Q/T+(27k) = PLTf(ka)

/
wli—T—(Z—k)l erl}:-,—T—(z—k)

(Cony ®...0C_p, _, ®hy)
(n,0)€Z(T,k)

Qrie—r = P-r_@-1

(Cony ® . ®Clpy, @ Py) B (Ce.0C, 0P
(R, EZ(T k) (A,l)EZ(T k)

! !

I (Cony®-QCn,_,®hy)
(R,1)EL(T, k)

H (C*m ®"'®C*nk_1 ®P*l) H (C*m ®"'®C*nk—1 ®PLI)
(n,1)EZ(T k) (n,0)EZ(T k)
(7.14)

Since the direct sums in (7.14) embed into the direct products, it follows that the upper
square in (7.14) also commutes. We now see that h = {h,, } ez also determines a morphism
e

in “M. ]

8. Rational pairings between A..-algebras and A.-coalgebras

If W € Vect? is a graded vector space, we note that by (7.2), its graded dual W* = [W, K|
is given by W = Vect(W_,,K) for n € Z. If C is an A,-coalgebra, equipped with
structure maps {wy : C' —» C®k}k21, we know that its graded dual C* is an A.-algebra
with my : (C*)®% — C* determined by

me(dr @ -+ @ @) = (_1)k(\¢>1\+~-+l¢k\+1)(u 0(p1 @ @ Pp) owy) (8.1)

where 1 denotes the multiplication on K. If M € MY is a right C-comodule, we know
that M may be treated as a left C*-module with structure maps given by

(C*)®k71®w11€v[

(C*)®k_1 @ M (O*)®k—1 Q M & C®k—1 . M (8.2)

where {wM : M — M @ C®*71};5, comes from the right C-comodule structure of M.

8.1. DEFINITION. Let C' be an As-coalgebra and let A be an A -algebra. A pairing
between C and A is an A-algebra morphism f = {fi, : A®%* — C*}1>1 from A to the
graded dual C* of C.

8.2. THEOREM. Let C' be an Ay -coalgebra and let A be an Ay -algebra. Then, a pairing
f=1{fx: A% — C*}1>1 between C' and A induces a functor 1(C, A) : MY — 4M.

PROOF. From (8.2), it follows that we have a functor M¢ — .M. Considering the
morphism f = {f; : A®% — C*};>; of A,-algebras, we also have a functor ¢-M — 4 M
given by restriction of scalars (see, for instance, [27, § 6.2]). The result is now clear. m
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We now want to define a rational pairing between an A..-coalgebra and an A..-algebra.
For this, we will need to refine the result of Theorem 8.2. First, we consider a morphism
f={fx: A®® — B};>; of A-algebras as in Definition 10.2. Let M be a left B-module,
equipped with structure maps {ka’M : B 1 ® M — M};>;. Then, the restriction of
scalars makes M into an A-module, determined by setting (see, for instance, [27, § 6.2])

my AR M — M m =Y (1w (fy ® @ fi @ M) (8.3)
for £ > 0, where the sum is taken over all decompositions £ = i; + ... + 4, and s =

=D — 1)+ —=2)(ta —1) 4+ -+ +2(i—2 — 1) + (441 — 1). We also note that
f={fr: A®F — Bl;>; determines a morphism

f: (@ A®k) — (EB B®l> (8.4)

of graded vector spaces, where the action of f on the component A% is given by 3 (—1)*(f;,®
.. ® fi,), where the signs are as in (8.3). Accordingly, for any V € Vect”, we have an

induced morphism
® o) v| = |(@a*) v
< 1>0 k>0

In particular, we consider f = {f; : A®* — C*};>; determining the pairing between
the A,.-coalgebra C and the A, -algebra A. For any V € Vect?, we note that the closed
symmetric structure on Vect? induces a canonical morphism

1f, V] : H [B®,V

>0

= [[14%*.v] (85

k>0

A(C, A V) [TV e ¥ — TIHCH)2, V] LY [11ae v (8.6)

>0 >0 k>0

8.3. DEFINITION. Let f = {fy : A®® — C*};>1 be a pairing of an A-coalgebra C
and an Aso-algebra A. We will say that the pairing is rational if the canonical morphism
a(C, A, V) as defined in (8.6) is a monomorphism in Vect? for any V € Vect?.

8.4. PROPOSITION. Let f = {fi : A®F — C*}1>1 be a rational pairing of an As-
coalgebra C' and an As-algebra A. Then, the functor 1(C, A) : MY — 4sM embeds MC¢
as a full subcategory of 4 M.

PROOF. We consider M, N € M® with structure maps {w) : M — M ® C®*1};5,
and {w) : N — N @ C®*1},-, respectively. If we treat M, N as left A-modules via
the functor ¢(C, A), we have to show that any A-module morphism h : M — N is also
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a morphism in M®. We consider therefore the following diagram

h

M — N
i, | e,
[Mece L2 N g e (8.7)
oa(C’,A,M)l la(C’,A,N)
[aek, ar) HEZ8 Ak )

Considering the explicit definition of restriction of scalars in (8.3) and the construction
of the functor +(C, A) in Theorem 8.2, we realize that the outer square in (8.7) commutes
because h is an A-module morphism. The lower square in (8.7) commutes because h is a
morphism of graded vector spaces. Accordingly, we have

a(C,A,N)o ([TwyY,)oh

— (ITIA%%, 1)) o a(C, A, M) o (TTwi) = a(C, A, N) o ([Th© C=) o ([Twlt,) &%)

Since the pairing is rational by assumption, we know that a(C, A, N) is a monomorphism.
Accordingly, it follows from (8.8) that the upper square in (8.7) also commutes. This
proves that h is a morphism of right C-comodules. n

8.5. PROPOSITION. Let f = {fi : A®F — C*}1>1 be a rational pairing of an As-
coalgebra C' and an As-algebra A. Then, the category MC, treated as a full subcategory
of AM, is closed under direct sums, subobjects and quotients.

PROOF. It is clear that MY, treated as a full subcategory of 4M, is closed under direct
sums. Suppose we have a short exact sequence

h

0 s M s M s M —— 0 (8.9)

in 4M such that M € M with structure maps {w}y;, : M — M ® C®}5,. Since
products of short exact sequences in Vect? are exact, we have the following commutative
diagram

0 —— M’ — M — M —— 0

J{Hwi‘il
0 — 1M vy 129 e ovy L29 v @ ¢*) —— 0 (8:10)
a(C,A,M')l a(C,A,M)l a(C,A,M”)J{

0 —— Tqas ) 2 e g I i v —— 0
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Since g is an A-module morphism, we note that the composition a(C, A, M)o (H wﬁl) og
factors through [][A4®, g]. Accordingly, we have ([][A®, h])oa(C, A, M)o (J[Tw,)og =0.
It follows that

a(C, A, M”)o(H (he C*) ) (H w.+1)og - (H[A‘, h])oa (C, A, M)o (H w.+1>og —0

(8.11)
Since f is a rational pairing, we know that «(C, A, M") is a monomorphism, whence it
follows from (8.11) that ([J(h ® C*))o ([Tw,) og = 0. Since the middle row in (8.10) is
short exact, there are now induced maps M’ — [[(M'® C*) and M" — [[(M" @ C*)
making the diagram commutative and giving M’, M" the structure of C-comodules. This
proves the result. [

Given the rational pairing f = {fi : A®* — C*};>1, we now set for any M € 4M

Ry(M) := > Im(g) C M (8.12)

gEAM(L(C,A)(N),M),NeMC

We now have the main result on rational pairings of A,.-coalgebras and A..-algebras.

8.6. THEOREM. Let f = {fy : A®* — C*}1>1 be a rational pairing of an A -coalgebra
C and an As-algebra A. Then, we have a functor Ry : AM — MC that is right adjoint
to 1(C, A) : M® — 4 M, i.e., we have natural isomorphisms

M(i(C, A)(M'), M) = M (M', Ry(M)) (8.13)

for any M' € MY and M € 4M.

PROOF. We consider some g € 4M(:(C, A)(N), M), with N € M®. Since M¢ as a
full subcategory of 4M is closed under quotients, we see that Im(g) € MY. Applying
Proposition 8.5 again, since MY is closed under direct sums and quotients in 4 MM, we see
that the sum R;(M) = > Im(g) defined as in (8.12) must in M.

Further, from the definition in (8.12), the image of any morphism ¢(C, A)(M') — M in
AM must lie in Rp(M). From this it is clear that we have an isomorphism

M(¢(C, A)(M'), M) = M (M', Ry(M)) (8.14)

It remains to show that Ry is a functor. For this, we consider a morphism h : M; — M,
in 4M. Since R;(M;) lies in M€, it follows from the definition in (8.12) that the image

of the composition R¢(M;) — M, Ly M, lies in R¢(Ms). This proves the result.
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9. A,-contramodules

Let C = @C, be an A,-coalgebra, equipped with structure maps {wy : C — C®};5q,
nez

where wy, has degree 2 — k (see Definition 10.5). For any k > 1 and 7i = (ny, ..., n) € ZF,
let wip(n) @ Cosa_2-k) — Cp, ® ... ® C_p,, be a component of the structure map

o C — C® of C. We define w), : C — C®* whose components are given by
wi(n) == (—D)FEH () © Cosnpry — Copy ®@ ... ® C_py,. We are now ready to
introduce A..-contramodules over C.

9.1. DEFINITION. Let C be an Ay -coalgebra. An Ay -contramodule is a Z-graded vector
space M equipped with structure maps

L [CE M) — M k>1 (9.1)
with t of degree (2 — k) satisfying, for each n > 1,
Dl o [CT @ wl @ O M+ Y (1)t o [P 5] =0 (92)

where the first sum in (9.2) is taken over all p >0, q,r > 1 such that p+ q+r =n and
the second sum in (9.2) is taken over alla >0, b > 1 with a+b =n. In (9.2), we choose
the isomorphism [C®¢, [C®*=1 M]] = [C®=1 M| making M a right A -contramodule.
A morphism h : M — M’ of As-contramodules is a morphism of graded vector spaces
that is compatible with the respective structure maps. We will denote by Mc_; the category
of Aso-contramodules over C'.

We say that M € Mi¢, j is even if ¢}’ = 0 whenever k is odd. We denote by Mi. ; the
full subcategory of Mj¢,_; consisting of even objects. By Proposition 7.3, we know that
when C' is even, the collection of functors

= {VIC .= Hom(C_,, ) : Vect — Vect}nez (9.3)

is an A,-monad. The following result is now the A,.-contramodule counterpart of Propo-
sition 7.6.

9.2. PROPOSITION. Let C' be an even Ay, -coalgebra. Then, there is a canonical functor
%C,,,] : [6074 — EMgrc (9.4)

that embeds M. ; as a subcategory of even modules over the As-monad VI, If C is
such that C,, # 0 for only finitely many n € Z, then the categories Mc,_j and EMyrc are
1somorphic.
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PROOF. Let M € M[@C7”}. For k> 1,n € Z¥ ', | € Z, we define

M,
Wk(ﬁ, l) . VZ-:CMI = [C—nl X ... ®O—nk_17 Ml] — [O®k_1, M]Eﬁ+l ﬂ) M2ﬁ+l+(2_k) (95)

We denote by {.(72)} the structure maps of the A, -monad VI¢. For N > 0, z =
(n,7',n") € ZN with |fi| = p, |#/| = ¢, |7”| = r — 1, we observe that the following diagram
is commutative

(Vi #0a (1) sV 7)Mo Tpt 14+ (7,50 +(2—q),n" 1)
o e

VICVICVIS M, VIOVES,, 0 o VES M, fnze1e-n)

| J | s

- M
[C®N ]W}ZEH [CPPQW,RCE™ 1 M5z b1, S+ (2—q)
7

[C®(p+r)’ M]22+1+(2—q) _ M22+l+(2—N)

Similarly, for z = (m,m’) € ZV with |m| = a, |m'| = b — 1, we observe that the following
diagram is commutative

VEC (mp (1)) Tat1 (M, 5/ +1+(2—b))
-

VIOVIO M, VI M i142-0) Mz viro-3)

| | | (9.7)

®Qa @b—1 [C®tM]ss ®a t%ﬂ,zzﬂﬂsz)
[C 7[0 JWHZEH E— [C 7Aﬁ22+l+(2—b) —_— ]WEHH—(Q—N)

Using the fact that the expressions in 9.2 are zero, it follows from (9.6) and (9.7) that the
71(7, 1) defined in (9.5) make M into a module over the A,-monad VI, We therefore
have the functor M[ec’ﬁ — EMgqc.

Now suppose that C,, # 0 for only finitely many n € Z. Then, it follows that for any
T € Z, we have

[CE=1 My = II [Cp ®..®Cyp M) = b viC.viC (M)
ni+..4ng_1+H=T ni+..4ng_+H=T
(9.8)
In other words, the structure maps ¢ : [C®*~1 M] — M of M € M, , are completely

determined by the induced morphisms V1. VIC (M) — M, 4 4n, +14(2—k) OD COM-

ponents. It follows that the categories Mfc N and EMg{rc are isomorphic. [

9.3. PROPOSITION. Let C' be an A -coalgebra. Then, there exists a faithful functor k€ :
Mc, | — Meg-. If the A-coalgebra C' is such that the canonical map W @C* — [C, W]
is an epimorphism for each W € Vect”, then k€ is an isomorphism.

PROOF. Let M € Mj¢c_j, with structure maps as in (9.1). Then, for any k& > 1, we
consider the compositions

md M@ (C*)P — [ M] 2 M (9.9)

where the morphism M ® (C*)®*~! — [C®*=1 M] in (9.9) is induced by the canonical
morphism M ® (C*)®*~1 @ C®*~! — M. This makes M into a C*-module. It is also
clear that the functor ¢ is faithful.
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In particular, suppose that the A,.-coalgebra C'is such that the canonical map WC* —
[C, W] is an epimorphism for each W € Vect?. We note that for each n € Z, the canonical
map

(W &C")n = D Witn ® (C7)-t) — EDICr, Wil = [ [[Cks Wiera] = [C. W], (9.10)

keZ kEZ keZ

is always a monomorphism, i.e. W @ C* — [C, W] is a monomorphism for each W €
Vect?. By assumption, the morphisms in (9.10) are also epimorphisms. Then, the maps
M @ (C*)®*=1 — [C®*~1 M] which appear in (9.9) are all isomorphisms and it is clear

that the functor £¢ is an isomorphism. [
9.4. PROPOSITION. Let C' be an Aoo-coalgebra. Then, there is a functor [C, ] : Vect? —
M[C,,,}'

PROOF. We consider W € Vect? and put N = [C,W]. By setting ¢} := [w, W] :
[C®k=1 N = [C®F1 [C,W]] = [C®*, W] — [C,W] = N where w}, : C — C®* is as at
the beginning of this section, we obtain N = [C, W] € M¢_;. n

We will now construct functors between categories of A,.-comodules and A,.-contramodules.
Let (C,w¢), (D,w?) be Ay-coalgebras. By a (C, D)-space (N, wk, wk), we will mean a
graded vector space N equipped with families of morphisms

U).L = {U}; N — Cpil X N}p21 ’l,UfL = {U}f N—N® D®(I*1}q21 (911)

such that (N, w?) is a left C-comodule and (N, wl) is a right D-comodule. In particular,
any (C, D)-bicomodule becomes a (C, D)-space in an obvious manner. Additionally, for

Q, Q' € MP, we set [Q, Q'] = MP(Q[-p],Q’) for p € Z.
9.5. PROPOSITION. Let (C,wS), (D,wP) be An-coalgebras and let (N, wk wk) be a

(C, D)-space. Then, for each Q € MP and each k > 1, there is an isomorphism
[C*FL N, Q)P = [0 @ N, Q)7 (9-12)
PROOF. We consider f € [C®*1 [N, Q)]”]. Then, f corresponds to
flC® o N —Q  (¢&n)— f(&)(n) (9.13)

In order to prove that f’ € [C®*'® N, Q]”, we have to show that the following diagram
commutes for each [ > 1

_ CEl@uft _ _
N l . - Jf o F@)(wi(n)o) ® wi(n),
f (f'@D®-1) =
@ = w(£(2)(n))o @ w(f(@)(n)h
Q l s Q ® D®l—1
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where we have adapted the Sweedler notation in (9.14). But since f(¢) is a D-comodule
morphism, we already have

w?(f(@)(n)o @ w (f(@) () = f(&)(w](n)o) @ wf(n) (9.15)

From (9.14) and (9.15), it follows that f' € MP(C® 1@ N, Q). Conversely, we consider
g € [C®* 1@ N,Q]P. Then, g corresponds to

g:C* T — IN,Q]  J(@)(n) =gc®n) (9.16)

In order to show that ¢’ takes values in [NV, Q]”, we have to show that for each [ > 1 we
must have

wl(g@@n)) @ wl(g(@@n)) = w?(g(e)(n)) @ wy 2(g (@)
=g'(&)(w{*(n)o) ® wi*(n)1 = g(¢ @ wfi(n)o) ® wfi(n),
(9.17)
However since g € [C®*! @ N, Q]”, we already know that

w (9(F@n))o ® w?(g(E ®n)) = (¢ @ wi(n)o) ® wf(n), (9.18)

From (9.17) and (9.18) it is clear that ¢’ € [C®*~1 [N, Q]P]. This proves the result. =

We will say that (N, wl, wF) is a commuting (C, D)-space if the C' and D-coactions
commute with each other, i.e., for each £ > 1,1 > 1, we have a commutative diagram

wh
N —l N @ D®-1
wfl lme@H (9.19)
C®k71®wR

We note in particular that this means that each w* : N — N ® D®~! is a morphism of
left C-comodules, while each w : N — C®*~1® N is a morphism of right D-comodules.
For the rest of this section, we will assume that both the C-comodule and D-comodule
structures on N are even.

9.6. PROPOSITION. Let (C,w¢), (D,w?) be even A -coalgebras. Then, (N,wk, wk)
induces a functor [N,_|P : MP — Mj¢,_j.

PROOF. We consider Q@ € M”. We claim that [N, Q]” € M[¢_j. From Proposition 9.5,
we already have that [C®*~1 [N, Q]P] & [C®* ! @ N,Q]” for each k > 1. We now have
structure maps

b (OO IN,QP) 2 [0 @ N, QP M2 (N, Q1P (920

where we have used the fact that each morphism w’ : N — C®~1 @ N is a morphism
of right D-comodules. It may be verified that the morphisms in (9.20) make [N, Q]” into
an As.-contramodule over C. N
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Let (M,tM) be an A,-contramodule over C. Then, for each k& > 1, we have a pair of
canonical maps

(ev,c@r—1 5 @N)o([CBF 1, M]@w})
= Mo N P M®N (9.21)
tM QN

where eviger-1 ) [C®F=1 M| ® C®*=1 — M is the canonical evaluation map. We now
define the contratensor product M Ko N to be the coequalizer

B (evcarnt g @N)(CEH Mleuf)

M Rc N = Coeq | P [C**', M] @ N M®N

E>1 t%@N

(9.22)
We note that (9.22) extends the contratensor product on contramodules over coassociative
coalgebras defined in [37]. We now have the following result.

9.7. PROPOSITION. Let (C,w¢), (D,w?) be even Ay-coalgebras. Then, (N, wk wk)
induces a functor Ko N : M) — MP.

PROOF. By (9.22), we know that for any M € M _j, the contratensor product M Mo N
is a quotient of M ® N. We claim that the maps M @ wf: M @ N — M ® N ® D1
descend to the quotient M X N. For this, we note that for any k£, > 1, we have the
following commutative diagram

([C®*=1 M]@wk) (evoon-1,®N)
— e —_—

[C®1 M) ® N [C®F1,M] M &N
QRC®k—1QN
[C®k=*1,1\1]®w{*l [C®k=*1,1\4]®c®*‘*1®w{ﬂl M®w{"l
— _ ev. _ -1
(01 M @ N g pei-t (C8TMIBuhEDY T e gy ot @VSPTT o e

RCk—1x N D®I-1
(9.23)
We note that the left side square in (9.23) commutes because N is a commuting (C, D)-
space. Also, for any k,l > 1, we have the commutative diagram

[C®E=1 Mowh

[C@k—l7 M] ® N [C®k71’ M] R N ® D®l—1
ti\4®Nl lti‘f@N@D@l—l (9.24)
’lUR
M®N s M® N @ D#I-1

Considering (9.23), (9.24) and the definition in (9.22), we have an induced map on the
coequalizers M KMo N — (M KXo N) @ D®=1 for each [ > 1, making M K¢ N into an
A-comodule over D. m
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The following simple observation will be used in the proof of the next theorem. If (Q, w?)
and (Q',w?") are D-comodules, then MP”(Q, Q') may be expressed as the equalizer

D / / fHHw?lof > / RXe—1
M"(Q, Q") = Eq | [Q,Q'] :[]l@.Q' @ D] (9.25)

f=TI(feD@s—1)owd

Similarly, if (M,t}) and (M’,t}") are C-contramodules, then M, (M, M’) may be
expressed as the equalizer

FeTTed o[ ]

Mic, (M, M) = Eq <[M, M| ¢ H[[CWI, M],M’]) (9.26)

froTlfotd
We are now ready to prove the main result of this section.

9.8. THEOREM. Let (C wd), (D,wP) be even A -coalgebras. Then, any commuting
(C, D)-space (N, wk, wl) that is even leads to an adjunction of functors

M”(M Xc N, Q) = Mc,_j(M, [N,Q]”) (9.27)

for M € Mic,_) and Q € MP.
PROOF. Using the definition in (9.22) as well as the expressions in (9.25) and (9.26), we
can now compute directly

MP(M K¢ N, Q)

= Eq | [M&e N, Q) ————=3 [1[M K¢ N,Q @ D9
>1

=Eq {00€q<7[0®’“1]\[}®N_>M®N) }_A‘[[Ooeq< ® [+ lM]—Uu@N) Q@pgz-lD

>1

=Fq| Eq|[M®N,Q] =X [[[[C®!, M]® N, Q]) = [1Eq ([]\j@]\LQ@D@ll} = 1[C®+ 1, M) ®N,Q®D®’1])>

k>1 1>1 k>1

=Eq | Eq | [M.[N,Q] 3 1;[1[[C®’“’17M]~, (vl 3 lleq ([M [N.Qe D || 3 kl;IIHC@k’l«, MJ,[N,Q® D””H))

=Eq| Eq([M[NQ]= H[[CW‘ LM, [N, Q| = Eq (H[V [N,Q® DY) Z [T TT[C®F1, M], [N, Q @ D]

>1 1>1k>1

k>11>

= 50 B | 0,1V, Q) 2 [T (V. Q @ D] 11) ( (0544, 00), V. Q]) 2 TTITIC™", M].[N.Q 0 D]

= Fq

M, Eq ([N QI 2 TIIN,Q ® D] 1)} 20

>1 k>1

[C®=1 M], Eq ([]\QQ} _>,1;[1[N,Q®D®l—1}):|>

=FEq|([M,[N,QP] —= I [[C®F1, M], [N, Q]7]

= Mc_j(M, [N, QI")
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We conclude with the following result.

9.9. COROLLARY. Let (C,w(), (D,w?) be even Ay-coalgebras. Let Ny be an even left
Aso-comodule over C' and No be an even right A..-comodule over D. Then, we have an
induced adjunction of functors, i.e., natural isomorphisms

MP(M Be (Ny @ Na), Q) = Mc,_j(M, [(Ny ® N2), Q]”) (9.28)

or M € Mo and Q € MP.
(C,—]

Proor. If Ny is a left C-comodule and Ns is a right D-comodule, then N; ® Ny carries
left C-coactions and right D-coactions in the obvious manner. It is clear that the left
C-coactions commute with the right D-coactions, making N7 ® Ny a commuting (C, D)-
space. The result now follows from Theorem 9.8. [

10. Appendix : Basic Definitions

For the convenience of the reader, we recall in this section the well known definitions of
A-algebras, A,.-coalgebras as well as modules and comodules over them respectively.

10.1. DEFINITION. An Ay-algebra over K is a Z-graded vector space A = @@ A, along
nez

with a family of graded K-linear maps {my : A% — Alp>1 with my, of degree 2 — k,

satisfying for each n > 1:

S Py (17 @ my @ 197) = 0 (10.1)
where 1 denotes the identity map and the sum is over all triples (p,q,r) such that n =

pt+q+r,p,r>0,qg=>1.

We should mention that the terms in (10.1) will have additional signs when applied to
elements of A, following the usual Koszul sign conventions.

10.2. DEFINITION. Let A and B be Ay -algebras. A morphism of A -algebras f: A —
B is a family of graded K-linear maps {f, : A®® — B}ys1 with fi of degree 1 — k,
satisfying for each n > 1:

Z(_l)p+qrfp+l+r(1®p ®mg @ 1®T) = Z(_1>Smt(fi1 ® fi2 @ flt) (10'2)

where the first sum is over all (p,q,r) such that n = p+ q+r and the second sum is over
all 1 <t < n and all decompositions n = i1 + 1o + -+ - + 14, and the sign s is given by
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10.3. DEFINITION. Let A be an Ax-algebra over K. A (left) Asx-module over A is a
Z-graded space M with maps {m} : A®* 1@ M —s M}ps1 with m¥ of degree 2 — k,
satisfying for each n > 1:

U (A @ me @ 157 @ L) + Y (=1 mit, (15 @ my') =0,

where the first sum is over all p,q,r such that p+q+r =n, p >0, q,r > 1 and the
second sum is over all a,b such thata4+b=n, a >0 and b > 1.

A morphism of left Aso-modules f: M — N is a family of maps f = {f; : M; — N }iez,
that is well behaved with respect to the structure maps of M and N. The category of left
Aso-modules over A will be denoted by 4 M. Similarly, we may define the category M4 of
right A-modules.

10.4. DEFINITION. Let M, N be left Aoo-modules over the Ay -algebra A, with respective
structure maps {mi : A" 1@ M — Mlys1 and {mY : A®* 1@ N — N};>y. An
Aoo-morphism of (left) As-modules f: M — N is a family of maps

f={fr : A" T@M — N1

with fr of degree 1 — k, satisfying for each n > 1:

Y (D fan (15 @my )+ (1) fapr (15 @my@15 7 @1y) = Y md, (150 ),

where:

(1) the first sum on the left side is taken over all a,b such thatn =a+b, a>0,b>1
(2) the second sum on the left side is taken over all a,b,c such thatn =a+b+c, a >0,
b,c>1

(8) the sum on the right side is taken over all a,b such thatn =a+b, a >0 and b > 1.

10.5. DEFINITION. An Ay -coalgebra over K is a Z-graded vector space C = € C,, along
nez

with a family of graded K-linear maps {wy, : C — C® Y51 with wy, of degree 2 — k,
satisfying the following two conditions:
(a) For each n > 1, we have

D (1P (A @ wy @ 19 )wpsrgr = 0, ¥V k> 1,

where 1 denotes the identity map, and the sum is over all p,q,r such thatn =p+q+r,

p,r=0,qg>1

(b) The induced morphism [Jwy : C — [[C®* factors through the direct sum € C®*.
k>1 k>1 k>1

10.6. DEFINITION. Let C' be an A -coalgebra over K with structure maps {wy : C —

C%Yis1. A (left) Aso-comodule over C is a Z-graded space P with maps {wf : P —

CO* 1@ Plisy with wl of degree 2 — k, satisfying, for each n > 1, we have

D (1A @ w, @ 18 @ Lp)why gy, + Y (=112 @ wi )wh,, =0,
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where the first sum is over all p,q,r such thatn =p+q+r, p >0, q,r > 1 and the
second sum is over all a,b such that a +b=mn, a >0, b > 1.

A morphism of left As-comodules g : P — Q is a family of maps g = {g1: B — Qi }iez,
that is well behaved with respect to the structure maps of P and Q). The category of left
Aso-comodules over C will be denoted by “M. Additionally, we will say that P € M

is strongly finite if the induced morphism [Jw} : P — [[(C®*' ® P) factors through
k>1 k>1

the direct sum @ (C®*~!' ® P). Similarly, we may define the category M of right C-
k>1
comodules.

10.7. DEFINITION. Let C' be an A -coalgebra. Let P, Q) be left As-comodules over C with
respective structure maps {wf : P — C®* 1 @ Phisy and {w? : Q — C®* 1 @ Q}yz1.
An Ay-morphism of comodules g : P — @ is a sequence of graded morphisms {gy :
P — C9* 1@ Q}r>1, with gy of degree 1 — k, satisfying for each n > 1:

D ()P @w) g+ ()P Qw187 ®10)gar1re = Y (15" ©gy)wiy,

where

(1) the first sum on the left is over all a,b such thatn =a+0b, a >0,b> 1.

(2) the second sum on the left is over all a,b,c such thatn =a+b+c,a >0, bc>1
(8) the sum on the right side is over all a,b such thatn =a+b, a >0, b > 1.
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