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RELATIVIZED UNIVERSAL ALGEBRA VIA
PARTIAL HORN LOGIC

YUTO KAWASE

Abstract. Algebraic theories, sometimes called equational theories, are syntactic no-
tions given by finitary operations and equations, such as monoids, groups, and rings.
There is a well-known category-theoretic treatment of them that algebraic theories are
equivalent to finitary monads on Set. In this paper, using partial Horn theories, we
syntactically generalize such an equivalence to arbitrary locally presentable categories
from Set; the corresponding algebraic concepts relative to locally presentable categories
are called relative algebraic theories. Finally, we give a framework for universal algebra
relative to locally presentable categories by generalizing Birkhoff’s variety theorem.
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1. Introduction

Algebraic theories, also called equational theories, are algebraic concepts given by several
finitary operations and equations, which include monoids, groups, rings, etc. The first
unified investigation of algebraic theories was taken by Birkhoff [11], which marked the
beginning of universal algebra. There is an elegant category-theoretic treatment of alge-
braic theory due to Linton, who implicitly showed in his paper [25] that algebraic theories
correspond to finitary monads on Set, the category of sets. More precisely, we have an
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equivalence of categories
Th ≃ Mndf(Set), (1)

where Th and Mndf(Set) denote the categories of algebraic theories and finitary monads
on Set, respectively. It should be emphasized that the equivalence (1) preserves the
concept of models; that is, it commutes (up to natural isomorphism) with the functors
sending each algebraic theory to the category of its algebras and sending each finitary
monad to its Eilenberg–Moore category.

Analogy brings us to the relativization of algebraic concepts: we should regard a
finitary monad on a general category A as an algebraic theory relative to A . Indeed, it
is well-known that finitary monads on SetS, the functor category from a discrete category
S to Set, correspond to S-sorted algebraic theories. Furthermore, the base category can
be generalized to an arbitrary locally presentable category rather than SetS, and there
are several general frameworks for algebraic theories based on such monads [23, 9, 14].
Some authors also described what the algebra for such extended algebraic theories is by
giving a practical presentation for monads [31, 26]. However, these presentations are not
so syntactic in the sense that neither logical terms nor logical formulas appear explicitly,
while Birkhoff’s classical universal algebra is built upon logical symbols. On the other
hand, in several special cases, there are more syntactic approaches. One of them is taken
in [16]: by giving “algebraic theories” relative to a category of models of relational Horn
theories in a syntactic way, the authors describe monads on that category. Another one
is taken in [1]: by giving “algebraic theories” relative to Pos, the category of posets, the
authors syntactically describe finitary monads on Pos.

We aim to give a framework for universal algebra relative to locally presentable cate-
gories by describing monads on an arbitrary locally presentable category by logical terms
and formulas. To do so, we will introduce relative algebraic theories, which are algebraic
concepts relative to locally presentable categories and will be a syntactic description of
such monads. In an ordinary algebraic theory, each operator ω has a natural number
n called an arity. Here, ω represents an (n-ary) operator taking n elements x1, . . . , xn
as input and receiving one element ω(x1, . . . , xn) as output. In contrast, in our rela-
tive algebraic theory, each operator ω has a logical formula φ(x1, . . . , xn) as its arity.
Then, ω represents an n-ary partial operator that returns an output only if the formula
φ(x1, . . . , xn) is satisfied. A toy example is the subtraction of natural numbers: x − y
is defined only if y ≤ x holds; hence, the subtraction “−” on N is a binary partial op-
erator with an arity y ≤ x. Furthermore, we treat not only ordinary finitary operators
but also infinitary operators. However, we assume that the arity of operators is uniformly
bounded by an infinite regular cardinal λ. This restriction is intended to focus our interest
on accessible monads, i.e., monads preserving λ-filtered colimits for some λ.

Our relative algebraic theories are based on partial Horn theories [29], which are
logical theories characterizing locally presentable categories; that is, a category is locally
presentable if and only if it is equivalent to the category of models of some partial Horn
theory. More precisely, for a partial Horn theory S, we will define S-relative λ-ary algebraic
theories and show that they are equivalent to λ-ary monads on PMod S, i.e., monads on



662 YUTO KAWASE

the category of models of S that preserve λ-filtered colimits. Consequently, we have an
equivalence of categories

ThS
λ ≃ Mndλ(PMod S), (2)

where ThS
λ and Mndλ(PMod S) denote the categories of S-relative λ-ary algebraic theo-

ries and λ-ary monads on PMod S. The equivalence (2) is one of our main results, which
subsumes the classical theory–monad equivalence (1). Since every locally presentable
category is written as PMod S for some partial Horn theory S, we have characterized
monads on an arbitrary locally presentable category. In addition, this allows us to call
S-relative algebras A -relative algebras to the extent that there is no confusion when an
arbitrary locally presentable category A is given and A ≃ PMod S holds.

Although Freyd’s essentially algebraic theories also characterize locally presentable
categories, we use partial Horn theories rather than them since we want to treat relation
symbols explicitly, such as the order ≤.

Birkhoff’s variety theorem is one of the fundamental results in ordinary algebraic the-
ories, which characterizes equationally definable full subcategories via closure properties.
There is a many-sorted version (in our language, the SetS-relative version) of Birkhoff’s
theorem:

1.1. Theorem. [7] Let (Ω, E) be a (many-sorted) algebraic theory, where Ω, E is the sets
of operators and equations. Then, a full subcategory E ⊆ Alg(Ω, E) of the category of
algebras is definable by equations if and only if it is closed under:

� products,
� subobjects,
� quotients,
� filtered colimits.

Note that this theorem contains Birkhoff’s original one as the single-sorted case. In this
paper, we generalize the above theorem to our relative algebraic theories (Theorem 3.28).
This generalization is another main result, which subsumes not only Theorem 1.1 but also
Birkhoff’s theorem for quasi-varieties [5, 3.22 Theorem]. In this generalization, we will
replace subobjects with “Σ-closed subobjects” and quotients with “U -retracts.”

The classical Birkhoff’s theorem (Theorem 1.1) does not depend on syntax because
quotients can be characterized by regular epimorphisms, and hence all the conditions of
Theorem 1.1 are purely category-theoretic. In contrast, our theorem depends on syntax
because the concept of “Σ-closed subobjects” depends on the choice of syntax for the base
category A (Example 3.27). This is a notable feature of our generalization of Birkhoff’s
theorem, and illuminates that our theorem is partial Horn theoretic rather than category-
theoretic.

Even though closure under filtered colimits is required in the many-sorted case (Theo-
rem 1.1) and our generalized one, it is not required in Birkhoff’s original one [11]. In other
words, closure under filtered colimits can be eliminated from the Set-relative case, which
is expressed by saying that filtered colimit elimination holds. It is known that filtered
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colimit elimination also holds in some other cases: finite-sorted algebras (Setn-relative al-
gebras) [7], ordered algebras (Pos-relative algebras) [12], metric algebras (Met∞-relative
algebras) [19].

In this paper, we will give a sufficient condition on a locally presentable category
A for which filtered colimit elimination holds in A -relative algebras. Our sufficient
condition on A looks like a noetherian condition: A has no strictly ascending sequence
(Definition 5.8), usually called the ascending chain condition (ACC). We will show that
if a locally presentable category A satisfies ACC, then filtered colimit elimination holds
in Birkhoff’s theorem for A -relative algebras, which is our final main result.

Outline. In Section 2, we introduce relative algebraic theories via partial Horn theories
with several examples. We also discuss morphisms of relative algebraic theories.

In Section 3, we introduce (dense, closed–mono)-factorization systems on locally pre-
sentable categories. Using such factorization systems, we show Birkhoff’s variety theorem
for partial Horn theories (Theorem 3.24) and give Birkhoff’s theorem for relative algebraic
theories (Theorem 3.28) as its corollary.

In Section 4, we discuss the relationship between our relative algebraic theories and
accessible monads on locally presentable categories. For a locally λ-presentable category
A , we obtain an equivalence between the category of A -relative λ-ary algebraic theories
and the categories of λ-ary monads on A (Theorem 4.15).

Section 5 is devoted to filtered colimit elimination. We first introduce pure quotients,
which play an essential role in filtered colimit elimination. We next introduce the as-
cending chain condition for a category, which will be a sufficient condition for eliminating
closure under filtered colimits from Birkhoff’s theorem relative to that category (Theo-
rem 5.10).

Summary. For convenience, we summarize the main contributions as follows:

� Introducing relative algebraic theories based on infinitary partial Horn theories, we
syntactically describe accessible monads on locally presentable categories (Theo-
rem 4.15).

� We show Birkhoff’s variety theorem for partial Horn theories (Theorem 3.24), which
can be applied to our relative algebras.

� We give a sufficient (and nearly necessary) condition for eliminating closure under
filtered colimits from Birkhoff’s variety theorem (Theorem 5.10), which subsumes
several cases: finite-sorted algebras, ordered algebras, metric algebras, etc.

1.2. Remark. This paper is based on infinitary partial Horn logic, which is an infinitary
extension of (finitary) partial Horn logic [29]. Such infinitary extension has already been
considered by some authors [30, 34], but since there is no cohesive self-contained literature,
so we summarize it in Appendix A for convenience.
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1.3. Remark. Almost all of the content of this paper is based on the author’s previous
papers [21, 22]. However, only the finitary case is considered in them. In this paper, we
generalize them to the infinitary case.

2. Infinitary relative algebraic theories

We now introduce relative algebraic theories based on infinitary partial Horn theories.
Since partial Horn theories can express arbitrary locally presentable categories as their
models, our relative algebraic theory is an algebraic concept relative to locally presentable
categories.

Relative algebras. We fix an S-sorted λ-ary signature Σ and a λ-ary partial Horn
theory S over Σ throughout this subsection.

2.1. Definition.

(i) An S-relative (λ-ary) signature Ω is a set Ω such that for each element ω ∈ Ω, a
Horn formula x⃗.φ over Σ and a sort s ∈ S are given. The Horn formula x⃗.φ is
called an arity of ω and written as ar(ω). The sort s is called a sort of ω and written
as sort(ω).

(ii) Given an S-relative (λ-ary) signature Ω, each ω ∈ Ω can be regarded as a function
symbol ω : ⊓i<α si → s if sort(ω) = s and ar(ω) is in the context (xi:si)i<α. Denote
by Σ + Ω the S-sorted λ-ary signature obtained by adding to Σ all ω ∈ Ω in this
way. A λ-ary Horn sequent φ x⃗ ψ over Σ + Ω is called an S-relative (λ-ary)
judgment if φ is over Σ, i.e., if φ contains no function symbol derived from Ω.

(iii) An S-relative (λ-ary) algebraic theory is a pair (Ω, E) of an S-relative λ-ary signa-
ture Ω and a set E of S-relative λ-ary judgments.

2.2. Definition. Let Ω be an S-relative signature. An Ω-algebra A consists of:

� a partial S-model A,

� for each ω ∈ Ω, a map JωKA : Jar(ω)KA → Asort(ω).

An Ω-algebra A can be regarded as a partial (Σ+Ω)-structure by considering JωKA as
a partial map

∏
i<αAsi ⇀ Asort(ω), where ar(ω) is in the context (xi:si)i<α. Conversely, a

partial (Σ+Ω)-structure satisfying all sequents in S and the bisequent ω(x⃗)↓ x⃗ ar(ω)
for each ω ∈ Ω can be regarded as an Ω-algebra.

2.3. Definition. Let Ω be an S-relative signature. We say an Ω-algebra A satisfies an
S-relative judgment if it is valid in the partial (Σ + Ω)-structure A.
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2.4. Notation.

(i) Given an S-relative signature Ω, we will denote by AlgΩ the category of Ω-algebras
and (Σ + Ω)-homomorphisms.

(ii) Given an S-relative algebraic theory (Ω, E), we will denote by Alg(Ω, E) the full
subcategory of AlgΩ consisting of all algebras satisfying all S-relative judgments in
E. An Ω-algebra belonging to Alg(Ω, E) is called an (Ω, E)-algebra.

2.5. Definition. Let (Ω, E) be an S-relative algebraic theory. We define the λ-ary partial
Horn theory TΩ,E over Σ + Ω associated with (Ω, E) as follows:

TΩ,E := S ∪ {ω(x⃗)↓ x⃗ ar(ω)}ω∈Ω ∪ E

Then, we haveAlg(Ω, E) ∼= PModTΩ,E. In particular, Alg(Ω, E) is locally λ-presentable.

Examples of relative algebraic theories.We present several examples of relative
algebraic theories. The examples introduced here are classified into the finitary (ℵ0-ary)
case and the ℵ1-ary case.

The finitary case.

2.6. Example. [Small categories] The finitary partial Horn theory Squiv for quivers is
given by:

Squiv := {e, v}, Σquiv := {s, t : e→ v}, Squiv := {⊤ f :e
s(f)↓ ∧ t(f)↓}.

We define an Squiv-relative finitary algebraic theory (Ω, E) as follows:

Ω :
arity sort

◦ (g,f :e).s(g) = t(f) e
id (x:v).⊤ e

E :=



⊤ x:v s(id(x)) = x ∧ t(id(x)) = x,

s(g) = t(f)
g,f :e

s(g ◦ f) = s(f) ∧ t(g ◦ f) = t(g),

⊤ f :e
f ◦ id(s(f)) = f ∧ id(t(f)) ◦ f = f,

s(h) = t(g) ∧ s(g) = t(f)
h,g,f :e

(h ◦ g) ◦ f = h ◦ (g ◦ f)


Then, we have Alg(Ω, E) ∼= Cat.
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2.7. Example. [Monoid-graded rings] We first define the finitary partial Horn theory
Smgset for monoid-graded sets. Let S := {m, s}, where m represents “a monoid” and s
represents “a base set.” The S-sorted finitary signature Σmgset consists of the following
function symbols:

d : s→ m, · : m ⊓m→ m, e : () → m.

The finitary partial Horn theory Smgset consists of:

⊤ x:s d(x)↓, ⊤ a,b:m
a · b↓, ⊤ e↓;

⊤ a,b,c:m
(a · b) · c = a · (b · c), ⊤ a:m e · a = a ∧ a · e = a.

A partial model for Smgset, called a monoid-graded set, is simply a map from a set to a
monoid.

Now, we define an Smgset-relative finitary algebraic theory (Ω, E) by the following:

Ω:

arity sort
1 ().⊤ s
⊗ (x,y:s).⊤ s
0 a:m.⊤ s
− x:s.⊤ s
+ (x,y:s).d(x) = d(y) s

E :=



⊤ d(1) = e, ⊤ x,y:s
d(x⊗ y) = d(x) · d(y);

⊤ a:m d(0(a)) = a, ⊤ x:s d(−x) = d(x);

d(x) = d(y)
x,y:s

d(x+ y) = d(x);

d(x) = d(y) ∧ d(y) = d(z)
x,y,z:s

(x+ y) + z = x+ (y + z);

d(x) = d(y)
x,y:s

x+ y = y + x;

⊤ x:s x+ 0(d(x)) = x ∧ x+ (−x) = 0(d(x));

⊤ x,y,z:s
(x⊗ y)⊗ z = x⊗ (y ⊗ z), ⊤ x:s 1⊗ x = x ∧ x⊗ 1 = x;

d(x) = d(y)
x,y,z:s

(x+ y)⊗ z = (x⊗ z) + (y ⊗ z) ∧ z ⊗ (x+ y) = (z ⊗ x) + (z ⊗ y)


An (Ω, E)-algebra is called a monoid-graded ring.

2.8. Example. [Uniquely difference-ordered semirings] Let Spos be the partial Horn the-
ory for posets as in Example A.11. We define an Spos-relative finitary algebraic theory
(Ω, E) as follows:

Ω:

arity sort
0 ().⊤ ∗
1 ().⊤ ∗
+ (x, y).⊤ ∗
· (x, y).⊤ ∗
⊖ (x, y).x ≤ y ∗
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E :=



⊤ x, y, z
(x+ y) + z = x+ (y + z) ∧ (x · y) · z = x · (y · z);

⊤ x, y
x+ y = y + x;

⊤ x 0 + x = x ∧ 1 · x = x ∧ x · 1 = x ∧ 0 · x = 0 ∧ x · 0 = 0;

⊤ x, y, z
x · (y + z) = x · y + x · z ∧ (x+ y) · z = x · z + y · z;

x ≤ y
x, y

x+ (y ⊖ x) = y;

⊤ x, y
x ≤ x+ y ∧ (x+ y)⊖ x = y


Then, an (Ω, E)-algebra is precisely a uniquely difference-ordered semiring in [17].

2.9. Example. [Partial Boolean algebras] The partial Horn theory Srsrel for reflexive
symmetric relations is given by:

Srsrel := {∗}, Σrsrel := {⊙ : ∗ ⊓ ∗}, Srsrel := {⊤ x x⊙ x, x⊙ y
x, y

y ⊙ x}.

We define an Srsrel-relative finitary algebraic theory (Ω, E) as follows:

Ω:

arity sort
0 ().⊤ ∗
1 ().⊤ ∗
¬ x.⊤ ∗
∨ (x, y).x⊙ y ∗
∧ (x, y).x⊙ y ∗

E :=



⊤ x x⊙ 0, x⊙ 1; x⊙ y
x, y

x⊙ ¬y;
x⊙ y, y ⊙ z, z ⊙ x

x, y, z
x⊙ (y ∨ z), x⊙ (y ∧ z);

x⊙ y, y ⊙ z, z ⊙ x
x, y, z

(x ∨ y) ∨ z = x ∨ (y ∨ z), (x ∧ y) ∧ z = x ∧ (y ∧ z);
x⊙ y

x, y
x ∨ y = y ∨ x, x ∧ y = y ∧ x;

x⊙ y
x, y

(x ∧ y) ∨ x = x, x ∧ (y ∨ x) = x;

⊤ x x ∨ 0 = x, x ∧ 1 = x, x ∨ ¬x = 1, x ∧ ¬x = 0;

x⊙ y, y ⊙ z, z ⊙ x
x, y, z

(x ∧ y) ∨ z = (x ∨ z) ∧ (x ∨ z);
x⊙ y, y ⊙ z, z ⊙ x

x, y, z
(x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧ z)


In the above, we use the symbol (,) instead of ∧ to avoid confusion. An (Ω, E)-algebra
is a Boolean algebra-like algebra whose conjunction and disjunction are partial, which is
called a partial Boolean algebra in [35]. There, the reflexive symmetric relation ⊙ is called
commeasurability.

The infinitary case.
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2.10. Example. [ω-cpos] Let Spos be the partial Horn theory as in Example A.11. In
what follows, we regard Spos as an ℵ1-ary partial Horn theory. We present an Spos-relative
ℵ1-ary algebraic theory (Ω, E) for ω-cpos. Let Ω := {sup} with

ar(sup) := (xn)n<ω.
∧
n<ω

xn ≤ xn+1, sort(sup) := ∗.

The set E is defined by the following:

E :=


∧
n<ω

xn ≤ xn+1
(xn)n<ω

∧
n<ω

xn ≤ sup(x⃗);

∧
n<ω

xn ≤ xn+1 ∧
∧
n<ω

xn ≤ y
(xn)n<ω, y sup(x⃗) ≤ y


Then, an (Ω, E)-algebra is precisely an ω-cpo, i.e., a poset where every ω-chain has a
supremum.

2.11. Example. [Generalized complete metric spaces] Let Smet be the ℵ1-ary partial
Horn theory as in Example A.13. We now present an Smet-relative ℵ1-ary algebraic theory
(Ω, E). Let Ω := {limµ}µ, where µ represents all weakly decreasing maps µ : N → [0,∞)
converging to 0. The arity of limµ is

(xn)n<ω.

(∧
N∈N

∧
m,n≥N

Rµ(N)(xm, xn)

)
.

The set E contains the following Smet-relative judgment∧
N∈N

∧
m,n≥N

Rµ(N)(xm, xn)
x⃗

∧
N∈N

R2µ(N)(xN , lim
µ(x⃗))

for each µ. We can consider the operator limµ assigns to each Cauchy sequence having the
modulus of convergence of type µ, its limit. Thus, an (Ω, E)-algebra is precisely a gener-
alized metric space where every Cauchy sequence converges. This algebraic presentation
of Cauchy completeness is also discussed in [16, Example 4.8].

2.12. Example. [Banach spaces] Let Smet∗ be the ℵ1-ary partial Horn theory as in Exam-
ple A.15. We present an Smet∗-relative ℵ1-ary algebraic theory (Ω, E). The Smet∗-relative
ℵ1-ary signature Ω consists of:

� for each pair of α ∈ C and r, r′ ∈ [0,∞) such that |α|r ≤ r′, a total operator αr
′
r

with
ar(αr

′

r ) := (x:r).⊤, sort(αr
′

r ) := r′;

� for each pair of r, r′ ∈ [0,∞), a total operator +̇ with

ar(+̇) := (x:r, y:r′).⊤, sort(+̇) := r + r′;
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� for each pair of r ∈ [0,∞) and a weakly decreasing map µ : N → [0,∞) converging
to 0, a partial operator limµ

r with

ar(limµ
r ) := (xk:r)k<ω.

(∧
N∈N

∧
m,n≥N

Rµ(N)
r (xm, xn)

)
, sort(limµ

r ) := r.

The set E consists of the following Smet∗-relative ℵ1-ary judgments:

⊤ x:r 1r
′

r (x) = ιr
′

r (x); (3)

⊤ x:r0 βr2r1 (α
r1
r0
(x)) = (βα)r2r0(x); (4)

⊤ x:r0, y:s0 ιr1r0(x)+̇ι
s1
s0
(y) = ιr1+s1r0+s0

(x+̇y) (r0 ≤ r1, s0 ≤ s1); (5)

⊤ x,y,z:r
(x+̇y)+̇ι2rr (z) = ι2rr (x)+̇(y+̇z); (6)

⊤ x,y:r
x+̇y = y+̇x; (7)

⊤ x:r ιr0(0̇)+̇x = ι2rr (x); (8)

⊤ x,y:r0 α2r1
2r0

(x+̇y) = αr1r0(x)+̇α
r1
r0
(y) (|α|r0 ≤ r1); (9)

⊤ x:r0 (α + β)2r1r0
(x) = αr1r0(x)+̇β

r1
r0
(x) (|α|r0 ≤ r1, |β|r0 ≤ r1); (10)∧

N∈N

∧
m,n≥N

Rµ(N)
r (xm, xn)

(xk:r)k<ω
∧
N∈N

R2µ(N)
r (xN , lim

µ(x⃗)). (11)

The axioms (3) to (10) make an (Ω, E)-algebra to be a complex normed space, and
the last axiom (11) requires that every Cauchy sequence converges. Thus, there is an
equivalence Alg(Ω, E) ≃ Ban, where Ban is the category of (complex) Banach spaces
and contractions. According to Corollary 4.16, which will be proved later, it follows that
Ban is ℵ1-ary monadic overMet∗, the category of pointed metric spaces and contractions.
A similar statement about monadicity appears in [32, Theorem 3.2].

Morphisms between relative algebraic theories. We now introduce morphisms
of relative algebraic theories and define the category ThS

λ of S-relative λ-ary algebraic
theories, which will turn out to be equivalent to the category of λ-ary monads on PMod S
later in Section 4. In this subsection, we fix an S-sorted λ-ary signature Σ and a λ-ary
partial Horn theory S over Σ again.

2.13. Definition. Let (Ω, E) and (Ω′, E ′) be S-relative λ-ary algebraic theories.

(i) A (λ-ary) theory morphism ρ : (Ω, E) → (Ω′, E ′) is an assignment to each operator
ω ∈ Ω, a TΩ′,E′-term ωρ of sort sort(ω) generated by ar(ω) satisfying that for every

(φ x⃗ ψ) ∈ E, TΩ′,E′ ⊢ (φ x⃗ ψρ) holds. Here, ψρ is the ρ-translation, which
is constructed by replacing all symbols that ψ includes by ρ.

(ii) Let ρ, σ : (Ω, E) → (Ω′, E ′) be theory morphisms. We say that ρ and σ are equivalent

and write ρ ∼ σ if TΩ′,E′ ⊢ (φ x⃗ ωρ = ωσ) holds for every ω ∈ Ω with ar(ω) =
x⃗.φ.
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(iii) Let ρ : (Ω, E) → (Ω′, E ′) be a theory morphism. Given an algebra A ∈ Alg(Ω′, E ′),
an algebra Aρ ∈ Alg(Ω, E) is defined by JωKAρ := JωρKA for each ω ∈ Ω. Then, there
exists a unique functor Alg ρ : Alg(Ω′, E ′) → Alg(Ω, E) such that A 7→ Aρ and the
following diagram

Alg(Ω, E) Alg(Ω′, E ′)

PMod S
U

Alg ρ

U ′

commutes. Here, U and U ′ are forgetful functors.

2.14. Remark. A theory morphism between relative algebraic theories is a special case
of theory morphisms between partial Horn theories defined in Definition A.40. Indeed,
a theory morphism ρ : (Ω, E) → (Ω′, E ′) is simply a theory morphism ρ : TΩ,E → TΩ′,E′

which moves no sort and no symbol in Σ.

2.15. Remark. Let ρ, σ : (Ω, E) → (Ω′, E ′) be theory morphisms. Then, Alg ρ = Alg σ
if and only if ρ ∼ σ.

2.16. Definition.

(i) We now define the category ThS
λ of S-relative λ-ary algebraic theories: ThS

λ is the
category whose objects are S-relative λ-ary algebraic theories and whose morphism
from (Ω, E) to (Ω′, E ′) is an equivalence class [ρ] of a λ-ary theory morphism ρ.
Given two morphisms [ρ] : (Ω, E) → (Ω′, E ′) and [σ] : (Ω′, E ′) → (Ω′′, E ′′), their
composite is an equivalence class of the theory morphism σ ◦ ρ which assigns to
ω ∈ Ω, the TΩ′′,E′′-term (ωρ)σ. The identity morphism is an equivalence class of the
identity theory morphism ρ such that ωρ := ω.

(ii) We can define the functor Alg : ThS
λ → (CAT/PMod S)op by

(Ω, E) 7→ Alg(Ω, E), [ρ] 7→ Alg ρ,

where CAT is the category of (not necessarily small) categories and CAT/PMod S
is the slice category. This functor is well-defined by Remark 2.15.

2.17. Theorem. The functor Alg : ThS
λ → (CAT/PMod S)op is fully faithful.

Proof. By Remark 2.15, the functor Alg is faithful. To prove fullness, take an arbi-
trary functor K : Alg(Ω′, E ′) → Alg(Ω, E) which commutes with forgetful functors. Let
ω ∈ Ω with ar(ω) = (xi:si)i<α.φ and sort(ω) = s and let A := ⟨x⃗.φ⟩TΩ′,E′ ∈ Alg(Ω′, E ′)

and A := U ′A. Considering the interpretation JωKKA : Jx⃗.φKA → As, we get an equiv-
alence class JωKKA([x⃗]TΩ′,E′ ) ∈ As of a TΩ′,E′-term of sort s generated by x⃗.φ from the
construction of ⟨x⃗.φ⟩TΩ′,E′ in Definition A.28. We now define ωρ as a representative of the

class JωKKA([x⃗]TΩ′,E′ ) ∈ As.
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We now show that the interpretation maps JωKKB, Jω
ρKB : Jx⃗.φKB → Bs coincide for

every B ∈ Alg(Ω′, E ′). Write B := U ′B. Then, for every morphism f : A → B in
Alg(Ω′, E ′), the following diagram is pairwise commutative:

∏
i<αAsi Jx⃗.φKA As

∏
i<αBsi Jx⃗.φKB Bs

∏
i<α(U

′f)si

⊇
Jx⃗.φKU′f

JωKKA

JωρKA
(U ′f)s

⊇
JωKKB

JωρKB

in Set (12)

By the definition of ωρ, we have JωKKA = JωρKA. By Alg(Ω′, E ′)(A,B) ∼= Jx⃗.φKB, we see
that every element of Jx⃗.φKB lies in the image of Jx⃗.φKU ′f for some f . Thus, (12) implies
JωKKB = JωρKB.

Consequently, we have Bρ = KB ∈ Alg(Ω, E) for every B ∈ Alg(Ω′, E ′); hence for

every (φ x⃗ ψ) ∈ E, TΩ′,E′ ⊢ (φ x⃗ ψρ) is satisfied. Now, this yields a theory
morphism ρ : (Ω, E) → (Ω′, E ′) such that K = Alg ρ.

3. Birkhoff’s variety theorem

Our goal is to prove Birkhoff’s variety theorem for partial Horn theories (Theorem 3.24),
which can be applied to our relative algebraic theories.

Presentable proper factorization systems. We recall the definition of an orthog-
onal factorization system, which plays an important role in subsequent subsections.

3.1. Definition. Let C be a category.

(i) Given morphisms e and m in C , we write e ⊥ m if for any commutative square
ve = mu there exists a unique diagonal filler making both triangles commute:

· ·

· ·

u

e m

v

∃!

(ii) Given a class of morphisms Λ, denote by l(Λ) and r(Λ) the classes

l(Λ) := {e | e ⊥ m for all m ∈ Λ}
r(Λ) := {m | e ⊥ m for all e ∈ Λ}.

(iii) An orthogonal factorization system on C is a pair (E,M) of classes of morphisms
in C that satisfies the following conditions:

� E and M are closed under composition and contain all isomorphisms in C ;
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� Every morphism f in C has a factorization f = me with e ∈ E and m ∈ M;

� E ⊥ M holds, i.e., for any e ∈ E and m ∈ M, e ⊥ m holds.

Given an orthogonal factorization system (E,M), we have E = l(M) and M = r(E).
These can be verified straightforwardly.

(iv) A proper factorization system is an orthogonal factorization system (E,M) such that
every morphism in E is an epimorphism and every morphism in M is a monomor-
phism.

We now recall the orthogonal version of the small object argument on locally pre-
sentable categories.

3.2. Theorem. Let Λ be a set of morphisms in a locally presentable category A . Then,
( lr(Λ), r(Λ) ) is an orthogonal factorization system on A .

Proof. See, for example, [15, 2.2 Theorem].

3.3. Notation. Given a class of morphisms Λ, denote by Λλ the essentially small class

Λλ := {f ∈ Λ | dom f, cod f are λ-presentable}.

3.4. Lemma. Let A be a locally λ-presentable category. Denote by Ret the class of all
retractions in A and by Mono the class of all monomorphisms in A . Then, r(Retλ) =
Mono holds.

Proof. In general, a morphism f is monic if and only if ∇X ⊥ f holds for every object
X, where ∇X : X + X → X denotes the codiagonal morphism. This equivalence still
holds if we restrict the codiagonals to those of all λ-presentable objects, because the class
of all λ-presentable objects forms a generator in any locally λ-presentable category. This
shows r(Retλ) ⊆ Mono, and the converse inclusion is immediate.

3.5. Definition. Let M be a class of monomorphisms. A morphism f : X → Y is M-
extremal if f factors through no proper M-subobject of Y , i.e., if f has a factorization
f = mg with m ∈ M, then m is an isomorphism.

3.6. Lemma. Let C be a category with pullbacks. Let M be a class of monomorphisms
in C which is closed under pullbacks, i.e., for every pullback square

· ·

· ·
m′

⌟
m in C ,

m ∈ M implies m′ ∈ M. Then, the class l(M) coincides with the class of all M-extremal
morphisms in C .

Proof. The proof is straightforward.
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The following definition is due to [18].

3.7. Definition. An orthogonal factorization system (E,M) is λ-presentable if r(Eλ) ⊆
M.

3.8. Theorem. Let A be a locally λ-presentable category. Let Λ be a class of epimor-
phisms between λ-presentable objects in A . Consider the following two classes of mor-
phisms in A .

� M: the class of all monomorphisms in A belonging to r(Λ),

� E: the class of all M-extremal morphisms in A .

Then (E,M) is a λ-presentable proper factorization system. Conversely, every λ-presentable
proper factorization system on A is constructed from some Λ in this way.

Proof. Define Λ∗ := Retλ ∪ Λ. Since Λ∗ is essentially small, Theorem 3.2 shows that

( lr(Λ∗), r(Λ∗) )

is a λ-presentable orthogonal factorization system on A . Lemma 3.4 implies r(Λ∗) = M,
and Lemma 3.6 implies lr(Λ∗) = E.

Since every morphism in Λ is an epimorphism, the class M has the following property:

gf ∈ M =⇒ f ∈ M,

which is equivalent to that every morphism in E is an epimorphism [3, 14.11].
Conversely, if we are given an arbitrary λ-presentable proper factorization system

(E,M) on A , take Λ := Eλ. Then, the construction above recovers (E,M).

The proof of the following is essentially the same as [2, Theorem 2.10]. Hence, we
omit the proof.

3.9. Theorem. Let (E,M) be a λ-presentable proper factorization system on a locally λ-
presentable category A . Then every morphism f : A→ X in E with λ-presentable domain
A is a λ-filtered colimit (in A/A ) of morphisms in E with λ-presentable codomain.

Closed monomorphisms. In this subsection, we introduce a (dense, closed–mono)-
factorization system on PModT for each partial Horn theory T. It should be emphasized
that the notion of (dense, closed–mono) strongly depends on the syntax T (Example 3.13).
Indeed, T-closedness may differ from T′-closedness even if PModT ≃ PModT′, and the
same holds for density.

3.10. Remark. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Then, for every morphism h : A→ B in PModT, the following are equivalent:

(i) h is a monomorphism in PModT,

(ii) hs : As → Bs is injective for every sort s ∈ S.

Thus, a subobject in PModT is just a submodel.
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3.11. Definition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ.

(i) A monomorphism A ↪→ B in PModT is called T-closed (or Σ-closed) if the fol-
lowing diagrams form pullback squares for any f,R ∈ Σ.

Dom(JfKA)
∏

i<αAsi

Dom(JfKB)
∏

i<αBsi

⌟
JRKA

∏
i<αAsi

JRKB
∏

i<αBsi

⌟

(ii) A morphism h : A → B in PModT is called T-dense (or Σ-dense) if h factors
through no T-closed proper subobject of B.

T-closed monomorphisms are the so-called embeddings in model theory and play an
important role in our generalized Birkhoff theorem.

3.12. Remark. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ.

(i) T-closedness of a submodel A ⊆ B in PModT is equivalent to saying that given a
family a⃗ of elements of A, if JfKB (⃗a) is defined for a function symbol f , then JfKA(⃗a)
is also defined, and if a⃗ ∈ JRKB holds for a relation symbol R, then a⃗ ∈ JRKA also
holds.

(ii) Let C ⊆ B be a subobject of B ∈ PModT in SetS. Denote by A the S-sorted
set of all elements of B which can be written as Jx⃗.τKB(c⃗) by a family c⃗ of elements
of C and a term τ over Σ. Then the Σ-structure of B induces a Σ-structure on A,
which makes A the smallest T-closed submodel of B containing C. This submodel
A is called the T-closed submodel of B generated by C.

(iii) A morphism h : A→ B in PModT is T-dense if and only if the T-closed submodel
generated by the image of h coincides with B.

3.13. Example.

(i) Let us define an ordinary finitary partial Horn theory Tmon (over Σmon) for monoids
as follows:

S := {∗}, Σmon := {e : () → ∗, · : ∗ ⊓ ∗ → ∗},

Tmon :=


⊤ e↓, ⊤ x, y

x · y↓,
⊤ x, y, z

(x · y) · z = x · (y · z),
⊤ x x · e = x ∧ e · x = x

 .

We have PModTmon
∼= Mon, where Mon is the category of monoids. Then a

Tmon-closed subobject is just a submonoid, and a Tmon-dense morphism is just a
surjective homomorphism.
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(ii) Let us define another finitary partial Horn theory T′
mon (over Σ′

mon) for monoids as
follows:

S := {∗}, Σ′
mon := Σmon + {•−1 : ∗ → ∗},

T′
mon := Tmon +

{
x−1↓ x x−1 · x = e ∧ x · x−1 = e,

y · x = e ∧ x · y = e
x, y

x−1 = y

}
.

A T′
mon-model is just a monoid with the partial inverse function, and we also have

PModT′
mon

∼= Mon. Then a submonoid N ⊆ Z is not T′
mon-closed even though it

is Tmon-closed. Therefore closedness of monomorphisms depends on T.

3.14. Theorem. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Then, the pair of the class of all T-dense morphisms and the class of all T-closed
monomorphisms becomes a λ-presentable proper factorization system on PModT.

Proof. Denote by Λ the class of morphisms in PModT consisting of the following:

� A morphism ⟨x⃗.⊤⟩T
⟨x⃗⟩T ⟨x⃗.f(x⃗)↓⟩T for each function symbol f ∈ Σ,

� A morphism ⟨x⃗.⊤⟩T
⟨x⃗⟩T ⟨x⃗.R(x⃗)⟩T for each relation symbol R ∈ Σ.

Then T-closedness of a monomorphism m is equivalent to whether m belongs to r(Λ).
Since Λ is a small class of epimorphisms between λ-presentable objects, the statement
follows from Theorem 3.8.

3.15. Proposition. Let S be a λ-ary partial Horn theory over an S-sorted λ-ary sig-
nature Σ. Let (Ω, E) be an S-relative λ-ary algebraic theory with the forgetful functor
U : Alg(Ω, E) → PMod S. Then, the following hold:

(i) A morphism f in Alg(Ω, E) is TΩ,E-closed mono if and only if Uf is S-closed mono.

(ii) A morphism f in Alg(Ω, E) is TΩ,E-dense if Uf is S-dense.

Here, TΩ,E is the partial Horn theory as in Definition 2.5.

Proof. Since the domain of every partial operator in Ω is determined by a Horn formula
over Σ, TΩ,E-closedness is equivalent to S-closedness, hence (i) follows. To show (ii), take
a morphism f in Alg(Ω, E) such that Uf is S-dense. By Theorem 3.14, we can take a
factorization f = me such that e is TΩ,E-dense and m is TΩ,E-closed mono. By (i), Um
is S-closed mono but Uf is S-dense, hence Um becomes an isomorphism. One can prove
that the forgetful functor U is conservative by the definition of relative algebraic theories.
Therefore, m is an isomorphism, which proves (ii).
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3.16. Remark. Unlike in the case of closed monomorphisms, the converse of Proposi-
tion 3.15(ii) fails. To present a counterexample, let us consider the Squiv-relative finitary
algebraic theory (Ω, E) of Example 2.6. Let ΣN be the category obtained by regarding
the additive monoid N as a single object category. Let 2 := {0 < 1} and let q : 2 → ΣN
be the functor choosing an endomorphism 1 in ΣN. Then, q is dense as a morphism of
small categories but not as a morphism of quivers. More seriously, q is not even epi as a
morphism of quivers.

3.17. Lemma. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature Σ.
Then, every T-dense morphism between λ-presentable objects has the following expression:

⟨x⃗.φ⟩T
⟨x⃗⟩T ⟨x⃗.ψ⟩T

Proof. By Corollary A.31, a morphism between λ-presentable objects has the following
expression:

⟨x⃗.φ⟩T
⟨τ⃗⟩T ⟨y⃗.ψ⟩T, (13)

where x⃗.φ and y⃗.ψ are Horn formulas over Σ with x⃗ = (xi)i<α and y⃗ = (yj)j<β. Suppose
the morphism (13) is T-dense. By Remark 3.12(iii), for each j < β, we can take a term
x⃗.σj satisfying [yj]T = [σj(τ⃗ /x⃗)]T in ⟨y⃗.ψ⟩T, i.e., the following is a PHLλ-theorem of T:

ψ
y⃗

yj = σj(τ⃗ /x⃗).

Denote by x⃗.χ the following Horn formula:

x⃗.χ := x⃗.

(
ψ(σ⃗/y⃗) ∧

∧
i<α

xi = τi(σ⃗/y⃗) ∧
∧
j<β

σj↓

)
.

By virtue of the completeness theorem (Theorem A.29), it is easy to check that the
following are PHLλ-theorems of T:

ψ
y⃗ ∧

i<α

τi↓, ψ
y⃗

χ(τ⃗ /x⃗); (14)

χ x⃗
∧
j<β

σj↓, χ x⃗ ψ(σ⃗/y⃗); (15)

ψ
y⃗ ∧

j<β

yj = σj(τ⃗ /x⃗), χ x⃗
∧
i<α

xi = τi(σ⃗/y⃗); (16)

χ x⃗ φ. (17)

(15) and (14) being PHLλ-theorems of T implies the well-definedness of the following
morphisms:

⟨x⃗.χ⟩T ⟨y⃗.ψ⟩T
⟨σ⃗⟩T

⟨τ⃗⟩T
(18)
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Since (16) are PHLλ-theorems of T, two morphisms in (18) are inverses of each other. (17)

yields a morphism ⟨x⃗.φ⟩T
⟨x⃗⟩T ⟨x⃗.χ⟩T, and we have the following commutative diagram:

⟨x⃗.φ⟩T

⟨x⃗.χ⟩T ⟨y⃗.ψ⟩T

⟨x⃗⟩T ⟨τ⃗⟩T

⟨τ⃗⟩T

∼=

This completes the proof.

Birkhoff’s variety theorem for partial Horn theories. We now generalize
Birkhoff’s variety theorem to partial Horn theories.

3.18. Definition. A full subcategory E ⊆ C is replete if X ∈ E whenever X ∼= Y in C
and Y ∈ E .

3.19. Proposition. Let A be a locally presentable category with a proper factorization
system (E,M). For any replete full subcategory E ⊆ A , the following are equivalent:

(i) E ⊆ A is E-reflective.

(ii) E ⊆ A is closed under products and M-subobjects.

Proof. Since every locally presentable category is co-wellpowered (see [5, 1.58 Theorem]),
this follows from [3, 16.8].

We omit the proof of the following well-known fact:

3.20. Lemma. Let C be a category with λ-filtered colimits and let Λ ⊆ morC be a class of
epimorphisms with λ-presentable domain. Then, the orthogonality class Λ⊥ ⊆ C is closed
under λ-filtered colimits.

3.21. Definition. Let ρ : (S,Σ,S) → (S ′,Σ′,T) be a λ-ary theory morphism between λ-

ary partial Horn theories. A ρ-relative (λ-ary) judgment is a λ-ary Horn sequent φρ x⃗ρ

ψ, where x⃗.φ is a Horn formula over Σ and x⃗ρ.ψ is a Horn formula over Σ′.

3.22. Remark. ρ-relative judgments generalize the concept of S-relative judgments as
in Definition 2.1(ii). Indeed, for an S-relative algebraic theory (Ω, E), we can define the
associated theory morphism ρ : S → TΩ,E as the inclusion. Then, an S-relative judgment
is the same as a ρ-relative judgment.

3.23. Definition. Let U : C → A be a functor. A morphism f in C is a U -retraction
if Uf is a retraction, i.e., there exists a morphism s in A such that (Uf) ◦ s = id. Given
a U-retraction f : X → Y , Y is called a U -retract of X.

We can now formulate our main result. To the author’s knowledge, the following
theorem is a new result and not known in any kind of logic equivalent to partial Horn logic
because the theorem strongly depends on the syntax of partial Horn logic, as mentioned
in Example 3.27 later.
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3.24. Theorem. [Birkhoff-type theorem for partial Horn theories I] Let ρ : S → T be a
theory morphism between λ-ary partial Horn theories. Then, for every replete full subcat-
egory E ⊆ PModT, the following are equivalent:

(i) E is definable by ρ-relative λ-ary judgments, i.e., there exists a set T′ of ρ-relative
λ-ary judgments satisfying E = PMod(T+ T′).

(ii) E is a small-orthogonality class with respect to a family of T-dense morphisms

Λ = {F ρ(Γi)
ei ∆i}i∈I

such that all Γi are λ-presentable in PMod S.

(iii) E ⊆ PModT is closed under products, T-closed subobjects, Uρ-retracts, and λ-
filtered colimits.

Proof. [(i) =⇒ (ii)] Consider the adjunction of Theorem A.42:

PMod S PModT
F ρ

⊥
Uρ

(19)

Let T′ = {φρi
x⃗ρi ψi }i∈I . By the construction of F ρ in Theorem A.42, we can con-

sider F ρ⟨x⃗i.φi⟩S = ⟨x⃗ρi .φ
ρ
i ⟩T. By Proposition A.38, PMod(T + T′) ⊆ PModT is an

orthogonality class with respect to the following class of morphisms:

Λ := { F ρ⟨x⃗i.φi⟩S
⟨x⃗ρi ⟩T ⟨x⃗ρi .φ

ρ
i ∧ ψi⟩T }i∈I .

By Remark 3.12(iii), it follows that all ⟨x⃗ρi ⟩T are T-dense; hence (ii) holds.
[(ii) =⇒ (i)] For each i ∈ I, choose a Horn formula x⃗i.φi satisfying Γi ∼= ⟨x⃗i.φi⟩S. By

Theorem 3.9, ei ∈ F ρ(Γi)/PModT can be presented as the following λ-filtered colimit

of T-dense morphisms e
(j)
i whose codomain is λ-presentable:

ei = Colim
j

e
(j)
i in F ρ(Γi)/PModT.

By Lemma 3.17, each e
(j)
i has the following presentation:

F ρ⟨x⃗i.φi⟩S
⟨x⃗ρi ⟩T

〈
x⃗ρi .ψ

(j)
i

〉
T
.

Orthogonality to all e
(j)
i is equivalent to orthogonality to all ei. Thus, taking

T′ := {φρi
x⃗ρi ψ

(j)
i }i,j,

we have PMod(T+ T′) = Λ⊥ = E .
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[(ii) =⇒ (iii)] Orthogonality classes are in general closed under products. Since Uρ pre-
serves λ-filtered colimits, F ρ preserves λ-presentable objects. Thus, E = Λ⊥ ⊆ PModT
is closed under λ-filtered colimits by Lemma 3.20. In the following, we show that it is
also closed under T-closed subobjects and Uρ-retracts.

We first show that Λ⊥ ⊆ PModT is closed under T-closed subobjects. Let m : M ↪→
N be a T-closed monomorphism in PModT, and assume N ∈ Λ⊥. Take a morphism
f : F ρ(Γi) → M arbitrarily. By N ∈ Λ⊥, there exists a unique morphism g : ∆i → N
which makes the following diagram

F ρ(Γi) M

∆i N

ei m

f

∃!g

(20)

commute in PModT. Since ei is T-dense, Theorem 3.14 ensures the unique existence of
a diagonal filler for (20). This proves that M belongs to Λ⊥.

We next show that Λ⊥ ⊆ PModT is closed under Uρ-retracts. Let p : M → N in
PModT be a Uρ-retraction and assume M ∈ Λ⊥. To prove N ∈ Λ⊥, take a morphism
f : F ρ(Γi) → N . Consider the morphism f ♭ : Γi → UρN corresponding to f by the
adjunction F ρ ⊣ Uρ. Since Uρp is a retraction, there exists a morphism g : Γi → UρM
satisfying (Uρp)g = f ♭. Consider the morphism g♯ : F ρ(Γi) → M corresponding to g by
F ρ ⊣ Uρ. Since M ∈ Λ⊥, there exists a unique h : ∆i → M such that hei = g♯. Then
phei = pg♯ = f holds. Moreover, such ph is unique since ei is an epimorphism. Therefore,
N is orthogonal to ei (∀i ∈ I).

Γi UρM

UρN

∃g

f♭

Uρp in PModS

F ρ(Γi) M

∆i N

ei

g♯

f

p

∃!h
in PModT

[(iii) =⇒ (ii)] In what follows, let A := PMod S. Since E ⊆ PModT is closed under
products and T-closed subobjects, Proposition 3.19 claims that the adjoint

PModT E
r

⊥

exists, and the component of its unit e at M

M
eM rM in PModT

is T-dense. Consider the following classes of morphisms in PModT:

Λ := {F ρA
eF ρA rF ρA }A∈Aλp

,

Λ∗ := {F ρX
eF ρX rF ρX }X∈A .
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Here, Aλp denotes the full subcategory of A consisting of all λ-presentable objects. Every
X ∈ A can be presented as a λ-filtered colimit X = Colim

I∈I
XI in which XI are λ-

presentable. Since E ⊆ PModT is closed under λ-filtered colimits, eF ρX = Colim
I∈I

eF ρXI

is a λ-filtered colimit in the arrow category (PModT)→. Thus, Λ⊥ = Λ∗⊥ holds.
Take an object M ∈ PModT satisfying M ∈ Λ∗⊥. Let ε denote the counit of the

adjunction (19). By eF ρUρ(M) ∈ Λ∗, there exists a unique morphism p which makes the
following diagram

F ρUρ(M) M

rF ρUρ(M)

eFρUρ(M)

εM

∃!p

commute in PModT. Since UρεM is a retraction, Uρp is also a retraction, which implies
that p is a Uρ-retraction. Since E ⊆ PModT is closed under Uρ-retracts, we haveM ∈ E .
By the above argument, we have Λ⊥ = E .

The above theorem has several useful corollaries. We obtain the first corollary by
taking ρ as the trivial one (S,∅,∅) → (S,Σ,T):

3.25. Corollary. Let T be a λ-ary partial Horn theory over Σ. Then, for every replete
full subcategory E ⊆ PModT, the following are equivalent:

(i) E is definable by λ-ary Horn formulas, i.e., there exists a set E of λ-ary Horn

formulas over Σ satisfying E = PMod(T+ T′), where T′ := {⊤ x⃗ φ}x⃗.φ∈E.

(ii) E ⊆ PModT is closed under products, Σ-closed subobjects, surjections, and λ-
filtered colimits.

Taking ρ as the identity T → T, we obtain the second corollary:

3.26. Corollary. Let T be a λ-ary partial Horn theory over Σ. Then, for every replete
full subcategory E ⊆ PModT, the following are equivalent:

(i) E is definable by λ-ary Horn sequents, i.e., there exists a set T′ of λ-ary Horn
sequents over Σ satisfying E = PMod(T+ T′).

(ii) E ⊆ PModT is closed under products, Σ-closed subobjects, and λ-filtered colimits.

Proof. Since every split monomorphism is Σ-closed, being closed under Σ-closed subob-
jects implies being closed under retracts. Thus, this follows from Theorem 3.24.
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3.27. Example. Given a replete full subcategory E of a locally presentable category
A , whether E ⊆ A is definable by Horn sequents depends on the choice of a partial
Horn theory T for A . For example, let A := Mon be the category of monoids and let
E := Grp be the category of groups, and consider the finitary partial Horn theories Tmon

and T′
mon as in Example 3.13. Then Grp ⊆ PModT′

mon is definable by the following
Horn sequent:

⊤ x x−1↓.

On the other hand, Grp ⊆ PModTmon cannot be definable by Horn sequents, because
N is a Tmon-closed subobject of Z and not a group even though Z is a group.

Taking ρ as a “relative algebraic theory,” we get the following theorem. This theorem
is a generalization of Birkhoff’s variety theorem from classical algebraic theories to our
relative algebraic theories.

3.28. Theorem. [Birkhoff-type theorem for relative algebraic theories I] Let S be a λ-ary
partial Horn theory over an S-sorted λ-ary signature Σ. Let (Ω, E) be an S-relative λ-ary
algebraic theory with the forgetful functor U : Alg(Ω, E) → PMod S. Then, for every
replete full subcategory E ⊆ Alg(Ω, E), the following are equivalent:

(i) E is definable by S-relative λ-ary judgments, i.e., there exists a set E ′ of S-relative
λ-ary judgments satisfying E = Alg(Ω, E + E ′).

(ii) E ⊆ Alg(Ω, E) is closed under products, Σ-closed subobjects, U-retracts, and λ-
filtered colimits.

Proof. Let TΩ,E be the partial Horn theory as in Definition 2.5 and consider the extension
ρ : (S,Σ, S) → (S,Σ+Ω,TΩ,E). Then, the forgetful functor U coincides with Uρ. Since the
domain of every operator in Ω is determined by a Horn formula over Σ, (Σ+Ω)-closedness
is equivalent to Σ-closedness. Thus, we have proved this theorem by Theorem 3.24.

We also obtain two arity-free versions of Theorem 3.24: bounded one (Corollary 3.29)
and unbounded one (Corollary 3.30). Under Vopěnka’s principle, these two versions co-
incide.

3.29. Corollary. Let ρ : S → T be a theory morphism between λ-ary partial Horn the-
ories. Then, for every replete full subcategory E ⊆ PModT, the following are equivalent:

(i) E is definable by ρ-relative µ-ary judgments for some infinite regular cardinal µ ≥ λ.

(ii) E is a small-orthogonality class with respect to a family of T-dense morphisms

Λ = {F ρ(Γi)
ei ∆i}i∈I .

(iii) E ⊆ PModT is closed under products, T-closed subobjects, Uρ-retracts, and µ-
filtered colimits for some infinite regular cardinal µ ≥ λ.
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3.30. Corollary. Let ρ : S → T be a theory morphism between λ-ary partial Horn the-
ories. Then, for every replete full subcategory E ⊆ PModT, the following are equivalent:

(i) E is definable by a (not necessarily small) family of ρ-relative judgments.

(ii) E is an orthogonality class with respect to a (not necessarily small) family of T-dense
morphisms

Λ = {F ρ(Γi)
ei ∆i}i∈I .

(iii) E ⊆ PModT is closed under products, T-closed subobjects, and Uρ-retracts.

Proof. The proof is essentially the same as Theorem 3.24.

3.31. Remark. The unbounded Birkhoff theorem (Corollary 3.30) also follows from a
related result [28, Theorem 3.16] if Uρ is conservative, which includes the case that ρ is
a “relative algebraic theory.” To apply the framework [28], let A0 = A := PModT,
and let (E ,M ) be the orthogonal factorization system on A of T-dense morphisms and
T-closed monomorphisms, Λ be the class of all (small) cardinal numbers, and X be the
class of all free algebras F ρ(X). Then, the class of morphisms EX as in [28] coincides
with the class of T-dense Uρ-retractions.

We now need the fact that, if Uρ is conservative, Uρ-retractions are strong epi, hence T-
dense. To show this, let q be a Uρ-retraction. Since every locally presentable category has
(strong epi, mono)-factorization system [5, 1.61 Proposition], we can take a factorization
q = me such that e is strong epi and m is mono. Then, Um is also mono since U is a right
adjoint. Since Uq is a retraction, Um must be an isomorphism. Thus, if U is conservative,
m is also an isomorphism, which shows that q is a strong epimorphism.

As a result, EX coincides with the class of all Uρ-retractions, and we can verify all as-
sumptions required in [28]. Then, the notion of varieties considered in [28] coincides with
ours, and the equivalence between Corollary 3.30(ii) and (iii) follows from [28, Theorem
3.16] directly.

4. A syntactic description of accessible monads

Our next goal is to establish an equivalence between our relative algebraic theories and
accessible monads (Theorem 4.15). We split its proof into two directions: from relative
algebraic theories to monads, and from monads to relative algebraic theories. In the latter
direction, Birkhoff’s theorem for relative algebras (Theorem 3.28) plays a crucial role.

From relative algebraic theories to monads. Throughout this subsection, we fix
an S-sorted λ-ary signature Σ and a λ-ary partial Horn theory S over Σ. We now prove
that every S-relative λ-ary algebraic theory yields a λ-ary monad on PMod S.
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4.1. Definition. Let λ be an infinite regular cardinal. A functor (or monad) is called
λ-ary or λ-accessible if it preserves λ-filtered colimits.

Our goal in this subsection is to prove that the category of models of an S-relative
λ-ary algebraic theory is (strictly) λ-ary monadic over PMod S. This is one direction of
our main theorem (Theorem 4.15).

4.2. Notation. Given an endofunctor H : C → C , we will denote by AlgH the inserter
from H to IdC , i.e., AlgH is the category whose objects are pairs (X, x) consisting of:

� an object X ∈ C and

� a morphism H(X) x X in C ,

and whose morphisms f : (X, x) → (Y, y) are given by a morphism X
f
Y in C such

that the following diagram

H(X) H(Y )

X Y

x

H(f)

y

f

commutes in C .

4.3. Definition. Let Ω be an S-relative λ-ary signature. We now define a λ-ary endo-
functor HΩ : PMod S → PModS by the following:

HΩ(A) :=
∐
ω∈Ω

Jar(ω)KA · ⟨x:sort(ω).⊤⟩S.

Here, Jar(ω)KA · ⟨x:sort(ω).⊤⟩S is the copower of ⟨x:sort(ω).⊤⟩S by the set Jar(ω)KA.

4.4. Lemma. For every S-relative λ-ary signature Ω, there exists an isomorphism of
categories AlgHΩ

∼= AlgΩ that commutes with the forgetful functors.

Proof. For each A ∈ PMod S, the following data correspond bijectively:

HΩ(A) A in PMod S

Jar(ω)KA · ⟨x:sort(ω).⊤⟩S A in PMod S (ω ∈ Ω)

Jar(ω)KA PMod S(⟨x:sort(ω).⊤⟩S, A) in Set (ω ∈ Ω)

Jar(ω)KA Asort(ω) in Set (ω ∈ Ω)

This gives a desired isomorphism of categories.
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4.5. Remark. Let (Ω, E) be an S-relative λ-ary algebraic theory and let A := PMod S.
By Lemma 4.4, we have a left adjoint F to the forgetful functor U (See [4, 2.11]):

A AlgΩ.
F

⊥
U

Note that U is strictly monadic (see [3, 20.57]) and that U preserves λ-filtered colimits.

Let E = {φi x⃗i ψi}i∈I . Since

AlgΩ(F⟨x⃗i.φi⟩S,A) ∼= A (⟨x⃗i.φi⟩S, UA) ∼= Jx⃗i.φiKUA = Jx⃗i.φiKA

holds naturally, we can assume F⟨x⃗i.φi⟩S = ⟨x⃗i.φi⟩ in AlgΩ. Here, ⟨x⃗i.φi⟩ is the abbrevi-
ation for ⟨x⃗i.φi⟩TΩ,∅

, where TΩ,∅ is the partial Horn theory for AlgΩ as in Definition 2.5.

By Proposition A.38, Alg(Ω, E) ⊆ AlgΩ is the full subcategory of objects orthogonal to
the following:

Λ := { F⟨x⃗i.φi⟩S
⟨x⃗i⟩ ⟨x⃗i.ψi⟩ }i∈I .

Since every small-orthogonality class of a locally presentable category is reflective ([13,
Theorem 5.4.7]), we get the following adjunction:

AlgΩ Alg(Ω, E) (= Λ⊥).
r

⊥

4.6. Theorem. Let (Ω, E) be an S-relative λ-ary algebraic theory. Then, Alg(Ω, E) is
a strictly λ-ary monadic category over PMod S.

Proof. We follow the notation used in Remark 4.5. We have the following adjunctions:

A AlgΩ Alg(Ω, E)
F

⊥
U

r

⊥
ι

and Uι preserves λ-filtered colimits. To prove that Uι is monadic, we use Beck’s strict
monadicity theorem ([27] VI.7 Theorem 1). We claim that Alg(Ω, E) ⊆ AlgΩ is closed
under U -split coequalizers; hence Uι strictly creates U -split coequalizers. Indeed, given a
U -split coequalizer:

A B C
f

g

q
in AlgΩ

with A,B ∈ Alg(Ω, E), Uq is a retraction and thus q is a U -retraction. By Theorem 3.28,
Alg(Ω, E) ⊆ AlgΩ is closed under U -retracts, which shows that C ∈ Alg(Ω, E).
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From monads to relative algebraic theories. We now prove that every λ-ary
monad on a locally λ-presentable category arises from a relative λ-ary algebraic theory.
This is a converse of the result in the previous subsection. In this subsection, we fix an
S-sorted λ-ary signature Σ and a λ-ary partial Horn theory S over Σ again.

4.7. Definition. Let T be a λ-ary monad on PModS. We now define an S-relative λ-
ary signature ΩT for the λ-ary monad T : For each Horn formula x⃗.φ over Σ and each sort
s ∈ S, we have a set (T ⟨x⃗.φ⟩S)s. We regard each element ω ∈ (T ⟨x⃗.φ⟩S)s as an operator
with ar(ω) := x⃗.φ and sort(ω) := s, and define ΩT to be the set of all such operators:

ΩT :=
∐

Horn formula x⃗.φ over Σ
sort s∈S

(T ⟨x⃗.φ⟩S)s

4.8. Definition. Let T be a λ-ary monad on A := PModS. We now define a natural
transformation αT : HΩT

⇒ T , where HΩT
is the λ-ary endofunctor for ΩT as in Defi-

nition 4.3. In what follows, we regard each ω ∈ ΩT as a morphism ⟨x:sort(ω).⊤⟩S →
T ⟨ar(ω)⟩S in A by Proposition A.30. First, for each A ∈ A and ω ∈ ΩT , we have the
following map:

Jar(ω)KA ∼= A (⟨ar(ω)⟩S, A) ∋ f 7→ (Tf) ◦ ω ∈ A (⟨x:sort(ω).⊤⟩S, TA)

Then, the following bijective correspondence yields a natural transformation α : HΩT
⇒ T :

Jar(ω)KA A (⟨x:sort(ω).⊤⟩S, TA) in Set (ω ∈ ΩT )

Jar(ω)KA · ⟨x:sort(ω).⊤⟩S TA in A (ω ∈ ΩT )

HΩT
(A)

αT,A
TA in A

4.9. Lemma. Let T be a λ-ary monad on A := PMod S. Then, every component of the
natural transformation αT is Σ-dense and in particular epic.

Proof. We have to show that αT,A : HΩT
(A) → TA is Σ-dense for every A ∈ A . We

first show the case where A is λ-presentable. By Theorem A.35, it suffices to show the
case A = ⟨x⃗.φ⟩S, where x⃗.φ is a Horn formula over Σ. Let ω ∈ (T ⟨x⃗.φ⟩S)s be an arbitrary
element. Then, ω is an operator with ar(ω) = x⃗.φ and sort(ω) = s. Let

ι : ⟨x:s.⊤⟩S →
∐
ω′

A (⟨ar(ω′)⟩S, A) · ⟨x:sort(ω
′).⊤⟩S ∼= HΩT

(A)

be the coprojection for the pair of ω and id ∈ A (⟨x⃗.φ⟩S, A) = A (⟨ar(ω)⟩S, A). Then, by
definition of αT , the following diagram

⟨x:s.⊤⟩S HΩT
(A)

TA

ω

ι

αT,A
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commutes in A . In particular, ω ∈ (TA)s lies in the image of αT,A. By Remark 3.12(iii),
we now concludes that αT,A is Σ-dense for every λ-presentable object A ∈ A .

We now turn to the general case. Given A ∈ A , we can take a λ-filtered colimit
A = Colim

I∈I
AI such that each AI is λ-presentable. Since HΩT

and T are λ-ary, we have

αT,A = Colim
I∈I

αT,AI
in the arrow category A →. Since the class of all Σ-dense morphisms

is a left class of an orthogonal factorization system on A by Theorem 3.14, any colimit
of Σ-dense morphisms is also Σ-dense. Thus, we concludes that αT,A is Σ-dense.

4.10. Lemma. Let H and K be endofunctors on a category C and let α : H ⇒ K be a
natural transformation whose components are epimorphisms in C . Let Algα : AlgK →
AlgH be the induced functor which assigns to each object (X, x), (X, x ◦ αX). Then, the
following hold:

(i) Algα is fully faithful and injective on objects.

(ii) The image of Algα is replete in AlgH.

Proof.

(i) If (X, x◦αX) = (Y, y◦αY ), thenX = Y and x = y since αX = αY is an epimorphism.
Thus, Algα is injective on objects. To prove fully faithfulness, let (X, x) and (Y, y)
be objects in AlgK and let f : (X, x ◦ αX) → (Y, y ◦ αY ) be a morphism in AlgH.
Then, in the following diagram, both the outer rectangle and the upper square
commute:

HX HY

KX KY

X Y

αX

Hf

αY

x

Kf

y

f

in C

Since αX is an epimorphism, the lower square of the above diagram also commutes,
which finishes the proof.

(ii) Let (X, x) be an object in AlgK and let f : (X, x◦αX) → (Y, y) be an isomorphism
in AlgH. Then, we can easily show that y = f ◦ x ◦ (Kf−1) ◦ αY . Thus, (Y, y) lies
in the image of Algα.

4.11. Lemma. Let F,G : C → D be functors and let α : F ⇒ G be a natural transforma-
tion. Let r : X → Y be a retraction in C and assume that αX is an epimorphism in D .
Then, the following diagram forms a pushout square:

FX FY

GX GY

αX

Fr

αY

Gr

in D
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Proof. Let f : FY → Z and g : GX → Z be morphisms in D such that f ◦Fr = g ◦αX .
We have to construct a unique morphism h which makes the following commute:

FX FY

GX GY

Z

αX

Fr

αY

fGr

g
h

in D (21)

Since the uniqueness of h follows trivially, we only need to construct h. Let s : Y → X
be a section of r and define h := g ◦Gs. Then, the following commutes:

FY FY

FX

GY GX Z

αY

Fs

f

αX

Fr

h

Gs g

in D

Since αX is an epimorphism, h ◦Gr = g holds. Thus, the diagram (21) commutes.

4.12. Lemma. Let F,G : C → D be functors and let α, β : F ⇒ G be natural transfor-
mations. Let E ⊆ C be the equifier of α and β, i.e., E ⊆ C is a full subcategory of C
defined by E := {X ∈ C | αX = βX}. Then, the following hold:

(i) Let m : X → Y be a morphism in C such that Gm is a monomorphism in D . Then,
Y ∈ E implies X ∈ E .

(ii) Let p : X → Y be a morphism in C such that Fp is an epimorphism in D . Then,
X ∈ E implies Y ∈ E .

Proof. Let m : X → Y be a morphism in C such that Gm is a monomorphism. Consider
the following diagram:

FX FY

GX GY

αX βX

Fm

αY βY

Gm

in D

If αY = βY holds, then (Gm) ◦ αX = (Gm) ◦ βX holds; hence αX = βX . This proves (i).
(ii) is dual to (i).
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4.13. Theorem. Let T be a λ-ary monad on A := PMod S. Then, there exist a set
E of S-relative judgments and an isomorphism A T ∼= Alg(ΩT , E) which commutes with
forgetful functors.

A T Alg(ΩT , E) AlgΩT

A

UT

∼=

fo
rgetfu

l

⊆

U

Proof. By Lemmas 4.10 and 4.9, the functor AlgαT : Alg T → AlgHΩT
is fully faithful

and injective on objects and has a replete image. SinceAlgHΩT
∼= AlgΩT by Lemma 4.4,

Alg T is isomorphic to a replete full subcategory of AlgΩT . The Eilenberg–Moore cate-
gory A T is now isomorphic to a replete full subcategory of AlgΩT since it is a replete full
subcategory of Alg T . Note that the inclusion A T ↪→ AlgΩT commutes with forgetful
functors; that is, the following commutes:

A T Alg T AlgHΩT
AlgΩT

A

UT

⊆
forgetful

AlgαT

fo
rg
etfu

l

∼=

U

To conclude that there exists a set E of S-relative judgments such that A T ∼= Alg(ΩT , E),
we use Birkhoff’s theorem for relative algebraic theories (Theorem 3.28). That is, it
suffices to show that both A T ⊆ Alg T and AlgαT : Alg T ↪→ AlgHΩT

are closed under
products, Σ-closed subobjects, U -retracts and λ-filtered colimits.

Since A T , Alg T , and AlgHΩT
are λ-ary monadic over A , their forgetful functors

create products and λ-filtered colimits. Therefore, both inclusions A T ⊆ Alg T and
AlgαT : Alg T ↪→ AlgHΩT

are closed under products and λ-filtered colimits.
To show that AlgαT : Alg T ↪→ AlgHΩT

is closed under Σ-closed subobjects, let
(Y, y) be an object in Alg T and let m : (X, x) → (Y, y ◦αT,Y ) be a morphism in AlgHΩT

such that m : X → Y is a Σ-closed monomorphism in A . Then, the following commutes:

HΩT
X X

HΩT
Y

TX TY Y

αT,X

HΩT
(m)

x

m

αT,Y

Tm y

in A

Since αT,X is Σ-dense by Lemma 4.9 and m is Σ-closed, the above rectangle has a unique
diagonal filler by Theorem 3.14. Thus, (X, x) lies in the image of AlgαT ; hence the
inclusion AlgαT : Alg T ↪→ AlgHΩT

is closed under Σ-closed subobjects.
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To show that AlgαT : Alg T ↪→ AlgHΩT
is closed under U -retracts, let (X, x) be an

object in Alg T and let r : (X, x ◦ αT,X) → (Y, y) be a morphism in AlgHΩT
such that

r : X → Y is a retraction in A . By Lemma 4.11, the naturality square of αT for r forms
a pushout. Thus, we have the following canonical morphism y′ : TY → Y :

HΩT
X HΩT

Y

TX TY

X Y

⌜
αT,X

HΩT
(r)

αT,Y

y

x

Tr

y′

r

in A

Therefore, (Y, y) lies in the image of AlgαT ; hence AlgαT : Alg T ↪→ AlgHΩT
is closed

under U -retracts.
It remains to show that A T ⊆ Alg T is closed under Σ-closed subobjects and U -

retracts. Let V : Alg T → A be the forgetful functor and let ξ : TV ⇒ V be the
natural transformation defined by ξ(X,x) : TX

x X. Let η and µ denote the unit and
multiplication of the monad T . The Eilenberg–Moore category A T is now the double
equifier of a pair id : V ⇒ V and ξ ◦ ηV : V ⇒ V and a pair ξ ◦ Tξ : TTV ⇒ V and
ξ ◦ µV : TTV ⇒ V , i.e., A T is the full subcategory of Alg T defined by

A T := {(X, x) ∈ Alg T | id(X,x) = (ξ ◦ ηV )(X,x) and (ξ ◦ Tξ)(X,x) = (ξ ◦ µV )(X,x)}.

Note that every Σ-closed monomorphism in Alg T is transferred to a Σ-closed monomor-
phism by V and that every U -retraction in Alg T is transferred to a retraction by both
TTV and V . Thus, Lemma 4.12 now shows that A T ⊆ Alg T is closed under Σ-closed
subobjects and U -retracts. This completes the proof.

4.14. Notation. Given a category C , let us denote by Mndλ(C ) the category of λ-ary
monads on C and monad morphisms in the sense of [8, 3 Section 6].

Combining Theorems 4.6 and 4.13, we obtain the characterization theorem for our
relative algebraic theories:

4.15. Theorem. Let S be a λ-ary partial Horn theory over Σ. Then, there is an equiv-
alence ThS

λ ≃ Mndλ(PMod S) which makes the following commute up to isomorphism:

ThS
λ Mndλ(PMod S)

(CAT/PMod S)op
Alg

≃

EM

∼=

Here, EM is the functor that assigns to each λ-ary monad, its Eilenberg–Moore category.
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Proof. We now define a functor K : ThS
λ → Mndλ(PMod S). For each S-relative alge-

braic theory (Ω, E), let K(Ω, E) := TΩ,E be the monad induced by the following adjunc-
tion:

PMod S Alg(Ω, E)
F

⊥
U

By Theorem 4.6, we have Alg(Ω, E) ∼= EM(TΩ,E). Since the functor EM is fully faithful
by [8, 3 Theorem 6.3], for each morphism [ρ] : (Ω, E) → (Ω′, E ′) in ThS

λ, we have a unique
monad morphism K[ρ] : TΩ,E → TΩ′,E′ which makes the following commute:

EM(TΩ,E) EM(TΩ′,E′)

Alg(Ω, E) Alg(Ω′, E ′)

PMod S

∼=

EM(K[ρ])

∼=

U

Alg ρ

U ′

This yields a desired functor K : ThS
λ → Mndλ(PMod S). Then, K is fully faithful by

Theorem 2.17 and essentially surjective by Theorem 4.13; hence K is an equivalence.

Theorem 4.15 answers the question of when a theory morphism between partial Horn
theories induces a monadic functor. Indeed, the theorem concludes that, for a theory
morphism ρ : S → T between partial Horn theories, the functor Uρ becomes (strictly)
monadic precisely when ρ is isomorphic to some S-relative algebraic theory. Although
this kind of correspondence between theories and monads is folklore, to the author’s
knowledge, this is not known explicitly in other kinds of logic equivalent to partial Horn
theory, such as essentially algebraic theories or cartesian theories.

As a result of Theorem 4.15, we get a syntactic presentation of λ-ary monadic cate-
gories over locally λ-presentable categories:

4.16. Corollary. Let S be a λ-ary partial Horn theory. For each category C , the
following are equivalent:

(i) C is λ-ary monadic (resp. strictly λ-ary monadic) over PMod S.

(ii) C is equivalent (resp. isomorphic) to Alg(Ω, E) for some S-relative λ-ary algebraic
theory (Ω, E).

4.17. Corollary. The concept of relative algebraic theories is independent of the choice
of S, i.e., if there exists an equivalence PMod S ≃ PModT with two λ-ary partial Horn
theories S and T, then the following classes of categories coincide (up to equivalence):

(i) Categories of models of S-relative λ-ary algebraic theories.

(ii) Categories of models of T-relative λ-ary algebraic theories.
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Thus, given a locally λ-presentable category A , we may call an S-relative λ-ary al-
gebraic theory an A -relative λ-ary algebraic theory as long as categories of models are
concerned, taking an arbitrary λ-ary partial Horn theory S such that A ≃ PMod S.

5. Filtered colimit elimination from Birkhoff’s variety theorem

Our last goal is to give a sufficient condition for eliminating closure under filtered colimits
from Birkhoff’s variety theorem.

Pure quotients in locally presentable categories. We recall the notion of pure
epimorphisms and basic properties of them. Pure epimorphisms are a kind of epimorphic
counterpart of pure monomorphisms and will play an important role in filtered colimit
elimination. Moreover, we will see that in the hierarchy of epimorphisms, pure epimor-
phisms lie between retractions and regular epimorphisms in a locally presentable category
just as pure monomorphisms lie between sections and regular monomorphisms.

5.1. Definition. Let λ be an infinite regular cardinal. A morphism p : X → Y in a
category A is called a λ-pure epimorphism if for every λ-presentable object Γ ∈ A and
every morphism f : Γ → Y , there exists a morphism g : Γ → X such that p ◦ g = f .

X

Γ Y

p
∃g

f

Given a λ-pure epimorphism p : X → Y , we say that Y is a λ-pure quotient of X.

Here are some elementary properties of pure epimorphisms.

5.2. Lemma. For every category A , the following hold.

(i) A composite p ◦ h is a λ-pure epimorphism whenever both p and h are λ-pure epi-
morphisms.

(ii) If a composite p ◦ h is a λ-pure epimorphism, then so is p.

(iii) Every retraction is a λ-pure epimorphism.

(iv) If p : X → Y is a λ-pure epimorphism and Y is λ-presentable, then p is a retraction.

(v) λ-pure epimorphisms are stable under pullback, i.e., if a pullback square

· ·

· ·
p′

⌟
p

is given and p is a λ-pure epimorphism, then p′ is also a λ-pure epimorphism.

(vi) Let p = Colim
I∈I

pI be a λ-filtered colimit in the arrow category A → such that pI is a

λ-pure epimorphism in A for all I ∈ I. Then p is a λ-pure epimorphism in A .
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Proof. The proof is immediate.

5.3. Proposition. [6, Proposition 3] Let A be a locally λ-presentable category. Then
for a morphism p : X → Y in A , the following are equivalent:

(i) p is a λ-pure epimorphism.

(ii) p is a λ-filtered colimit of retractions, i.e., p can be written as a λ-filtered colimit
p = Colim

I∈I
pI in the arrow category A → such that every pI is a retract in A .

5.4. Proposition. [6, Proposition 4] In a locally λ-presentable category, every λ-pure
epimorphism is a regular epimorphism.

5.5. Example.

(i) In Set, for any λ, a λ-pure epimorphism is simply a surjection.

(ii) Let Pos be the category of partially ordered sets and monotone maps. Considering
the minimal limit ordinal ω = Colim

n<ω
n ∈ Pos as a colimit of finite ordinals, we have

a canonical morphism p :
∐

n<ω n → ω from the coproduct. This p is an ℵ0-pure
epimorphism in Pos. Indeed, since ω = Colim

n<ω
n is a filtered colimit, every morphism

f : X → ω from finitely presentable object X factors through some finite ordinal n,

i.e., f can be written as f : X
fn n → ω for some fn. Then X

fn n →
∐

n<ω n
gives a lift of f along p.

The ascending chain condition for categories.We study strongly connected com-
ponents in categories and introduce a noetherian-like condition for a category. Later, we
will show that such a condition is sufficient and nearly necessary to eliminate the closure
property under filtered colimits from Birkhoff’s theorem. More on strongly connected
components in categories is discussed in [22].

5.6. Definition.

(i) Objects X and Y in a category are strongly connected if there exist morphisms
X → Y and Y → X.

(ii) Strong connectedness is an equivalence relation on the class of all objects. An equiv-
alent class under strong connectedness is called a strongly connected component.

5.7. Remark. Every (not necessarily small) poset can be considered as a category by
regarding each order as a morphism, which yields a functor ι : POS → CAT. Here, POS
is the category of large posets, and CAT is the category of large categories. The functor
ι has a left adjoint σ : CAT → POS, which is called the posetification. The underlying
class of the large poset σ(C ) is the class of all strongly connected components in C . There
is an order [X] ≤ [Y ] in σ(C ) if and only if there is a morphism X → Y in C .
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5.8. Definition. We say a category C satisfies the ascending chain condition (ACC) if
the poset σ(C ) satisfies the ordinary ascending chain condition, i.e., σ(C ) has no infinite
strictly ascending sequence. Equivalently, a category C satisfies ACC if for every �-chain
X0 → X1 → · · · in C , there exists N ∈ N such that (Xn)n≥N are strongly connected to
each other.

The filtered colimit elimination. We now show that the ascending chain condition
as in the previous subsection is sufficient to eliminate closure under filtered colimits from
Birkhoff’s theorem (Theorem 5.10). Furthermore, we get an HSP-type formalization of
Birkhoff’s theorem for partial Horn theories (Corollary 5.16).

5.9. Definition. Let λ be an infinite regular cardinal and let U : A → C be a functor.
A morphism p in A is called a (U, λ)-pure epimorphism if Up is a λ-pure epimorphism
in C .

5.10. Theorem. [Birkhoff-type theorem for partial Horn theories II] Let ρ : S → T be
a theory morphism between λ-ary partial Horn theories. Assume that PModS satisfies
the ascending chain condition. Then, for every replete full subcategory E ⊆ PModT, the
following are equivalent:

(i) E is definable by ρ-relative λ-ary judgments, i.e., there exists a set T′ of ρ-relative
λ-ary judgments satisfying E = PMod(T+ T′).

(ii) E ⊆ PModT is closed under products, T-closed subobjects, and (Uρ, λ)-pure quo-
tients.

(iii) E ⊆ PModT is closed under products, T-closed subobjects, Uρ-retracts, and λ-
filtered colimits.

Proof. The same proof works as [22, Theorem 5.4].

The above theorem brings alternative versions of Corollaries 3.25 and 3.26 and Theo-
rem 3.28:

5.11. Corollary. Let (S,Σ,T) be a λ-ary partial Horn theory such that the set S of
sorts is finite. Then, for every replete full subcategory E ⊆ PModT, the following are
equivalent:

(i) E is definable by λ-ary Horn formulas, i.e., there exists a set E of λ-ary Horn

formulas over Σ satisfying E = PMod(T+ T′), where T′ := {⊤ x⃗ φ}x⃗.φ∈E.

(ii) E ⊆ PModT is closed under products, Σ-closed subobjects, and surjections.
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5.12. Corollary. Let (S,Σ,T) be a λ-ary partial Horn theory such that PModT sat-
isfies ACC. Then, for every replete full subcategory E ⊆ PModT, the following are
equivalent:

(i) E is definable by λ-ary Horn sequents, i.e., there exists a set T′ of λ-ary Horn
sequents over Σ satisfying E = PMod(T+ T′).

(ii) E ⊆ PModT is closed under products, Σ-closed subobjects, and λ-pure quotients.

5.13. Corollary. [Birkhoff-type theorem for relative algebraic theories II] Let (S,Σ,S)
be a λ-ary partial Horn theory such that PMod S satisfies ACC. Let (Ω, E) be an S-
relative λ-ary algebraic theory with the forgetful functor U : Alg(Ω, E) → PModS. Then,
for every replete full subcategory E ⊆ Alg(Ω, E), the following are equivalent:

(i) E is definable by S-relative λ-ary judgments, i.e., there exists a set E ′ of S-relative
λ-ary judgments satisfying E = Alg(Ω, E + E ′).

(ii) E ⊆ Alg(Ω, E) is closed under products, Σ-closed subobjects, and (U, λ)-pure quo-
tients.

5.14. Remark. Corollary 5.13 generalizes the Set-enriched case of [33, Proposition 6.11].

By filtered colimit elimination, we can reformulate Birkhoff’s theorem for relative
algebras in the HSP-type form (Corollary 5.16).

5.15. Notation. Let ρ : S → T be a λ-ary theory morphism between λ-ary partial Horn
theories. For each replete full subcategory E ⊆ PModT, let P(E ) ⊆ PModT denote
the full subcategory consisting of all products of objects in E . Similarly, let ST(E ) and
Hλ
ρ(E ) denote the full subcategory consisting of all T-closed subobjects of objects in E

and of all (Uρ, λ)-pure quotients of objects in E , respectively.

5.16. Corollary. Let ρ : S → T be a theory morphism between λ-ary partial Horn theo-
ries and assume that the category PMod S satisfies ACC. Then, a replete full subcategory
E ⊆ PModT is definable by ρ-relative λ-ary judgments if and only if Hλ

ρSTP(E ) = E
holds.

Proof. This follows from a λ-ary version of [22, Lemma 5.13].

5.17. Remark. If limited to the finitary case, our sufficient condition for filtered colimit
elimination is also nearly necessary. For more details, see [22, Theorem 5.16]. However,
the author does not have any weak converse result in the infinitary case. At least, the
same proof as the finitary case does not work.

For convenience, we summarize the relationship among the notion of “quotients” that
appeared in this paper.



RELATIVIZED UNIVERSAL ALGEBRA VIA PARTIAL HORN LOGIC 695

5.18. Proposition. Let ρ : S → T be a theory morphism between λ-ary partial Horn
theories. Assume that Uρ is of descent type, i.e., the Eilenberg–Moore comparison functor
of the adjunction F ρ ⊣ Uρ is fully faithful. Then, the following holds:

(i) Uρ-retractions are regular epimorphisms in PModT.

(ii) (Uρ, λ)-pure epimorphisms are composites of two regular epimorphisms in PModT.

Proof. (i) is one of equivalent conditions to being of descent type [23, Theorem 2.4]. To
show (ii), take a (Uρ, λ)-pure epimorphism p : X → A in PModT. Let π, π′ : Y → X
be a kernel pair of p, and let q : X → B be a coequalizer of them and r : B → A be a
unique morphism such that rq = p. Since pure epimorphisms are regular epimorphisms
(Proposition 5.4), Uρp is a regular epimorphism. Since Uρ preserves kernel pairs, Uρp is
a coequalizer of Uρπ and Uρπ′. Then, we can take a unique morphism s : UρA → UρB
such that sUρp = Uρq. Then, the universal property of the coequalizer implies that
(Uρr)s = id, hence Uρr is a retraction. Since Uρ is of descent type, r becomes a regular
epimorphism, which finishes the proof.

5.19. Remark. Let ρ : S → T be a theory morphism between λ-ary partial Horn theories.
Assume that Uρ is of descent type, which includes in the case that ρ is a “relative algebraic
theory.” Then, the following implications hold for morphisms in PModT:

Uρ-retraction regular epi

(Uρ, λ)-pure epimorphism composite of two regular epis

epi T-dense strong epi

The author do not know any implication between regular epi and (Uρ, λ)-pure epimor-
phism. At least, regular epi does not imply (Uρ, λ)-pure epimorphism. Indeed, a mor-
phism q considered in Remark 3.16 is a regular epimorphism but not a Uρ-pure epimor-
phism.

Some applications of filtered colimit elimination.

Finite-sorted algebras. Considering a partial Horn theory (S,∅,∅) such that S is
finite, we get Birkhoff’s theorem in finite sorts [7] as a consequence of Corollary 5.13:

5.20. Corollary. Let (Ω, E) be an S-sorted λ-ary algebraic theory. Then, for every
replete full subcategory E ⊆ Alg(Ω, E), the following are equivalent:

� E ⊆ Alg(Ω, E) is definable by equations.

� E ⊆ Alg(Ω, E) is closed under products, subobjects, and surjections.

This subsumes the original version of Birkhoff’s theorem [11].
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5.21. Remark. The assumption that PMod S satisfies ACC cannot be removed from
Theorem 5.10 even though S is finite-sorted. To show this, let S be the single-sorted
finitary partial Horn theory for sets with countably many constants as follows:

Σ := {cn : constant}n∈N, S := {⊤ ()
cn↓}n∈N.

Consider the full subcategory of PMod S

E := {1} ∪ {M ∈ PMod S | ∃i, j s.t.JciKM ̸= JcjKM},

where 1 denotes the terminal. An ℵ0-pure epimorphism in PMod S is simply a surjection
which does not merge any constants. Thus, we can see that E ⊆ PModS is closed
under products, Σ-closed subobjects, and ℵ0-pure quotients. We now show that it is not
closed under filtered colimits. For each n ∈ N, define An := N ∪ {∞} ∈ PMod S by
JciKAn

:= max(i− n, 0). Let fn : An → An+1 be the morphism

fn(x) :=

{
max(x− 1, 0) if x ̸= ∞,

∞ if x = ∞.

Then, the filtered colimit A∞ of A0
f0 A1

f1 · · · consists of two different points, and all
constants are merged there; hence A∞ ̸∈ E even though An ∈ E .

Ordered algebras. Considering the partial Horn theory Spos for posets as in Exam-
ple A.11, we get Birkhoff’s theorem for ordered algebras as a consequence of Corollary 5.13:

5.22. Corollary. Let (Ω, E) be an Spos-relative λ-ary algebraic theory with the forgetful
functor U : Alg(Ω, E) → Pos. Then, for every replete full subcategory E ⊆ Alg(Ω, E),
the following are equivalent:

� E ⊆ Alg(Ω, E) is definable by Spos-relative λ-ary judgments.

� E ⊆ Alg(Ω, E) is closed under products, Σpos-closed subobjects, and (U, λ)-pure
quotients.

Moreover, there is another version of Birkhoff’s theorem for ordered algebras. Given an
Spos-relative algebraic theory (Ω, E), we have the associated finitary partial Horn theory
TΩ,E as in Definition 2.5. Applying Corollary 5.11 to TΩ,E, we get the following:

5.23. Corollary. Let (Ω, E) be an Spos-relative λ-ary algebraic theory. Then, for every
replete full subcategory E ⊆ Alg(Ω, E), the following are equivalent:

� E ⊆ Alg(Ω, E) is definable by inequalities (Horn formulas over Σpos + Ω).

� E ⊆ Alg(Ω, E) is closed under products, Σpos-closed subobjects, and surjections.

Note that a TΩ,E-closed subobject is simply an Σpos-closed subobject, i.e., an embed-
ding. This corollary is a direct generalization of a classical Birkhoff theorem for ordered
algebras in [12]. This is because a morphism f : A → B between ordered algebras is sur-
jective if and only if f can be written as a quotient A → A/θ of a congruence θ determined
by an admissible preorder on A in the sense of [12].
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Metric algebras.We now apply our result to Met∞-relative algebras, which are called
metric algebras in [36]. Let Smet be the ℵ1-ary partial Horn theories for generalized metric
spaces as in Example A.13. Since the category Met∞ satisfies ACC, we get the following
as a consequence of Corollary 5.11:

5.24. Corollary. Let (Ω, E) be an Smet-relative λ-ary algebraic theory. Then, for every
replete full subcategory E ⊆ Alg(Ω, E), the following are equivalent:

� E ⊆ Alg(Ω, E) is definable by atomic inequality [36] (Horn formulas over Σmet+Ω).

� E ⊆ Alg(Ω, E) is closed under products, Σmet-closed subobjects, and surjections.

This subsumes Birkhoff’s theorem for metric algebras as in [19, Theorem 3.8].

A. Infinitary partial Horn logic

We introduce λ-ary partial Horn logic (PHLλ) for an infinite regular cardinal, which is a
direct generalization of finitary (ℵ0-ary) partial Horn logic [29].

Partial models.

A.1. Definition. Let λ be an infinite regular cardinal and let S be a set. An S-sorted
λ-ary signature Σ consists of:

� a set Σf of function symbols,

� a set Σr of relation symbols

such that

� for each f ∈ Σf , an arity (and a sort) f : ⊓i<α si → s (α < λ; si, s ∈ S) is given;

� for each R ∈ Σr, an arity R : ⊓i<α si (α < λ; si ∈ S) is given.

A.2. Notation. If α = 0, we write () instead of ⊓i<0si. If α = n ≥ 1, we also write

s0 ⊓ s1 ⊓ · · · ⊓ sn−1

instead of ⊓i<nsi.

Given the set S of sorts, we fix an S-sorted set Var = (Vars)s∈S such that Vars has
cardinal λ for each s ∈ S. We assume Vars ∩Vars′ = ∅ if s ̸= s′. An element x ∈ Vars is
called a variable of sort s. The notation x:s means that x is a variable of sort s.
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A.3. Definition. Let Σ be an S-sorted λ-ary signature.

(i) Raw terms (over Σ) and their sorts are defined by the following inductive rules:

� Given a variable x of sort s ∈ S, x is a raw term of sort s;

� Given a function symbol f ∈ Σ with arity ⊓i<αsi → s and raw terms τi (i < α)
where τi is of sort si, then the expression f(τi)i<α is a raw term of sort s.

(ii) Raw (λ-ary) Horn formulas (over Σ) are defined by the following inductive rules:

� Given a relation symbol R ∈ Σ with arity ⊓i<αsi and raw terms τi (i < α) where
τi is of sort si, then the expression R(τi)i<α is a raw λ-ary Horn formula;

� Given two raw terms τ and τ ′ of the same sort s, then τ = τ ′ is a raw λ-ary
Horn formula;

� The truth constant ⊤ is a raw λ-ary Horn formula;

� Given raw λ-ary Horn formulas φi (i < α) with α < λ, the expression
∧
i<α φi

is a raw λ-ary Horn formula. When α = 0,
∧
i<α φi expresses ⊤.

(iii) A (λ-ary) context is a tuple x⃗ = (xi:si)i<α of distinct variables with α < λ.

(iv) A (λ-ary) term (over Σ) is a pair of a λ-ary context x⃗ and a raw term τ (over Σ),
written as x⃗.τ , where all variables appearing in τ occur in x⃗. The sort of x⃗.τ is
defined as that of τ .

(v) A (λ-ary) Horn formula (over Σ) is a pair of a λ-ary context x⃗ and a raw λ-ary
Horn formula φ (over Σ), written as x⃗.φ, where all variables appearing in φ occur
in x⃗.

(vi) A (λ-ary) Horn sequent (over Σ) is a pair of two λ-ary Horn formulas x⃗.φ and x⃗.ψ
(over Σ) with the same context, written as

φ x⃗ ψ.

(vii) A λ-ary partial Horn theory T (over Σ) is a set of λ-ary Horn sequents (over Σ).

A.4. Remark. Our terminologies raw terms and raw Horn formulas are simply called
“terms” and “Horn formulas” in usual; our terminologies terms and Horn formulas are
ordinarily called terms-in-context and Horn formulas-in-context [20, 29]. Since we do not
deal with terms and formulas with no context, the author believes our terminologies are
convenient.

Note that we do not consider the equal sign “=” to be a relation symbol. We informally
use the abbreviation φ x⃗ ψ for “(φ x⃗ ψ) and (ψ x⃗ φ),” and τ↓ for τ = τ .
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A.5. Definition. Let Σ be an S-sorted λ-ary signature. A partial Σ-structure M con-
sists of:

� a set Ms for each sort s ∈ S,

� a partial map

JfKM (or Jx⃗.f(x⃗)KM) :
∏
i<α

Msi ⇀Ms

for each function symbol f : ⊓i<α si → s in Σ,

� a subset JRKM (or Jx⃗.R(x⃗)KM) ⊆
∏

i<αMsi for each relation symbol R : ⊓i<α si in
Σ.

We can extend the above definitions of Jx⃗.f(x⃗)KM and Jx⃗.R(x⃗)KM to arbitrary terms
and Horn formulas:

A.6. Definition. Let Σ be an S-sorted λ-ary signature and let M be a partial Σ-
structure. Fix a context x⃗ = (xi:si)i<α.

(i) For an arbitrary λ-ary term x⃗.τ of sort s over Σ, we define a partial map

Jx⃗.τKM :
∏
i<α

Msi ⇀Ms

as follows:

� For each i < α, Jx⃗.xiKM :
∏

i<αMsi →Msi is the i-th projection;

� For a function symbol f : ⊓j<βsj → s in Σ and terms τj of sort sj, Jx⃗.f(τj)j<βKM(m⃗)
is defined if and only if all Jx⃗.τjKM(m⃗) are defined and JfKM(Jx⃗.τjKM(m⃗))j<β
is also defined, and then Jx⃗.f(τj)j<βKM(m⃗) := JfKM(Jx⃗.τjKM(m⃗))j<β.

(ii) For an arbitrary λ-ary Horn formula x⃗.φ over Σ, we define a subset

Jx⃗.φKM ⊆
∏
i<α

Msi

as follows:

� For a relation symbol R : ⊓j<β sj in Σ and terms x⃗.τj of sort sj, m⃗ belongs to
Jx⃗.R(τj)j<βKM if and only if all Jx⃗.τjKM(m⃗) are defined and (Jx⃗.τjKM(m⃗))j<β
belongs to JRKM ;

� For two terms x⃗.τ and x⃗.τ ′ of the same sort, m⃗ belongs to Jx⃗.τ = τ ′KM if and
only if both Jx⃗.τKM(m⃗) and Jx⃗.τ ′KM(m⃗) are defined and equal to each other;

� Jx⃗.⊤KM :=
∏

i<αMsi;

� For Horn formulas (x⃗.φj)j<β,
r
x⃗.
∧
j<β φj

z

M
:=
⋂
j<β Jx⃗.φjKM .
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A.7. Definition. We say that a Horn sequent φ x⃗ ψ over Σ is valid in a partial
Σ-structure M and write

M ⊨ (φ x⃗ ψ)

if Jx⃗.φKM ⊆ Jx⃗.ψKM . A partial Σ-structure M is called a partial T-model for a λ-ary
partial Horn theory T over Σ if all Horn sequents in T are valid in M .

A.8. Definition. Let Σ be an S-sorted λ-ary signature. A Σ-homomorphism h : M → N
between partial Σ-structures consists of:

� a total map hs : Ms → Ns for each sort s ∈ S

such that for each function symbol f : ⊓i<α si → s in Σ and relation symbol R : ⊓j<β sj
in Σ, there exist (necessarily unique) total maps (denoted by dashed arrows) making the
following diagrams commute:

∏
i<αMsi Dom(JfKM) Ms

∏
i<αNsi Dom(JfKN) Ns

∏
i<α hsi ∃

JfKM

hs

JfKN∏
j<βMsj JRKM

∏
j<β Nsj JRKN

∏
j<β hsj ∃

A.9. Notation. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. We will denote by PStrΣ the category of partial Σ-structures and Σ-homomorphisms
and by PModT the full subcategory of PStrΣ consisting of all partial T-models.

A.10. Example. To explain what a partial structure is, we begin with an artificial ex-
ample. Let S := N, the set of all natural numbers. The S-sorted finitary signature Σ
consists of:

P : (), c : () → 0.

Then, a partial Σ-structureM consists of an N-sorted set (Mn)n∈N and a subset JP KM ⊆ 1,
where 1 denotes the singleton, and may have a constant JcKM ∈M0. That is, the nullary
relation symbol P is interpreted as a “proposition,” and the nullary function symbol c is
interpreted as a “partial constant.”

We next explain what a Σ-homomorphism is. A Σ-homomorphism h : M → N exists
if and only if the following conditions hold:

� JP KM ⊆ JP KN ;
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� If JcKM ∈M0 exists, then JcKN ∈ N0 also exists.

Then, h is a family of maps (Mn
hn Nn)n∈N such that h0(JcKM) = JcKN holds whenever

JcKM exists.

A.11. Example. [Posets] We present a finitary partial Horn theory Spos for posets. Let
S := {∗}, Σpos :={≤ : ∗ ⊓ ∗}. The finitary partial Horn theory Spos over Σpos consists of:

⊤ x x ≤ x, x ≤ y ∧ y ≤ x
x, y

x = y, x ≤ y ∧ y ≤ z
x, y, z

x ≤ z.

Then, we have PMod Spos
∼= Pos, where Pos denotes the category of partially ordered

sets and monotone maps.

A.12. Example. [Small categories] We present a finitary partial Horn theory Scat for
small categories. Let S := {ob,mor}. The S-sorted finitary signature Σcat consists of:

id : ob → mor, d: mor → ob, c : mor → ob, ◦ : mor×mor → mor.

The finitary partial Horn theory Scat over Σcat consists of:

⊤ x:ob id(x)↓, ⊤ f :mor
d(f)↓ ∧ c(f)↓, d(g) = c(f)

g,f :mor
(g ◦ f)↓;

⊤ x:ob d(id(x)) = x ∧ c(id(x)) = x;

d(g) = c(f)
g,f :mor

d(g ◦ f) = d(f) ∧ c(g ◦ f) = c(g);

⊤ f :mor
f ◦ id(d(f)) = f ∧ id(c(f)) ◦ f = f ;

d(h) = c(g) ∧ d(g) = c(f)
h,g,f :mor

(h ◦ g) ◦ f = h ◦ (g ◦ f).

Then, we have PModScat ≃ Cat.

A.13. Example. [Generalized metric spaces] We present an ℵ1-ary partial Horn theory
Smet. Let S := {∗}, Σmet := {Ra : ∗ ⊓ ∗}a∈[0,∞). Here [0,∞) denotes the set of all non-
negative real numbers. The ℵ1-ary partial Horn theory Smet consists of:

Ra(x, y)
x, y

Rb(x, y) (for any a ≤ b);∧
n<ω

Ran(x, y)
x, y

Rinfn an(x, y) (for any sequent (an)n<ω);

⊤ x Ra(x, x) (for any a ∈ R≥);

Ra(x, y)
x, y

Ra(y, x);

Ra(x, y) ∧Rb(y, z)
x, y, z

Ra+b(x, z);

R0(x, y)
x, y

x = y.

Regarding “Ra(x, y)” as “d(x, y) ≤ a”, we observe that a partial Smet-model is precisely
a generalized metric space, i.e., a set X with a map d : X → [0,∞] satisfying appropriate
axioms (see [24, Examples 4.5(3)]). Furthermore, we have PModSmet

∼= Met∞, where
Met∞ denotes the category of generalized metric spaces and contractions.
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A.14. Example. [[0,∞)-fuzzy sets] A set with a map from itself to [0,∞) is called a
[0,∞)-fuzzy set. For two fuzzy sets v : X → [0,∞) and w : Y → [0,∞), a morphism
(X, v) → (Y,w) is a map f : X → Y such that v(x) ≥ wf(x) for all x ∈ X, which yields
a category Fuz[0,∞).

We now present an ℵ1-ary partial Horn theory for [0,∞)-fuzzy sets. The [0,∞)-sorted
ℵ1-ary signature Σfuz consists of:

� for each pair of r, r′ ∈ [0,∞) such that r ≤ r′, a function symbol

ιr
′

r : r → r′;

� for each decreasing sequence r⃗ = (rn)n<ω in [0,∞), a function symbol

δr⃗ : ⊓n<ω rn → lim
n→∞

rn.

The ℵ1-ary partial Horn theory Sfuz over Σfuz consists of the following Horn sequents:

⊤ x:r0 ιr1r0(x)↓; (22)

ιr1r0(x) = ιr1r0(y)
x,y:r0 x = y; (23)

⊤ x:r ιrr(x) = x; (24)

⊤ x:r0 ιr2r1(ι
r1
r0
(x)) = ιr2r0(x); (25)

δr⃗(x⃗)↓ x⃗
∧
n<ω

ιrnrn+1
(xn+1) = xn; (26)

δr⃗(x⃗)↓ x⃗
∧
n<ω

ιrnlim r⃗(δr⃗(x⃗)) = xn. (27)

In the following, we will describe how to consider a partial Sfuz-model as a [0,∞)-fuzzy
set, i.e., a map from a set to [0,∞). Suppose that a partial Sfuz-model M is given. We
now regard Mr as “the set of all elements whose value is at most r.” By (22), (23), (24),
and (25), we have injections

q
ιr

′
r

y
M
: Mr ↪→ Mr′ (r < r′) and observe that those make

(Mr)r≥0 to be a diagram of shape [0,∞). Let X be a colimit of the diagram (Mr)r≥0 in
Set. For simplicity, we consider each Mr as a subset of X. Now, for each x ∈ X, we can
define its value v(x) as the smallest r ≥ 0 such that x ∈Mr. This definition makes sense
by (26) and (27). Finally, we get a fuzzy set v : X → [0,∞). Moreover, this construction
yields an equivalence PModSfuz ≃ Fuz[0,∞).

A.15. Example. [Pointed metric spaces] We present an ℵ1-ary partial Horn theory for
pointed metric spaces. The [0,∞)-sorted ℵ1-ary signature Σmet∗ contains all symbols of
Σfuz and the following additional symbols:

0̇ : () → 0, Ra
r : r ⊓ r, jar : r → a (r, a ∈ [0,∞)).
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The ℵ1-ary partial Horn theory Smet∗ consists of all sequents in Sfuz and the following:

Ra
r(x, y)

x,y:r
Ra
r′(ι

r′

r (x), ι
r′

r (y)); (28)

Ra
r(x, y)

x,y:r
Rb
r(x, y) (a ≤ b); (29)∧

n<ω

Ran
r (x, y)

x,y:r
Rinf a⃗
r (x, y); (30)

⊤ x:r Rr
r(x, ι

r
0(0̇)); (31)

jar (x)↓ x:r Ra
r(x, ι

r
0(0̇)); (32)

jar (x)↓ x:r ιra(j
a
r (x)) = x; (33)

Ra
r(x, y)

x,y:r
Ra
r(y, x); (34)

Ra
r(x, y) ∧Rb

r(y, z)
x,y,z:r

Ra+b
r (x+ z); (35)

⊤ x:r Ra
r(x, x); (36)

R0
r(x, y)

x,y:r
x = y. (37)

As described in Example A.14, each partial Smet∗-model has a structure of fuzzy set (X, v).
The axioms (28) to (30) induce a well-defined map d : X ×X → [0,∞], and the axioms
(34) to (37) ensure that this is a generalized metric on X. In addition, by (31) to (33), d
is compatible with the fuzzy set structure, i.e., d(0, x) = v(x) holds, where 0 denotes the
constant defined by 0̇. Furthermore, we can see that d is an ordinary metric. Indeed,

d(x, y) ≤ d(x, 0) + d(0, y) = v(x) + v(y)

proves that d always takes a bounded value. Thus, a partial Smet∗-model is precisely an
ordinary metric space with a constant. Moreover, there is an equivalence PModSmet∗ ≃
Met∗, where Met∗ is the category of pointed metric spaces and contractions.

Inference rules for infinitary PHL. In this subsection, we develop the syntax for
infinitary partial Horn logic. The inference rule given here is a direct generalization of
finitary one as in [29].

A.16. Definition. Let Σ be an S-sorted λ-ary signature.

(i) A rule over Σ consists of:

� a family (φi
x⃗i ψi)i<α of Horn sequents over Σ with α < λ,

� a Horn sequent φ x⃗ ψ over Σ.

Such a rule is expressed by

(φi
x⃗i ψi)i<α

φ x⃗ ψ
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(ii) The inference rules of λ-ary partial Horn logic (PHLλ) over Σ are the following
rules.

(Id) For each Horn formula x⃗.φ,

φ x⃗ φ
(Id)

(Cut) For Horn formulas x⃗.φ, x⃗.ψ, x⃗.χ with the same context x⃗,

φ x⃗ ψ ψ x⃗ χ

φ x⃗ χ
(Cut)

(Subst) Let x⃗ = (xi:si)i<α and y⃗ be contexts. Let x⃗.φ, x⃗.ψ be Horn formulas, and for
each i < α, a term y⃗.τi of sort si is given. Then, the rule

φ x⃗ ψ

φ(τ⃗ /x⃗) ∧
∧
i<α τi↓

y⃗
ψ(τ⃗ /x⃗)

(Subst)

is applicable, where φ(τ⃗ /x⃗) and ψ(τ⃗ /x⃗) are the Horn formulas obtained by
replacing all xi to τi simultaneously.

(Refl) For a context x⃗ = (xi)i<α and each i < α,

⊤ x⃗ xi↓
(Refl)

(Eq) Let x⃗ = (xi:si)i<α and y⃗ = (yi:si)i<α be contexts of the same sort. Let x⃗.φ
be a Horn formula and let z⃗ be a context containing all xi and yi. Then, the
following rule is applicable:

φ ∧
∧
i<α xi = yi

z⃗ φ(y⃗/x⃗)
(Eq)

(SRel) For a relation symbol R : ⊓i<α si, terms x⃗.τi of sort si, and j < α,

R(τi)i<α
x⃗ τj↓

(SRel)

(SEq) For terms x⃗.τ and x⃗.σ of the same sort,

τ = σ x⃗ τ↓
(SEq)

τ = σ x⃗ σ↓
(SEq)

(SFun) For a function symbol f : ⊓i<α si → s, terms x⃗.τi of sort si, and j < α,

f(τi)i<α
x⃗ τj↓

(SFun)
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(EConj) For Horn formulas (x⃗.φi)i<α and j < α,

∧
i<α φi

x⃗ φj
(EConj)

(IConj) For Horn formulas x⃗.φ and (x⃗.ψi)i<α with α < λ,

(φ x⃗ ψi)i<α

φ x⃗ ∧
i<α ψi

(IConj)

A.17. Definition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ.

(i) A derivation from T over Σ is a well-founded rooted tree of Horn sequents over Σ
such that for every node, a pair of its children and itself exhibits one of the following
rules:

� for some φ x⃗ ψ ∈ T,
φ x⃗ ψ

� the inference rules of PHLλ over Σ.

(ii) A rule over Σ

(φi
x⃗i ψi)i<α

φ x⃗ ψ

is derivable from T if there exists a derivation from T ∪ {φi x⃗i ψi}i<α over Σ

whose root is φ x⃗ ψ. A rule is simply called derivable when it is derivable from
the empty theory.

(iii) A Horn sequent φ x⃗ ψ is called a PHLλ-theorem of T and written as

T ⊢ (φ x⃗ ψ)

if the rule

φ x⃗ ψ

is derivable from T. A Horn sequent is simply called a PHLλ-theorem when it is a
PHLλ-theorem of the empty theory.

A.18. Remark. We can easily check that T ⊢ (φ x⃗ ψ) always implies T ⊨ (φ x⃗

ψ), i.e., for every M ∈ PModT, M ⊨ (φ x⃗ ψ). This is the soundness theorem for
PHLλ.

The proofs of the following lemmas are omitted.
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A.19. Lemma. [The context weakening rule] Let x⃗ ⊆ y⃗ be contexts and let x⃗.φ, x⃗.ψ be
Horn formulas. Then, the following rule is derivable:

φ x⃗ ψ

φ
y⃗

ψ

A.20. Lemma. [The cut rule] For Horn formulas x⃗.φ, x⃗.ψ, x⃗.χ, the following rule is deriv-
able:

(φi
x⃗ ψi)i<α χ ∧

∧
i<α ψi

x⃗ θ

χ ∧
∧
i<α φi

x⃗ θ

A.21. Lemma. Let Σ be an S-sorted λ-ary signature. Then, the following are PHLλ-
theorems:

(i) τ = σ x⃗ σ = τ

(ii) τ = σ ∧ σ = ρ x⃗ τ = ρ

A.22. Lemma. Let Σ be an S-sorted λ-ary signature and let y⃗ = (yj:sj)j<β be a context.
Suppose that terms x⃗.σj and x⃗.ρj of sort sj are given for each j < β.

(i) For every term y⃗.τ over Σ, the following is a PHLλ-theorem:

τ(σ⃗/y⃗)↓ ∧
∧
j<β

σj = ρj
x⃗ τ(σ⃗/y⃗) = τ(ρ⃗/y⃗)

(ii) For every formula y⃗.φ over Σ, the following is a PHLλ-theorem:

φ(σ⃗/y⃗) ∧
∧
j<β

σj = ρj
x⃗ φ(ρ⃗/y⃗)

Completeness theorem for infinitary PHL. We now prove the completeness the-
orem for infinitary partial Horn logic by the syntax given in the previous subsection. The
finitary version already appears in [29].

A.23. Definition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Let x⃗.φ be a Horn formula over Σ.

(i) A λ-ary term x⃗.τ over Σ is called a T-term generated by x⃗.φ if φ x⃗ τ↓ is
a PHLλ-theorem of T. We write T-Term(x⃗.φ) for the S-sorted set of all T-terms
generated by x⃗.φ.

(ii) Define a binary relation ∼T on T-Term(x⃗.φ) as follows: x⃗.τ ∼T x⃗.τ
′ if and only if

φ x⃗ τ = τ ′ is a PHLλ-theorem of T.

A.24. Lemma. In Definition A.23, the binary relation ∼T is a congruence on T-Term(x⃗.φ).

Proof. The reflexivity follows from the definition of T-terms. The symmetricity and the
transitivity follow from Lemma A.21.
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A.25. Notation. We will denote by [x⃗.τ ]T the equivalence class of x⃗.τ under ∼T.

A.26. Lemma. In Definition A.23, the quotient S-sorted set M := T-Term(x⃗.φ)/∼T
becomes a partial Σ-structure as follows:

� For each function symbol f ∈ Σ, define the partial function

JfKM : ([x⃗.τj]T)j<β 7→ [x⃗.f(τj)j<β]T

whose value is defined if and only if φ x⃗ f(τj)j<β↓ is a PHLλ-theorem of T.

� For each relation symbol R ∈ Σ,

JRKM := {([x⃗.τj]T)j<β | φ x⃗ R(τj)j<β is a PHLλ-theorem of T}.

Proof. By Lemma A.22, the following rules are derivable:

φ x⃗ f(τj)j<β↓ (φ x⃗ τj = τ ′j)j<β

φ x⃗ f(τ ′j)j<β↓

φ x⃗ f(τj)j<β↓ (φ x⃗ τj = τ ′j)j<β

φ x⃗ f(τj)j<β = f(τ ′j)j<β

φ x⃗ R(τj)j<β (φ x⃗ τj = τ ′j)j<β

φ x⃗ R(τ ′j)j<β

These complete the proof.

A.27. Lemma. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Let x⃗.φ be a Horn formula with x⃗ = (xi:si)i<α and let M := T-Term(x⃗.φ)/∼T be the
partial Σ-structure in Lemma A.26.

(i) For any Horn formula y⃗.ψ,

Jy⃗.ψKM = {([x⃗.τj]T)j | φ x⃗ ψ(τ⃗ /y⃗) is a PHLλ-theorem of T}.

(ii) M is a T-model.

(iii) ([x⃗.xi]T)i<α ∈ Jx⃗.φKM holds.

Proof. Straightforward.
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A.28. Definition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. For each λ-ary Horn formula x⃗.φ over Σ, define

⟨x⃗.φ⟩T := T-Term(x⃗.φ)/∼T ∈ PModT.

This ⟨x⃗.φ⟩T is called the representing T-model for x⃗.φ.

A.29. Theorem. [Completeness theorem for infinitary PHL] Let T be a λ-ary partial

Horn theory over an S-sorted λ-ary signature Σ. For any λ-ary Horn sequent φ x⃗ ψ
over Σ, the following are equivalent:

(i) T ⊢ (φ x⃗ ψ).

(ii) T ⊨ (φ x⃗ ψ), i.e., for every M ∈ PModT, M ⊨ (φ x⃗ ψ).

Proof. [(ii) =⇒ (i)] By assumption, we particularly get ⟨x⃗.φ⟩T ⊨ (φ x⃗ ψ). Equiva-

lently, for T-terms (x⃗.τi)i generated by x⃗.φ, T ⊢ (φ x⃗ φ(τ⃗ /x⃗)) implies T ⊢ (φ x⃗

ψ(τ⃗ /x⃗)) by Lemma A.27(i). Taking τi to be xi, we have T ⊢ (φ x⃗ ψ).

Local presentability of categories of partial models. In this subsection, we
establish the equivalence between partial Horn theories and locally presentable categories.
Since λ-ary partial Horn theories can equivalently be translated into (λ-ary) limit theories
in the sense of [5], all the contents in this subsection are well-known in the literature.

A.30. Proposition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary sig-
nature Σ. Let x⃗.φ be a λ-ary Horn formula over Σ. Then, the representing model ⟨x⃗.φ⟩T
represents the interpretation functor Jx⃗.φK• : PModT ∋ M 7→ Jx⃗.φKM ∈ Set, i.e., for
every T-model M , we have the following natural isomorphism:

Jx⃗.φKM ∼= PModT(⟨x⃗.φ⟩T,M).

Proof. Take a T-model M and a Σ-homomorphism h : ⟨x⃗.φ⟩T → M . By induction
on the structure of T-term [x⃗.τ ]T, h([x⃗.τ ]T) can only be Jx⃗.τKM(h([x⃗.xi]T)i). Conversely,
given a tuple m⃗ ∈ Jx⃗.φKM , h([x⃗.τ ]T) := Jx⃗.τKM(m⃗) yields a well-defined Σ-homomorphism
h : ⟨x⃗.φ⟩T → M . Thus, a Σ-homomorphism h : ⟨x⃗.φ⟩T → M bijectively corresponds to
m⃗ ∈ Jx⃗.φKM .

A.31. Corollary. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ and let x⃗.φ and y⃗.ψ be λ-ary Horn formulas over Σ with x⃗ = (xi)i<α. Then, the following
data bijectively correspond to each other:

(i) A Σ-homomorphism h : ⟨x⃗.φ⟩T → ⟨y⃗.ψ⟩T,

(ii) Equivalence classes ([y⃗.τi]T)i<α of T-terms generated by y⃗.ψ such that ψ
y⃗

φ(τ⃗ /x⃗) is a PHLλ-theorem of T.
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Proof. By Proposition A.30 and Lemma A.27(i), we have:

PModT(⟨x⃗.φ⟩T, ⟨y⃗.ψ⟩T) ∼= Jx⃗.φK⟨y⃗.ψ⟩T
= {([y⃗.τi]T)i<α | T ⊢ (ψ

y⃗
φ(τ⃗ /x⃗))}.

This completes the proof.

A.32. Notation. Denote by

⟨τ⃗⟩T : ⟨x⃗.φ⟩T → ⟨y⃗.ψ⟩T

the morphism corresponding to T-terms (y⃗.τi)i<α by Corollary A.31.

A.33. Remark. Given a λ-filtered diagramM• : I → PModT, let us construct a colimit
N = Colim

I∈I
MI in PModT. For each sort s ∈ S define Ns := Colim

I∈I
(MI)s as a colimit

in Set, i.e., Ns is the quotient set of the disjoint union
∐

I∈I(MI)s = {(I; a) | I ∈ I, a ∈
(MI)s} by an equivalence relation ∼s. Here (I; a) ∼s (J ; b) holds if and only if there

exists a cospan I K J
p q

in I satisfying Mp(a) = Mq(b). Let [I; a] denote the
equivalence class with respect to ∼s containing (I; a).

Now the S-sorted set N = (Ns)s∈S yields a partial Σ-structure as follows:

� For each function symbol f : ⊓i<α si → s in Σ, JfKN([Ii; ai])i<α is defined if and

only if there exists a cocone (Ii
pi I)i<α such that (Mpi(ai))i<α belongs to the

domain of JfKMI
, and then define JfKN([Ii; ai])i<α := [I ; JfKMI

(Mpi(ai))i<α];

� For each relation symbol R : ⊓i<α si in Σ, ([Ii; ai])i<α belongs to JRKN if and only if

there exists a cocone (Ii
pi I)i<α such that (Mpi(ai))i<α belongs to JRKMI

.

Since each MI is a T-model, we see that N is a T-model and a colimit of the diagram M•.

A.34. Theorem. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Then, the category PModT is locally λ-presentable.

Proof. By Remark A.33, the category PModT has λ-filtered colimits. We first observe
that all representing models ⟨x⃗.φ⟩T are λ-presentable objects in PModT. By Propo-
sition A.30, this assertion is equivalent to saying that for every Horn formula x⃗.φ, the
interpretation functor Jx⃗.φK• : PModT → Set preserves λ-filtered colimits, which follows
from the construction of λ-filtered colimits in Remark A.33.

We next prove that every T-model M is a λ-filtered colimit of representing models.
To prove this, consider the following small category CM for each T-model M :

� An object in CM is a pair (x⃗.φ, a⃗) of a Horn formula x⃗.φ over Σ and elements
a⃗ ∈ Jx⃗.φKM .

� A morphism (x⃗.φ, a⃗) → (y⃗.ψ, b⃗) in CM is a Σ-homomorphism ⟨τ⃗⟩T : ⟨x⃗.φ⟩T → ⟨y⃗.ψ⟩T
such that Jy⃗.τiKM (⃗b) = ai (∀i).
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We can prove that the small category CM is λ-filtered as follows: Let (x⃗k.φk, a⃗k)k<γ be
objects in CM with γ < λ. For simplicity, we assume that no pair of contexts (x⃗k)k
has a common variable. Then, (x⃗.

∧
k<γ φk, (⃗ak)k<γ) becomes the vertex of some cocone

over (x⃗k.φk, a⃗k)k<γ, where x⃗ := ∪k<γx⃗k. Let (⟨τ⃗k⟩T)k<γ : (x⃗.φ, a⃗) → (y⃗.ψ, b⃗) be parallel

morphisms in CM with γ < λ. Then, (y⃗.ψ ∧
∧
i,k,k′ τk,i = τk′,i, b⃗) becomes the vertex of

some cocone over the parallel morphisms (⟨τ⃗k⟩T)k<γ. Thus, CM is a λ-filtered category.
An assignment (x⃗.φ, a⃗) 7→ ⟨x⃗.φ⟩T yields a functor DM : CM → PModT. Moreover,

by Proposition A.30, we have a canonical cocone ξ over DM

ξx⃗.φ,⃗a : ⟨x⃗.φ⟩T a⃗ M, where (x⃗.φ, a⃗) ∈ CM .

We now show that the cocone ξ forms a colimit. Take an arbitrary cocone ζ over DM

⟨x⃗.φ⟩T
ζx⃗.φ,⃗a

N, where (x⃗.φ, a⃗) ∈ CM .

We have to construct a canonical morphism M h N and prove its uniqueness. For every
element a ∈Ms of sort s, the following diagram should commute:

⟨x:s.⊤⟩T M

N

a

ζx:s.⊤,a
h (38)

This determines h uniquely. Moreover, by the naturality of the cocone ζ, (38) defines the

desired Σ-homomorphism M h N .
Finally, we have proved that the category PModT is λ-accessible. Since all small

limits in PModT can be constructed sort-wisely in the same way as in Set, by [5, 2.47
Corollary], we conclude that PModT is locally λ-presentable.

A.35. Theorem. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary signature
Σ. Then, for any T-model M , the following are equivalent:

(i) M is a λ-presentable object in PModT.

(ii) There exists a λ-ary Horn formula x⃗.φ such that M ∼= ⟨x⃗.φ⟩T in PModT.

Proof. By the proof of Theorem A.34, it suffices to show that the class of all representing
models ⟨x⃗.φ⟩T is, up to isomorphism, closed under retracts. Here, we prove more: That
class is closed under coequalizers. Let

⟨x⃗.φ⟩T ⟨y⃗.ψ⟩T
⟨τ⃗⟩T

⟨σ⃗⟩T

in PModT



RELATIVIZED UNIVERSAL ALGEBRA VIA PARTIAL HORN LOGIC 711

be parallel morphisms between representing objects with x⃗ = (xi)i<α. Considering the
Horn formula y⃗.χ := y⃗.

(
ψ ∧

∧
i<α τi = σi

)
, we have

PModT(⟨y⃗.χ⟩T,M) ∼= Jy⃗.χKM
= {a⃗ ∈ Jy⃗.ψKM | ∀i, Jy⃗.τiKM (⃗a) = Jy⃗.σiKM (⃗a)}
= {h ∈ PModT(⟨y⃗.ψ⟩T,M) | h ◦ ⟨τ⃗⟩T = h ◦ ⟨σ⃗⟩T}

for every T-model M by Proposition A.30. This implies that ⟨y⃗.χ⟩T is a coequalizer of
⟨τ⃗⟩T and ⟨σ⃗⟩T.

A.36. Theorem. For a category A , the following are equivalent:

(i) A is locally λ-presentable.

(ii) There exists a λ-ary partial Horn theory such that A ≃ PModT.

Proof. By Theorem A.34, it suffices to prove the direction (i) =⇒ (ii). Let A be a locally
λ-presentable category. By [5, 1.52 Corollary], we can take a λ-limit (small) sketch S such
that A ≃ ModS. Without loss of generality, we can assume that every selected cone in
S has the form of either λ-ary products or pullbacks. We now define a λ-ary partial Horn
theory T as follows:

The set S of sorts is defined to be the set of all objects in S. The S-sorted λ-ary
signature Σ consists of:

� for each morphism s
f
s′ in S, a function symbol f : s→ s′;

� for each selected cone (s
pi si)i<α in S in the form of a product, a function symbol

p : ⊓i<α si → s;

� for each selected cone
s s1

s0 t

q0

q1

r1

r0

in S (39)

in the form of a pullback, a function symbol q : ⊓i<2 si → s.

The λ-ary partial Horn theory T over Σ consists of the following sequents:

a) for each morphism f in S, the sequent ⊤ x f(x)↓;

b) for each composable pair s
f

s′
f ′

s′′ in S, the sequent ⊤ x f ′(f(x)) =
(f ′ ◦ f)(x);

c) for each object s ∈ S, the sequent ⊤ x x = ids(x);



712 YUTO KAWASE

d) for each selected cone (s
pi si)i<α in S in the form of a product, the sequents

⊤ x p(pi(x))i<α = x, ⊤ x⃗
∧
i<α

pi(p(x⃗)) = xi;

e) for each selected cone (39), the sequents

⊤ x q(q0(x), q1(x)) = x, r0(x0) = r1(x1)
x0, x1

∧
i<2

qi(q(x0, x1)) = xi.

Then, it follows that a partial T-model is precisely a model for the limit sketch S.
Indeed, the Horn sequents a), b), and c) make a T-model to be a functor S → Set, and
the Horn sequents d) and e) make a T-model to send each selected cone to a limit cone.
Now, we have A ≃ ModS ≃ PModT, which completes the proof.

Validity via orthogonality. We now associate the validity of Horn sequents with
the orthogonality, which becomes a category-theoretic treatment of validity. A special
version has already appeared in [10]. Moreover, all the contents in this subsection are
well-known for limit theories [5, 5.28].

A.37. Definition. Let C be a category.

(i) An object C ∈ C is orthogonal to a morphism f : X → Y in C if for every morphism
g : X → C, there exists a unique ĝ : Y → C satisfying ĝ ◦ f = g.

X C

Y

f

g

∃!ĝ

(ii) Given a class Λ ⊆ morC of morphisms, denote by Λ⊥ ⊆ C the full subcategory
consisting of all objects orthogonal to all morphisms in Λ. The full subcategory Λ⊥

is called an orthogonality class of C , and called a small-orthogonality class if Λ is
(essentially) small.

A.38. Proposition. Let T be a λ-ary partial Horn theory over an S-sorted λ-ary sig-
nature Σ. Let φ x⃗ ψ be a λ-ary Horn sequent. Then the morphism

⟨x⃗.φ⟩T
⟨x⃗⟩T ⟨x⃗.φ ∧ ψ⟩T in PModT

is an epimorphism, and for any T-model M , the following are equivalent:

(i) M ⊨ (φ x⃗ ψ).

(ii) M is orthogonal to ⟨x⃗⟩T : ⟨x⃗.φ⟩T → ⟨x⃗.φ ∧ ψ⟩T.

⟨x⃗.φ⟩T M

⟨x⃗.φ ∧ ψ⟩T

∀h

⟨x⃗⟩T ∃!ĥ
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Proof. Proposition A.30 ensures that ⟨x⃗⟩T is an epimorphism; hence the uniqueness of

ĥ in (ii) always holds. The existence of ĥ for every h is clearly equivalent to Jx⃗.φKM ⊆
Jx⃗.φ ∧ ψKM .

By Proposition A.38, we get the following corollary:

A.39. Corollary. Let T0 ⊆ T1 be λ-ary partial Horn theories over an S-sorted λ-ary
signature Σ. Then, the full subcategory PModT1 ⊆ PModT0 is a small-orthogonality
class.

Theory morphisms. In this subsection, we discuss morphisms between partial Horn
theories, which contain morphisms of relative algebraic theories (Definition 2.13) as their
special case. We will denote by (S,Σ,T) a λ-ary partial Horn theory T over an S-sorted
λ-ary signature Σ.

A.40. Definition. Consider two λ-ary partial Horn theories (S,Σ,T) and (S ′,Σ′,T′).
A (λ-ary) theory morphism

ρ : (S,Σ,T) → (S ′,Σ′,T′)

consists of:

� a map S ∋ s 7→ sρ ∈ S ′;

� an assignment to each function symbol f : ⊓i<α si → s in Σ, a λ-ary term x⃗ρ.fρ of
sort sρ over Σ′, where x⃗ρ = (xρi :s

ρ
i )i<α;

� an assignment to each relation symbol R : ⊓i<α si in Σ, a λ-ary Horn formula x⃗ρ.Rρ

in Σ′

such that for every sequent φ x⃗ ψ in T, the ρ-translation φρ x⃗ρ ψρ is a PHLλ-
theorem of T′. The ρ-translation φρ and ψρ are constructed by replacing all symbols that
φ and ψ include by ρ.

A.41. Definition. Let ρ : (S,Σ,T) → (S ′,Σ′,T′) be a theory morphism between λ-ary
partial Horn theories. For every T′-model M , we get a T-model UρM as follows:

� For each sort s ∈ S, define (UρM)s :=Msρ;

� For each function symbol f in Σ, define JfKUρM := Jx⃗ρ.fρKM ;

� For each relation symbol R in Σ, define JRKUρM := Jx⃗ρ.RρKM .

The assignment M 7→ UρM yields a functor Uρ : PModT′ → PModT, which is called
the ρ-translation functor.
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A.42. Theorem. For a theory morphism ρ : (S,Σ,T) → (S ′,Σ′,T′), the translation func-
tor Uρ has a left adjoint F ρ.

PModT PModT′
F ρ

⊥
Uρ

Proof.By Theorems A.36 and A.35, from the viewpoint of relative adjunctions, it suffices
to determine where the left adjoint F ρ sends the representing models. Take an arbitrary
Horn formula x⃗.φ. For every T′-model M , we have the following natural isomorphism:

PModT(⟨x⃗.φ⟩T, U
ρM) ∼= Jx⃗.φKUρM = Jx⃗ρ.φρKM ∼= PModT′(⟨x⃗ρ.φρ⟩T′ ,M)

This leads us to define F ρ⟨x⃗.φ⟩T := ⟨x⃗ρ.φρ⟩T′ .
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[24] M. Lieberman and J. Rosický. Metric abstract elementary classes as accessible categories. J.
Symb. Log., 82(3):1022–1040, 2017.

[25] F. E. J. Linton. An outline of functorial semantics. In Sem. on Triples and Categorical Homology
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Giuseppe Rosolini, Università di Genova: rosolini@unige.it
Michael Shulman, University of San Diego: shulman@sandiego.edu
Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-lj.si
James Stasheff, University of North Carolina: jds@math.upenn.edu
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