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THE SNAIL LEMMA AND THE LONG HOMOLOGY SEQUENCE

JULIA RAMOS GONZALEZ AND ENRICO M. VITALE

ABSTRACT. In the first part of the paper, we establish a version of the snail lemma
(which is a generalization of the classical snake lemma) for categories with a structure
of nullhomotopies. This lemma allows us to construct a six-term exact sequence in a
(sufficiently nice) category with a structure of nullhomotopies associated to a morphism
in the category. In the second part, we introduce the category with nullhomotopies
Seq(A) of sequentiable families of arrows in a category A and we apply the homotopy
snail lemma to a morphism in Seq(A) obtaining first a six-term exact sequence in
Seq(A) and then, unrolling the sequence in Seq(A), a long exact sequence in 4. We
then compare the category Seq(.A) of sequentiable families with the category Ch(A) of
chain complexes in 4 and prove that, when A is abelian, the long exact sequence built
using the snail lemma subsumes the usual long exact sequence of homology obtained
from an extension of chain complexes. This result suggests that the category Seq(A),
which has a nicer structure of nullhomotopies than that of Ch(A), could provide a useful
alternative to chain complexes for the study of homological algebra.
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1. Introduction

A cornerstone in homological algebra is the fact that, starting from a short exact sequence
of chain complexes in an abelian category A, one can construct a long exact sequence
relating the homology objects of the original complexes. A classical strategy to prove such
a theorem is to prove first the snake lemma and then construct the long exact sequence
in homology pasting together the infinitely many six-term exact sequences coming from
the snake lemma (see for example [28]).

The snake lemma is a special case of a more general result, the snail lemma, introduced
in [25, 19] and exploited in [17, 23] in order to unify some higher dimensional exact
sequences appearing in homotopy theory, see [12], and in the study of groupoids and
crossed modules, see [8, 10]. The difference between the snake and the snail lemmas lies
in the fact that the snake requires as starting point a short exact sequence in Arr(.A), the
category of arrows in A, whereas the snail works starting from any morphism in Arr(.A).

In this paper, we first prove a version of the snail lemma for categories equipped with
a structure of nullhomotopies. More concretely, given a category B with a structure of
nullhomotopies O satisfying some nice properties, we build a six-term sequence of “homo-
topy objects” starting from a morphism in B (Construction 3.0.2) and we show that under
some conditions, this sequence is exact with respect to a sufficiently nice class of “surjec-
tions” (Proposition 4.0.6, Proposition 4.0.9). The prime example of a category where this
can be done is the category Arr(.A) of arrows on an abelian category A equipped with
the usual structure of nullhomotopies © (Subsection 2.5). Then, in the second part of
the paper we show that it is possible to use the snail lemma instead of the snake lemma
in order to construct a long exact sequence in homology starting from any morphism of
chain complexes, and not necessarily from a short exact sequence of complexes (Corollary
6.2.2). Even if the idea is quite simple, to state and prove it properly we have to intro-
duce a new concept, that we call a sequentiable family of arrows (Definition 5.1.1). The
idea behind a sequentiable family is to focus our attention not on the homology objects
associated with a chain complex, but on the homology arrows, that is, those arrows whose
kernel and cokernel are the homology objects associated with a complex (see Section 6,
and especially Subsection 6.1, for a more precise explanation on how sequentiable families
of arrows naturally arise from chain complexes). This allows us to formulate the snail
lemma inside the category of sequentiable families, which is equipped with a structure
of nullhomotopies more convenient than the one usually considered in the category of
chain complexes. This produces a single six-term exact sequence of sequentiable fam-
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ilies, sequence which provides a compact presentation of a long exact sequence in the
base category A (Proposition 5.3.2) and, as a special case, the long homology sequence
(Proposition 6.2.3).

This last result, together with the fact that the structure of nullhomotopies in sequen-
tiable families has more desirable properties than the usual structure of nullhomotopies
in chain complexes, suggests that the category of sequentiable families has the potential
to be a useful substitute of the category of chain complexes in the study of homological
algebra. In future work we would like to explore this direction further by analyzing, for
example, the use of sequentiable families to construct the derived category of an abelian
category.

The layout of the paper is as follows:

In the first part of the paper (Sections 2, 3 and 4) we investigate a general version of the
snail lemma in a pointed category B equipped with a structure of nullhomotopies O, the
guiding example being Arr(A) for A an abelian category. First, in Section 2, we review
the notion of a category with a structure of nullhomotopies and recall some properties
and constructions in this framework that will be relevant for the rest of the paper. In
particular, after reviewing the definition of structure of nullhomotopies, the condition of
reduced interchange and the notion of homotopy-strong zero object in Subsection 2.1, we
then go over homotopy (co)kernels (Subsection 2.2), the 7 of an object (Subsection 2.3)
and (co)discrete objects (Subsection 2.4), to finish the section by analyzing these concepts
in the particular case of the category of arrows (Subsection 2.5). Then, in Section 3, we
show that given a morphism in a category with nullhomotopies (B,0), we can build a
six-term exact sequence in B, as long as (B, ©) satisfies some nice properties also satisfied
by the category of arrows of an abelian category (the reduced interchange condition holds,
B has a strong zero object, all homotopy kernels and all homotopy cokernels of terminal
arrows). In Section 4, we show that the six-term sequence is exact relatively to a good
class § of “surjections”. For this result to hold, the homotopy kernel, the domain and the
codomain of the starting morphism need to have a good behaviour with respect of the
class S: the homotopy kernel and the domain of the morphism need to be S-proper and
S-global (Definition 4.0.4) and the codomain needs to be S-proper. In the particular case
of the category of arrows of an abelian category, all objects are proper and global and
hence the snail sequence is always exact. It is worth noticing that, while the proof of the
exactness of the snail sequence in this homotopy context is similar to that in the context
of pointed regular protomodular categories from [25], they are not completely parallel (see
Remark 4.0.11).

In the second part of the paper we introduce the new category Seq(.A) of sequentiable
families and we compare it with the category Ch(.A) of chain complexes. First, in Section
5, we build the category Seq(.A) and equip it with a natural structure of nullhomotopies
(Subsection 5.1). We then apply the homotopy snail lemma in Seq(.A) in order to get
a six-term exact sequence in Seq(.A) (Subsection 5.2), which we then unrole to obtain
a long exact sequence in A (Subsection 5.3). Then, in Section 6, we build a functor
F : Ch(A) — Seq(.A) from chain complexes to sequentiable families (Subsection 6.1)
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and we then proceed to prove the announced result: when A is pointed, regular and
protomodular, if the morphism in Seq(.4) that we use to construct the long exact sequence
comes from an extension of complexes through the functor F, the new sequence coincides
with the classical long homology sequence (Subsection 6.2). To finish the paper, we prove
in Subsection 6.3 that the functor F can be upgraded to a morphism of categories with
nullhomotopies when A is preadditive and Ch(.A) is endowed with the classical structure
of nullhomotopies.

Starting from Section 4, regular, protomodular, preadditive and abelian categories will
appear so to make the base category A rich enough. Basic references for these kinds of
categories are [2, 3, 7].

N.B.: Given two arrows A ——> B —2>( , the composite arrow will be written as f - g.

2. Preliminaries on nullhomotopies

Categories with a structure of nullhomotopies have been introduced by Grandis in [14].
In this section, we review their basic theory and provide several preliminary results that
we will require later on.

2.1. CATEGORIES WITH A STRUCTURE OF NULLHOMOTOPIES. Let us first introduce the
definition of nullhomotopy structure. We follow [22, 26].

2.1.1. DEFINITION. A structure of nullhomotopies © on a category B is given by:

1) For every arrow g in B, a set O(g) whose elements are called nullhomotopies on g.

2) For every triple of composable arrows A l.p2.cl.p , & map
fo—oh:©O(g) > O(f-g-h)
in such a way that, for every ¢ € ©(g), one has

(a) (f'-f)opo(h-h')= fo(fopoh)oh' whenever the compositions f"- f and

h - h' are defined,

(b) idg o poide = ¢.
Equivalently, © is a functor from the twisted arrow category to the category of sets. See

Remark 2.1.10 in [27] and the references therein for more details.

2.1.2. NOTATION. When f =idpg or h = id¢, we write poh and foy instead of idgopoh
and f o poide.
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2.1.3. NOTATION. We sometimes depict a nullhomotopy A € ©(g) as

g

A7 OB

- —

In order to build the homotopy snail sequence in Section 3, we will need to impose
some extra conditions on the categories with nullhomotopies with which we work. One
condition we will need to impose is that the structure of nullhomotopies satisfies reduced
interchange, which was introduced in [14]:

2.1.4. DEFINITION. Let (B,0) be a category with nullhomotopies. The structure ©
satisfies reduced interchange if, for any pair of composable arrows f: A — B and g: B — C
and for any pair of nullhomotopies a € O(f) and § € ©(g), one has «vo g = f o f.

Another condition we will need to impose is the existence of a zero object 0 in B which
is, moreover, O-strong:

2.1.5. DEFINITION. Let (B, ©) be a category with nullhomotopies and assume that B has
a zero object 0. We say that the zero object 0 is O-strong if for every object X € B, the
set of nullhomotopies ©(0%: X — 0) of the terminal arrow is reduced to a single element,
denoted by ¥, and the set of nullhomotopies ©(0x:0 — X) of the initial arrow is reduced
to a single element, denoted by *yx.

2.1.6. REMARK. If (B, ©) satisfies the reduced interchange (Definition 2.1.4) and has a
©-strong zero object (Definition 2.1.5), we get a canonical nullhomotopy

s €0(07: X - 0—Y)

given by ** o0y or, equivalently, by 0% oy . Observe that in general ©(0sY) is not reduced
to the element *;5. Nevertheless, for all arrows f: W — X, ¢: X — Y, h:Y — Z and for
all nullhomotopies ¢ € O(g) we have:

foxyoh=xy and 0¥ cp =%y and @ol) =x*y,

2.1.7. REMARK. Although these two conditions (the reduced interchange and the exis-
tence of a ©-strong zero object) will be neccessary from Section 3 on and until the end
of the paper, we will not impose them yet in this section, where we aim to provide the
results in their most general version.

2.2. HOMOTOPY (CO)KERNELS. Homotopy (co)kernels are the only homotopy (co)limits
we need in this paper. In this subsection, we introduce their definition following [22, 26],
and provide two examples that are essential for our purposes. To conclude, we prove a
general result that will be needed in Section 3 to construct the snail sequence.
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2.2.1. DEFINITION. Let g: B — C' be an arrow in a category with nullhomotopies (5, ©).

1. A homotopy kernel of g with respect to © (or O-kernel) is a universal triple

—

_ - vy IS

N(g) B = C

Ng g

This means that, for any other triple (A € B, f: A — B,p € O(f - g)), there exists
a unique arrow f: A — N(g) such that f'-n, = f and f oy, = ¢.

2. A ©-kernel (N (g),ng, vy) is strong if, for any triple (A, f: A — N (g),¢ € O(f -ny))
such that ¢ o g = f o v, there exists a unique nullhomotopy ¢' € ©(f) such that
¢ ong = .

3. The notion of (strong) ©-cokernel is dual of the notion of (strong) ©-kernel. The
notation 1s:

C(g) € B,cy:C —C(g),7, € O(g - ¢y)

Let us recall from [22, 26] the cancellation properties satisfied by a ©-kernel.

2.2.2. PROPOSITION. Let g: B — C' be an arrow in a category with nullhomotopies (B, ©)
and let (N'(g),ng,v,) be a ©-kernel of g. Then, the following cancellation property holds:

(1) Given f,h: A— N(g), if f-ng="h-ny, and f ov, = howy, then f = h.

In addition, if the reduced interchange is satisfied, then the following cancellation property

holds:

(2) Given an arrow f: A — N(g) and nullhomotopies o, € O(f) such that ¢ ongz =
Y ong, if the ©-kernel of g is strong, then ¢ = 1.

2.2.3. REMARK. The dual cancellation properties hold for the ©-cokernel (C(g), ¢g,7y)
of an arrow g.

Let us introduce two examples of O-kernels that play an important role in this paper.

2.2.4. EXAMPLE. [The ©-kernel of an initial arrow|The first relevant special case of ©-
kernel is the one of the initial arrow Oy of an object Y € B. Its universal property can be
restated as follows:

For any object X € B and for any nullhomotopy ¢ € ©(05 ), there exists a unique arrow
g: X — N(0y) such that go vy, = ¢
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2.2.5. REMARK. The universal property of the ©-cokernel of a terminal arrow can be
formulated dually.

2.2.6. EXAMPLE. [The O-kernel of an identity arrow] The second relevant special case of
O-kernel is the one of the identity arrow idy of an object Y € B. Its universal property
can be restated as follows:

For every arrow ¢g: X — Y and for every nullhomotopy ¢ € ©(g), there exists a unique
arrow g: X — N (idy) such that g - nig, = g and go vy, = ¢

Q|

N (idy)

\‘_Y"//

Moreover, if the ©-kernel N (idy) is strong, there exists a unique nullhomotopy ¥ € ©(7)
such that P o nyq, = .

2.2.7. REMARK. If it exists, the ©O-kernel of the identity arrow of an object Y has a
special role: if B has pullbacks, then the ©-kernel of any arrow g: X — Y exists and is
given by

— /7 - -
- 4 g'oniay, ~ -

where the diagram

N(g) —L— N(idy)

is a pullback (see Proposition 5.3 in [22]).

We now prove the following general lemma, which is a variant of Remark 3.2 in [26].
Its dual also holds and both are needed in Section 3 to construct the snail sequence.

2.2.8. LEMMA. Consider the solid part of the following commutative diagram (the one
on the left) in a category with nullhomotopies (B,©)

n(g,9’ )4 >
N(a) "0 N (1) Na) 7= N (D)
| | e
y Na np N \zj; = [Na np
(v A 2 B <w, T~ A g B
\ /
N a b % a b
TX _ Y~ X—F Y
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/

1. There exists a unique arrow n(g,g'): N(a) — N(b) such that n(g,g') -ny = ng - g
andn(g,g')ovy, =1, 0g.

2. Consider the diagram on the right and assume that © satisfies the reduced inter-
change. Given nullhomotopies ¢ € ©(g) and v € O(n,), if the O-kernel of b
is strong, then there ezists a unique nullhomotopy n(y) € O(n(g,q’)) such that

n(y)on, =1 og.

PROOF. 1. Just apply the universal property of N'(b) to v,09 € O(ng - ¢ - b).
2. Consider ¢ o ¢' € ©(n(g, g') - ny). Since

Yog -b=voa-g=ng-acp=v,09=n(g,g)ou

we can use that NV (b) is strong to get a unique nullhomotopy n (1)) € ©(n(g, ¢')) such that
n()on, =1 og. ]

2.3. THE my OF AN OBJECT. In this section we introduce the 7y of an object, which is
a special type of ©-kernel that will be appearing in the snail homotopy sequence we will
build in Section 3.

2.3.1. DEFINITION. Let (B,0) be a category with nullhomotopies and assume that B
has a 0 object. The 7 of an object Y is the ©-kernel of the arrow part of the ©-cokernel
of the terminal arrow 0Y. Diagrammatically:

-~ ‘U’Yoy - ~
~

e Y

Y OY 0 COY C/<O)

/

Ny
7T0( __///

Y)__

where 7y is the unique arrow such that 9y o v, = 7ov. Dually, the m of an object Y is
the ©-cokernel of the arrow part of the ©-kernel of the terminal arrow Oy.

2.3.2. REMARK. The chosen terminology of my and 7 is not arbitrary, since this definition
generalizes that of my and 7; of a groupoid. We explain this in more detail in Example
2.5.2. The meaning of the my-construction (and, dually, of the m-construction) in the
category Arr(A) is explained in Subsection 2.5.

2.3.3. REMARK. Observe that the construction of 7y(Y) is a special case of a ©-kernel
of an initial arrow (see Example 2.2.4), since mo(Y") = N(cov) = N (0O¢(ov)). Analogously,
m(Y) is a special case of a ©-cokernel of a terminal arrow since m(Y) = C(ng,) =
C(ON(OY)).
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2.4. (CO)DISCRETE OBJECTS. We now proceed to introduce the general definition of
(co)discrete object. For our purposes, the relevance of discrete objects lies in the fact
that, in the categories with nullhomotopies of our interest, the categorical kernel and the
©-kernel of any arrow with codomain a discrete object coincide (see Lemma 2.4.3 below).
This property will be very useful later on, especially since objects of the form N (0y)
(Example 2.2.4) and, in particular, of the form m(Y) (Definition 2.3.1), are discrete
under suitable assumptions (see Lemma 2.4.4 below).

2.4.1. DEFINITION. Consider a category with nullhomotopies (B,©). Assume that ©
satisfies the reduced interchange and that B has a ©-strong zero object. An object Y € B
is discrete if, for any arrow g: X — Y, the following conditions hold:

e if g # 05, then ©(g) = 0,
e if g =05, then O(g) = {3 }.
Codiscrete objects are defined dually.

2.4.2. REMARK. The terminology “discrete” will be motivated at the end of Section 2.5
(see Remark 2.5.1).

We now show that, under suitable assumptions, the categorical kernel and the ©-kernel
of a morphism with codomain a discrete object coincide.

2.4.3. LEMMA. Consider a category with nullhomotopies (B, ©). Assume that © satisfies
the reduced interchange and that B has a ©-strong zero object and ©-kernels. If an object
Y € B is discrete, then for every arrow g: X — Y the ©-kernel of g coincides with the
usual categorical kernel of g.

PROOF. Since Y is discrete, ny - g = 03 ¥ and v, = %) ¥, Consider an arrow f: W — X
such that f-g = 0. This implies that *}Y € O(f - g), so that there exists a unique arrow
W — N(g) such that f'-n, = f and f' oy, =V . If f:W — N(g) is another arrow
such that f”-ng = f, then f"ov, = "o *é\,/(g) = xy7 by Definition 2.1.5, so that f” = f'.
This proves that the ©-kernel satisfies the universal property of the usual kernel.

Conversely, let k,: Ker(g) — X be the usual kernel of g. Since k, - g = OKer(g), we can

take v, = Ker(g € O(k, - g). Given now f:W — X and ¢ € O(f - g), since Y is discrete
we get f - g = 0¥ and ¢ = *}. From f-g = 0}, we get a unique f: W — Ker(g) such
that ' -k, = f. Moreover, f'ov, = f'o *}Ifer @) _ = %y = ¢ by Definition 2.1.5, and we are
done. [

In particular, we will be able to apply Lemma 2.4.3 to morphisms whose codomain
is of the form A (0y) and, in particular, of the form my(Y"), on account of the following
result.
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2.4.4. LEMMA. Consider a category with nullhomotopies (B, ©). Assume that © satisfies
the reduced interchange and that B has a ©-strong zero object. Then, if (B,©) has strong
O©-kernels, for any object Y € B, the object N'(Oy) is discrete. In particular, mo(Y') is
discrete. Dually, if (B, ©) has strong ©-cokernels, for any object Y € B, the object C(0)
15 codiscrete.

PROOF. Consider an arrow ¢g: X — N (0y) and a nullhomotopy ¢ € ©(g). We have to
prove that g = 0/)\(/(oy) and ¢ = *j\(/(Oy)' Using the universal property of the ©-kernel, the
first condition follows from the equations:

g . nOy = OX e O;\(/‘(Oy) . n()y

and

N0 N0
govy, = SOOOY( ) = *5 = *./)\(/'(Oy) OOY( )= Oj\(/(()y) © Voy

(in the second one we use Definition 2.1.5). Using that the ©-kernel is strong, the second
condition follows form the equation

X X
QOOTLOY = k —*N(Oy)onoy

where we have used once again Definition 2.1.5. The proof that C(0¥) is codiscrete is
dual. n

2.5. THE CLASSICAL EXAMPLE: THE CATEGORY OF ARROWS AND NULLHOMOTOPIES.
To help the reader with the various constructions introduced so far, let us look at the case

where (B,0) = (Arr(A),Oa):

e Objects, arrows and nullhomotopies for this example can be depicted as follows

W ! X g Y h Z

|

W() X(] z 1/0 ZO
fo

ho
In other words,
©a((g,90): (X, 2, Xo) = (Y, 4, Y0)) ={p: Xo = Y |2 -0 =g,0 -y = g}
and (f, fo) o po (h,hg) = fo-p-h.
e The structure O, satisfies the reduced interchange.

e If A has pullbacks, then Arr(.4) has strong ©a-kernels constructed as in the fol-
lowing diagram on the left (the dashed arrow is the nullhomotopy), the one on the
right being a pullback

X .Y Xo Xo 0 Y

90,Y

g0
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Dually, if A has pushouts, then Arr(.A) has strong ©a-cokernels.

e If A has a zero object 0, then the object (0,idg,0) is a Oa-strong zero object in
Arr(A). More details can be found in [22, 26].

Assume now that A has a zero object, kernels and cokernels. For an object (Y,y,Ys) in
Arr(A) we then have the following:

o The ©-kernel N'(0(v, v,)) with its structural nullhomotopy is given by

0 Y

L ky -7 L
- )

Ker(y) Yo

e Dually, the ©-cokernel C(0'¥Y0)) with its structural nullhomotopy is given by

Y 0 Cok(y)

e Consequently, the canonical arrow 7y, vy): (Y, y, Yo) = mo(Y,y, Yo) is given by

Y 0
| |
Yo Cok(y)

Cy

e Finally, the ©-kernel NV (id(y,y,y,)) with its structural nullhomotopy is given by

y_ & Ly
) 7
ldyl ljly/ - Ly
y < Y,

The following remark motivates the choice of the terminology “discrete”.

2.5.1. REMARK. Assume that A has a zero object, kernels and cokernels. Then, an
object (X,z,Xo) € Arr(A) is discrete if and only if X = 0 (and then, necessarily,
x = Ox,). For the only if part, just consider the ©-kernel of id(x » x,). Dually, an object
(X, z, Xo) € Arr(A) is codiscrete if and only if Xy = 0.

The following example motivates the choice of the terminology my and ;.
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2.5.2. EXAMPLE. Let A be an abelian category. In particular, we have an equivalence
of categories Arr(A) ~ Grpd(A), where Grpd(A) denotes the category of internal
groupoids in A (see [3]). This equivalence sends an object (Y,y,Yy) in Arr(A) to the
groupoid G(Y,y,Yy) with underlying reflexive graph

T
.
YodY <ii=Y)
iddy

every reflexive rapll in A can be extended uniquely to a gr()up()id structure, see 9, 201).
g
Then:

e The my-construction in Arr(A) corresponds via the equivalence Arr(A) ~ Grpd(A)
to the usual mp-construction in Grpd(A):

The object mo(Y,y, Yo) = (0,0, Cok(y)) in Arr(.A) gets sent via the equivalence to
the groupoid mo(G(Y, v, Yp)), i.e. the discrete groupoid of connected components of
G(Y,y,Ys), whose underlying reflexive graph is

id
Cok(y) =<ia— Cok(y)
id

e The m-construction in Arr(.A) corresponds via the equivalence Arr(A) ~ Grpd(A)
to the usual 7j-construction in Grpd(A):

The object m (Y,y, Yy) = (Ker(y),0,0) in Arr(.A) gets sent via the equivalence to
the groupoid m (G(Y,y, Yy)), i.e. the codiscrete groupoid of automorphisms of the
0-object of G(Y,y, Ys), whose underlying reflexive graph is

0
—

Ker(y) <0=0

-
0

3. The homotopy snail sequence

In this section, we work in a category with nullhomotopies (B,©) under the following
assumptions:

e (B,0) satisfies the reduced interchange condition 2.1.4;
e There exists a ©-strong zero object as in Definition 2.1.5;
e The strong O-kernel of any arrow exists;

e The strong ©-cokernel of any terminal arrow exists.
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Given an arrow ¢ in B together with its ©-kernel

—

- vy T~

N(g) X -Y

Ng g

we are going to construct the “snail” sequence connecting six discrete objects

n(ng) n(g) 70(ng) 7o(g)
N (Onr(g)) =2 N (0x) == N (0y) == mo (N (9)) =% mo(X) == (V)
where each pair of consecutive arrows gives, by composition, the zero arrow. The exactness
of this sequence will be discussed in Section 4.

3.0.1. REMARK. The reader may have expected an exact sequence in which the first
three objects would have been of type 7 (more precisely, m1(N(g)), 7 (X) and 71 (Y))
as it happens, for example, in [17, 23, 25] (see also [21] and [24] for other instances of
such a situation). Notice, however, that between a codiscrete object and a discrete object
the only possible arrow is the zero arrow. On the contrary, the objects N(Oar(g)), N (0x)
and N (0y) are the discrete version of 71 (N (g)), 71 (X) and 71 (Y") and therefore, they can
participate in a non-trivial sequence with the objects of type my. What makes the present
situation different from that in the above mentioned references is that in [17, 23, 25],
7o(X) and 71 (X) do not live in the same category where X lives, whereas in our context
X, mo(X) and 7 (X) all live in the same category B (m(X) as a discrete object and 7 (X))
as an codiscrete one). We will go back to this problem in Remark 3.0.4.

3.0.2. CONSTRUCTION. We divide the construction of the “snail” sequence into five steps:
Step 1: By applying the first part of Lemma 2.2.8 to the situations

n(ng) n(g)
N(ON(Q)) """""""" s >N(OX) N(Ox) »»»»»»»»»»»»» . >N(0Y)

.7 JRON(Q) "Oxl AN .7 lnox noyl N
/ ido A / ido \
| Yone) = 0 0 <=wx /\ L vox =0 0 <Yy

\ /

\\\ jON(g) Oxj d N lox Oyl 7

N(g) o X S X - Y~

we get the dotted arrows n(n,) and n(g), which are unique with n(ng) o vo, = 1oy, © 1y
and n(g) o vy, = o, o g. If we apply now the second part of Lemma 2.2.8 to

n(ng) n(g)
__Nx) N(0x) = N(0y)
NN () l"%wg) anY
T~ ido
~=0 0
jomg) LOY
N(g) - te X Y
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we get a nullhomotopy in ©(n(n,) - n(g)). Since N'(0y) is discrete (see Lemma 2.4.4), we
can conclude that n(n,) - n(g) = 0.
Step 2: Consider now the diagram

g
X Y
~, SN
e ~N
e nx ny N
d mo(g) h
/ \
y OX ﬂ'O (X) ........................................................ > WO(Y) OY \
~ P - \
! YoX = Tex A N s ey <= Yy
\ N , I
\ /
\ 0 = Pex > ( Vv = 0 /
N y N s
N CoX - N CoY 7
- N -
~ P N -
C(OX ) - C(OY)
c(9)

Starting from g: X — Y and applying the dual of Lemma 2.2.8, we get a unique arrow
c(g) such that yox o c(g) = g o ygv. If we start now from the arrow c(g): C(0%) — C(0")
and we work as in Step 1, we get a unique arrow mo(g) such that m(g) ove, = v 0c(g).
Moreover, g - 7y = 1x - mo(g). To see this, we compose with v,

Nx - T0(9) © Veyy = Tx © Veyx ©¢(g) = Yox 0¢(g) =goYor =g Ny O Veyy

and we can conclude using the first part of Proposition 2.2.2.
If we repeat the same argument starting from ny: N (g) — X instead of g: X — Y, we get
arrows

c(ng):C(ONV @) = €(0%) and 7o(ny): mo(N(g)) — m0(X)

unique with yove) 0 ¢(ng) = ng o yox and mo(ng) o Ve = Ve o ¢(ny). Moreover, by
Proposition 2.2.2 we get ng - nx = Nar(g) - To(ny) as above.
Finally, the nullhomotopy v, € ©(n, - g) and the dual of the second part of Lemma 2.2.8

allow us to prove that the composite arrow

ON(Q)

C(OV) € (0%) — 12— C(0")

is the zero arrow (because C(0Y) is codiscrete). By the second part of Lemma 2.2.8 again,
we can conclude that also the composite arrow

(N (9)) — 22 7y (X) — 2D o (¥)

is the zero arrow, as needed.
Step 3: In order to construct the connecting arrow 6: N'(0y) — m(N(g)), consider the
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following diagram

............... N(0Y>
A . lnoy S
Ox " 0 <=voy \l
/
jOY P
N ¥ ng g //
(9) - X —~Y
’W(g)l T~ w7
T O(N (9))

Since vy, € O(ng, - 0y) = @(OQ[(OY) - g), the universal property of the ©-kernel of g gives
a unique arrow A: N (0y) — N (g) such that A -n, = O/)\([(OY) and A o v, = 1p,.. We put

Step 4: To check that the composite arrow

N(0x) —2 N(0y)

mo(N (9))

is the zero arrow, consider the diagram

mo(N(g))

By the universal property of A(idy), we get a unique arrow ¢y such that tx -niq, = OJ)\([(OX )
and tyovq, = g, . By the universal property of N'(g), we get a unique arrow sx such that
Sx Mg = Nidy and Sx oV, = Vg, 0g. Since viq, € O(niay ) = O(sx-n,) and 14, 09 = sxov,,
the fact that N(g) is strong gives us a unique nullhomotopy vy, € ©O(sx) such that
VX, © g = Viay. Finally, since vy, € ©(sx), by the universal property of N (idr ) we
get a unique arrow rx such that rx - Nidy () = SX and ry o Vidyy) = VX,g- Now we can
check that n(g) - A =tx -rx - Nidpry) using the first part of Proposition 2.2.2:

[ n(g) NVANE ng = n(g) . OQ([(OY) = OJ)\(/(OX) = tX ‘MNidy = tX *Sx ng = tX rx - TlidN(g) ' ng
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i n(g)-AOVg = n(g)oyoy =lox ©g :tXOVidX °g = tX'SXOVQ - tX'TX'nidN'(g) ©Vly
Thanks to the previous equation, we have that
Ix-rxo Vidn(g) © N (g) € @(tX “TX  Md ) '7]/\[(9)) = @(n(g) A 77N(g)) = @(”(9) ) 5)

and, since mo(N(g)) is discrete (see Lemma 2.4.4), we can conclude that n(g) - 0 is the
Z€TO arrow.
Step 5: The fact that the composite arrow

N(0y) mo(N (g)) — 220+ 70 (X)

is the zero arrow is obvious:
N(0 N(0
6 - mo(ng) = A -1y - Mo(ng) = A ng-nx = OX( v Nx = Om((XY))
3.0.3. ExamMPLE. We go back to the classical example treated in Section 2.5, where
(B,0) = (Arr(A),O4). We assume that A has a zero object, pullbacks and cokernels.

Starting from a ©a-kernel

X X—1 Y
<w,g>l b - /L; - jy
Xo X 9o,y Y o Xo 90 Yo
the associated snail sequence is
0 0 0 0 0 0

] | L

Ker(x, g) — Ker(z) — Ker(y) % Cok(z, g) — Cok(x) — Cok(y)

where the unlabelled arrows are the obvious ones and dy is given by
0o = (0, ky) - clagy: Ker(y) — Xo X g, Y — Cok(z, g)
so that the bottom line precisely is the snail sequence appearing in [19, 25].

3.0.4. REMARK. Example 3.0.3 gives us the occasion to clarify the problem discussed in
Remark 3.0.1. If, instead of the sequence just constructed, we try to get a sequence of
the form -7, in the case of (Arr(A),Oa) we would get

Ker(x, g) — Ker(z) — Ker(y) 0 0 0
L | _—
0 0 0 Cok(z, g) — Cok(x) — Cok(y)

so that the only possible connecting homomorphism would be the zero morphism.

We end this section with a lemma about the arrow A: N (0y) — N (g) defined in Step
3 in Construction 3.0.2 above. This lemma, needed in the next section, is a generalization
of Lemma 3.2 in [23].
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3.0.5. LEMMA. Consider the notation introduced in Construction 3.0.2 above. The dia-
gram

g

N(0y)

is a kernel (in the usual categorical sense).

X

N(g)

PrOOF. The fact that A - n, = OQ(/(OY) is part of the definition of A (see Step 3 in
Construction 3.0.2). Consider now an arrow a: A — N(g) such that a - n, = 0%. This
implies that a-n, - g = 04 and then a oy, € ©(0¢). By the universal property of N'(0y),
we get a unique arrow b: A — N (0y) such that bo vy, = aov,. To check that b- A =a
we use part 1 of Proposition 2.2.2:

. b-A-ng:b~OJ)\(/(OY):O§‘(:a‘ng
e b-Aoy,=boyy, =aoy,

As far as the uniqueness of b is concerned, let b": A — N (0y) be such that b’ - A = a. It
follows that b’ o vy, =b"- Aoy, =aov,, so that ¥ = b by definition of b. n

4. Exactness of the snail sequence

We work under the same assumptions as in Section 3: the nullhomotopy structure ©
satisfies the reduced interchange condition 2.1.4, the category B is equipped with a ©-
strong zero object and has all the needed strong ©-kernels and strong ©-cokernels. We
moreover assume that B has pullbacks.

In this section we are going to study the S-exactness of the snail sequence built in
Section 3, where § is a suitable class of morphisms in B. The notion of S-exactness
(Definition 4.0.3) is a generalization to categories with nullhomotopies of the notion of
exactness in the context of regular pointed categories, where the role of § is played by the
class of regular epimorphisms (see, for example, [6]). This notion, in turn also generalizes
the classical notion of exactness in abelian categories.

4.0.1. CoNDITION. We fix a class of arrows § in B satisfying the following conditions:
1. S is closed under composition,
2. § is stable under pullbacks,
3. § contains all the identities,
4. § has the left cancellation property: if a composite f - g is in §, then g isin S.

4.0.2. REMARK. Note that such a class S contains all the isomorphisms. Note also that,
if we ask that all monomorphisms in S are isomorphisms, we get the notion of surjection-
like class of arrows discussed in [16] (where condition 4 is called strong right cancellation

property).
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4.0.3. DEFINITION. Consider the diagram in (B, ©)

We say that (f, ¢, g) is S-exact if the unique factorization of (f, ) through the ©-kernel
(ng,vy) of gisin S.

Note that if Y is discrete, to be S-exact means that the unique factorization of f through
the categorical kernel of g is in §.

We now proceed to introduce the notions of S-proper and S-global objects generalizing
the corresponding notions of proper morphism and object with a global support. Recall
that a proper morphism in a pointed regular and protomodular category is a morphism
such that (the first morphism in) its factorization through the kernel of its cokernel is a
regular epimorphism (see [6], [11], [25]), while an object with a global support is an object
such that the terminal morphism with the object as domain is a regular epimorphism (see
[4], [5], [15]). As already mentioned in the Introduction, in an abelian category every
morphism is proper and every object is global. This is the reason why these notions
disappear in the abelian context, whereas they are used in more general contexts to
develop basic homological algebra (see [3]).

4.0.4. DEFINITION. Let Y be an object in (B, 0).

1. Y is S-proper if 7: N'(idy ) — N (ny) is in S, where 7 is the unique arrow such that
Y- Npy = Nigy, and Yo v,, = Vg, © Ny

-7 lil’idy\\

a ~N

N (idy) e Y oY)
\ V -
Yy i Vny _ -~ -
Ny)-----~

2. Y is S-global if ny:Y — mo(Y) is in S.

4.0.5. EXAMPLE. Let us consider once again (B,0) = (Arr(A),©x) and take as S the
class of arrows
X———=Y

Xo Yo

90

such that both g and go are regular epimorphisms in A. Observe that in (Arr(.A),Oa),
the factorization 3 of Definition 4.0.4 is essentially the factorization of the arrow part y
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of an object (Y, y,Yy) through the kernel of its cokernel

idy

Y Y 0

idyt idy ) id/ly j
Y \ Yo Cok(y)
7 7Y
{

Ker(c,)

key

To start, assume just that A has a zero object, kernels and cokernels. Under these
conditions, S contains isomorphisms, each object is S-global and an object (Y,y,Yp) is
S-proper precisely when the factorization of y through the kernel of its cokernel is a
regular epimorphism. This is the definition of proper arrow used in [6, 25]. Now keep
in mind that limits and colimits in Arr(A) are computed level-wise in A. If we add the
assumption that A is regular, then S satisfies Condition 4.0.1.

4.0.6. PROPOSITION. Consider an arrow g in (B, ©) together with its ©-kernel

— -
-~ Yy IS
-~ ~

N(g) X SY

Ng g

If Y and N(g) are S-proper and X is S-global where S is a class of morphisms in B
satisfying Condition 4.0.1, then the associated snail sequence

NO0xig)) 2L AT(0x) 22 A (0y ) 2 (N (g)) 2 o (X)) 222 7 (1)

is S-exact in N'(0x), N (0y) and mo(X).

PROOF. We use the constructions and the notations introduced in Section 3. In particular,
for the arrows tx,rx and sx and for the nullhomotopy vy 4, see Step 4 of Section 3.
Exactness in AV (0x): we are going to prove that the diagram

N(Opg) —222 o N(0x) — 22— A (0y)

constructed in Step 1 of Section 3, is a kernel. This implies the S-exactness because S
contains the isomorphisms. Consider an arrow a: A — N (0x) such that a-n(g) = O/f\l/(oyy
As a preliminary step, we check that a -ty - ry - Nidy () = Oﬁ[( g) using the cancellation
property provided by Proposition 2.2.2:

® Ix TX Midyy Mg = tx - Sx - Ng = tx * Niay = 0/)\(/(0)() = O%ng) - ng, and then

. N(0x) __NA
a'tX'T’X'”idmg)'”g—a'ON(gf g = Oy "My
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® Aty Tx Midy, OVy =0 tx 8x0Uj=0a-txO0lg, 0g=ao0ly, 0g

0 N(0
v) _ A )OON(gf)'”g'g

N
=a-n(g)o vy, = *ﬁ/(oy) o OY( = %X (0y (
= 03v(s) © ¥

By the universal property of N'(Oxy)), there exists a unique arrow a’: A — N (Op(g)) such
that a’ o Yoy = @ EX *TX O Vidyy,, Now we show that a’ - n(n,) = a using once again
Proposition 2.2.2:

e d n(ny) noy =04 =a-ng,
/ _ / _ —

o -n(ng)ovy, =a O Upriyy O = @ X " TX OVidyy, Oy = A tx OVx,4 0Ny
=a-tx Olgy = a0y,

As far as the uniqueness of the factorization is concerned, let a”: A — N (Opy)) be such
that a” - n(n,) = a. Since clearly a’ - no,,,, = 04 = a” - ng,,, to have a” = a’ it remains
to show that a’ o1y, = a” oy, . Since the ©-kernel N (g) is strong, it is enough to
compose with n:

"

/ . o . R/
a’ oV, 0Ny = a n(ng) ovy, =a"-n(ng)ovg, =a” ovg,, ong

Exactness in NV (0y): We are going to prove that the unique arrow o making commuta-
tive the following diagram is in S:

N (8) ——=N(0y)

S

N(0x)

mo(N(9))

For this, consider the factorization A’ of ns - A through the (homotopy) kernel of nu):

N () == N (0y) N(g) —22 70 (N(g))

A

N(arg))

Consider also the factorization z obtained when, in Definition 4.0.4.1, we start from the
object N (g):

Md s (g)

e A

N (id(g)) Ng)
Tpr(g)
N (na(g))
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Using the arrows o, A’ and Z, we can build up the diagram

NT@ & N(nfmm)
N(0x) ———— N(idx) ——=N(idn(y)

To check its commutativity, we compose with n,, -, which is a monomorphism because
mo(N(g)) is discrete:
o-A =o0-ng-A=n(g) - A=tx-rx-n =1lx Trx Z Ny,

!
M) idpr(g)

By assumption, N (g) is S-proper, that is, Z € S. Since S is stable under pullbacks, to
prove that ¢ € S it remains to show that the previous square is a pullback. For this,
consider two arrows

a:A— N(idy) and b:A— N(9)
such that a -z = b - A’. This equality implies that

. — . / . . N(Oy)_ A
Q- Midy,y Mg =@ Z Ny " Ng =b- Aoy ong=b-ns-A-ng=>b-ns-0x = 0%

so that we can consider the nullhomotopy a o viay.,, © ng € O(a - niay,, - ng) = 0(0%).
By the universal property of N (0x), we get a unique arrow ¢: A — N(0x) such that
COVpy = GO Uiy, © Ny We have to verify that c is a factorization of a and b. To check
that c-o = b, we compose with ns, which is a monomorphism because 7o (N (g)) is discrete,
and then we use the universal property of A (0y):

C0ngoVy, = C-n(g)ol/oy = €OV, Of = AOVidy, ONg"g = U-Nidy,, OVg = b.né.Aoyg = b-n(sol/oy

where the fourth equality follows from the reduced interchange. To check that c-tx-rx = a,
we use Proposition 2.2.2 and we compose a first time with niq n(o and a second time with
Vidy(y - 11 the first case we use Proposition 2.2.2 again, and in the second case we use that
the ©-kernel NV (g) is strong:

N(0x) A
® Colx TX MNidyy "Ng = C lx-Sx Mg = C-lx Nidy =c- 0y = 0% = Q- Nidy, " Nyg

. c-tX-TX~nidN(g)oyg:c-tX-onyg:c~thyidXog:coyoxog

:aoyidN(g)ong-g:a-n OVyg

idxr(g)
® C-lx TXOldy, ONg=C lx OVx,gOMNg=C-lx Olidy = COVyy = A0 Vidy,, ©Nyg

As far as the uniqueness of the factorization ¢ is concerned, let ¢: A — N (0x) be such
that ¢ -0 =band ¢ - tx - rx = a. To verify that ¢ = ¢, we go back to the definition of c:

/ / / /
C ol =C¢C ‘tXOVidX:C ‘tXOVX,gOng:C 'tX'TXOVidN’(g)Ong:aoyidj\/’(g)ong
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Exactness in (X ): We are going to prove that the unique arrow ¢ making commutative
the following diagram is in S:

N (mo(g)) — =22+ (X)) — =2 (v)

\ ]womg)

N(0x)

We can split the pullback describing the ©-kernel N'(g) (see 2.2.7) in two steps:

/

N(g) - Nidy)
NG
ng P N (ny)
e | <

X Y

Now observe that

N
b-nx-ﬂo(g)=b-9-77y=c-nny-UYZC'OWO((%):OfW)

so that there exists a unique arrow ¢: P — N (my(g)) such that ¢ - n., ) = b- nx. In fact,
more is true: the square

P —=N(mo(9))
] o
X mo(X)

is a pullback. This can be proved using the following commutative diagrams:

P . N(UY)

mo(g

Since (1) and (2) are pullbacks, then (1)+(2) is a pullback. This implies that (3)+(4) is
a pullback because nx - mo(g) = ¢ - ny. Since (4) also is a pullback, we can conclude that
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(3) is a pullback. Finally, observe that a -t = na) - 0. To check this equality, we can
compose with 1), which is a monomorphism because 7,(Y') is discrete:

a't'nwo(g) :a'b'ﬁx =Ng - Nx = NN(9) 'Wo(ng) = TN (g) * O " Nxy(g)

Now we can conclude as follows: since Y is S-proper, § € S and then a € S by stability
under pullbacks. Since X is S-global, nxy € & and then t € S once again by stability
under pullbacks. Since S is closed under composition, the equality a -t = n (g - ¢ and
the left cancellation property imply that o € S. [

The exactness of the snail sequence in my(N(g)) requires one more assumption on the
class S.

4.0.7. CONDITION. Let § be a class of arrows in B as in Condition 4.0.1. We say that
S satisfies condition (Sub) if, in the following commutative diagram, if K(x,y) and ¢ are
in S, then K(g, go) also is in S.

Ker () — 2% Ker(y)
T
Ker(g) o X J Y
K(x,y)j w] \y
Ker(go) Xo Yo

kg go

4.0.8. REMARK. Condition (Sub), with & = {regular epimorphisms}, has been isolated
by Bourn in [6] (see also [3]) and is a special case of the snake lemma. It also appears in
[13] under the name of symmetric saturation property. It has been used as well in [25] to
prove the basic version of the snail lemma which, in the context of pointed protomodular
regular categories, subsumes the snake lemma. The precise situation has been explained
to us by Zurab Janelidze in a private communication and we report it here for the sake of
completeness. Assume that the category B is pointed and regular. Then condition (Sub)
is equivalent to the subtractivity of B. First, by Theorem 3 in [19], the subtractivity of B
is equivalent to the fact that the incomplete snail lemma holds in B. Now, the incomplete
snail lemma is equivalent to condition (Sub). Indeed, if in the first diagram of Section 3
in [19] we assume that the arrows Y; — X and W; — X are monos, then the incomplete
snail lemma precisely gives condition (Sub). For the converse implication, one has to
consider the (regular epi, mono) factorization of the same two arrows. The fact that
subtractivity implies condition (Sub) can also be checked using the pointed subobject
functor introduced in [18].

4.0.9. PrROPOSITION. Consider an arrow g in (B, ©) together with its ©-kernel

-~

_ - Jvg NG
-~ ~

N(g) X -Y
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If X is S-proper and N (g) is S-global and if S satisfies Conditions 4.0.1 and 4.0.7, then
the associated snail sequence

N (Oxe) 2L A(0x0) 22 A (0y) —- mo(WV () 2 (X)) 2L 70 ()

is S-exact in my(N(g)).

PRrOOF. We are going to prove that the unique arrow o making commutative the following
diagram is in S:

N (mo(ng)) — 22+ 70 (N(g)) — 22 7y (X)

N (0y)

Consider the following diagram, where the square is the pullback describing the ©-kernel
of g (see 2.2.7)

& N

Nlidy) 5= N(g) —L—~ N idy)

v

\ ~

\ Nid 5 N
\ ng Nidy | < Vidy )
/

N T viay -

) X Y-~
~
-7 g

and recall that v, = ¢’ o 14q,.. By the universal property of A/ (idy), we get a unique arrow
g such that g - nig, = niay - g and g o g, = Vg, © ¢g. Because of the first condition on g,
we can use the universal property of the pullback N (g) and we get a unique arrow v such
that v - ¢’ =g and v - n, = nyq,.. Since

—_— , — —_—
VOVyg=vV-g OVidy = gOVidy = Vidx ©9

the fact that the ©-kernel N'(g) is strong gives us a unique nullhomotopy 7 € ©(v)
such that 7 on, = 14q,. Consider now the following diagram, where the solid part is
commutative and where Z (respectively, T) is the factorization obtained as in Definition
4.0.4.1 when we start from the object N'(g) (respectively, X), as in the second part of the
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proof of Proposition 4.0.6

N(idyg)) u;d\m\)\ ~ N (Oy) ——= N (m0(ny))
. g
. A nﬂ'o(ng)

N(ix(9) = N9) —7 MoV (9))
7 ’T n(w)l ng 70(ng)

H o (X)
V /'ﬂ Vidy -~ ~

N(ldx) _ _ Y

By the universal property of N (idy,)), we get a unique arrow v such that - n

idn(g) = Y
and U o viq,,

oy = T- Moreover, the universal property of N (idy) gives a unique arrow
ng such that ng - nig, = Nidy () * Mg and ng o viq, = Vidpr(y) © M- Now we check that ©
and 7, realize an isomorphism. We will use three times the cancellation property from
Proposition 2.2.2. First, we check that 7y - v = niq,,:

® Ny -V MNg =Ny - Nidy n

= Nidpg) "My

® Ty VOV, =Ty OVidy O = Vidy,) O Mg * § = Nidy,, © Vg, the last equality coming from
the reduced interchange

Second, we check that g, - v = id:
® Mg U Midy,) = Mg~ U= Midy,
® Ty VO Uy, = Mg OT = Vidy, Where, for the last equality, we compose with n,:
® NG0TONGg =MNgO Vg, = Vidp(g) © Ty
Third, we check that 7 -7, = id:
® U-Ng - Nidy :E-nidmg) "Ng =V Ng = Nidy
® U:TNgOliqy = VO Vidy, ONg =T ONg = Vidy

It remains to check that Z - n(n,) = 7, - Z. For this, it is enough to compose with n,,
which is a monomorphism because my(X) is discrete:

zZ- n(ng) My =2 Ny Mg = Midyeyy " Ty = Mg " Midx = Mg * T~ Ny

We can conclude as follows: since X is S-proper and 77, is an isomorphism, the equality
Z -n(ny) = M, - T implies that n(n,) is in S by Condition 4.0.1. Since N(g) is S-global
and A: N(0y) — N(g) is the kernel of ny (see Lemma 3.0.5), we can use Condition 4.0.7
and o is in S. n
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4.0.10. EXAMPLE. Let us consider once again (B,0) = (Arr(A),O) with S the class
of arrows introduced in Example 4.0.5 and A a pointed regular category with kernels
and cokernels. We saw in Example 4.0.5 that S satisfies Condition 4.0.1. If we further
assume that A is protomodular, then S satisfies also Condition 4.0.7, as proved in [6].
In particular, if A is abelian, then S satisfies Conditions 4.0.1 and 4.0.7 and each object
in Arr(A) is S-global and S-proper. In conclusion, the exactness of the snail sequence
appearing in [19, 25] (see Example 3.0.3) is the special case of Propositions 4.0.6 and 4.0.9
when (B,0) = (Arr(A),0,) and A is pointed, regular and protomodular.

4.0.11. REMARK. The proof of the exactness of the snail sequence (Propositions 4.0.6
and 4.0.9) is more elaborate but similar to the proof of the exactness of the snail sequence
in the context of pointed regular protomodular categories done in [25]. Strangely enough,
Lemma 3.0.5, which is essential in the present proof, does not appear in [25] but comes
from the snail lemma for internal groupoids established in [23].

5. Sequentiable families of arrows

In this section, we fix a category A with a zero object 0, kernels and cokernels and
we introduce the category with nullhomotopies (Seq(A), Oa) of sequentiable families of
arrows i A. Then, under the extra assumption of A having pullbacks, we build the
homotopy snail sequence associated to a morphism in Seq(.A) and analyze its S-exactness
where S is a class of arrows in Seq(.A) inherited from a class of arrows, also denoted by S,
in A. To conclude, we show how the snail homotopy sequence associated to a morphism
in Seq(.A) allows to construct a long sequence in A, which, under suitable conditions,
will be S-exact.

5.1. THE CATEGORY WITH NULLHOMOTOPIES (Seq(.A), ©a) OF SEQUENTIABLE FAMI-
LIES OF ARROWS IN A.

5.1.1. DEFINITION. A sequentiable family of arrows he is a family of pairs of arrows
he = {hmin}nez
in A with 4,, connecting the cokernel of h,,; with the kernel of h,,:
. Cod(hpsr) 25 Cok(hpyr) —== Ker(hy) —== Dom(hy) —2= Cod(hy) ...
A morphism of sequentiable families fo: he — h/ is a family of pairs of arrows
fo = {f,:Dom(h,) = Dom(hy,), f : Cod(hy) — Cod(h})}nez

such that for alln € Z
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or, equivalently, such that
?n'h;:hn'in and C(f)n-i-lziz:ZnK(f)n

where C'(f)n+1 is the unique arrow such that S Gy = Qo1 - C(f)ny1 and K(f), is
the unique arrow such that K(f), - k. = k, - f,,, as in the diagram

[ Py
Cod(fins1) — = Cod(H, .
In+1 nt1
Cok(hpgr) Cfnr | Cok(hl, )
Ker(h,) B - Ker(h!,)
kn K,
Dom(h,) ——*— Dom(h!)
hn %

With the obvious identity morphisms and composition of morphisms, sequentiable families
and their morphisms give rise to a category denoted Seq(.A).

5.1.2. REMARK. Observe that the category Seq(.A) has kernels and cokernels constructed
level-wise in 4. The connecting arrows are obtained by an easy diagram chasing left to the
reader. More generally, Seq(.A) inherits level-wise all limits and colimits which eventually
exist in A.

The category Seq(.A) of sequentiable families is equipped with a structure of nullho-
motopies ©a which extends the one we considered in Arr(A), see Section 2.5.

5.1.3. DEFINITION. Let f,:he — h, be a morphism of sequentiable families. A nullho-
motopy Ae € Oa(fs) is a family of arrows

Ao = {An: Cod(hy,) = Dom(h),) ez
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such that h, - A\, = f, and A, - h,, = in for all n € Z, as depicted in the diagram

Dom(hy) —2"— Dom (i)

e

Cod () ————= Cod (R}

=n

The composition of a nullhomotopy with morphisms on the left and on the right is defined
level-wise as in (Arr(A),Oa).

The following proposition shows that the category of sequentiable families of arrows
with this structure of nullhomotopies satisfies some nice properties.

5.1.4. PROPOSITION. Consider the category with nullhomotopies (Seq(A), Oa) as in Def-
initions 5.1.1 and 5.1.5.

1. For a morphism fo € Seq(A), if Oa(fe) # 0 then for all n € Z the arrows K(f),

and C(f), are zero arrows.
2. The structure ©a satisfies the reduced interchange condition 2.1.4.
3. The sequentiable family 0, = {idg,idg}nez is a ©Oa-strong zero object of Seq(.A).

4. If A has pullbacks, then Seq(.A) has O a-kernels constructed level-wise as in Arr(A),
and they are strong.

5. Dually, if A has pushouts, then Seq(.A) has O a-cokernels constructed level-wise as
in Arr(A), and they are strong.

PROOF. The proof of points 1, 2 and 3 is straightforward. We proceed to show point 4,
the proof of 5 is dual. Given a morphism f, : he — h, in Seq(.A), we can construct for
each level

Dom(hy,) —*— Dom(k',)

h"ll l l h;],

Cod(hy,) Cod(h})

-—n

the correspoding ©a-kernel in Arr(.A). Adopting the notation depicted in the following
diagram (where the region marked as p.b. is a pullback),

) —— Dom(H,)
h’ﬂ
\P/ﬂé7
% p.b.

Cod () - Cod(R,)

Dom(h,,

h/

hn




THE SNAIL LEMMA AND THE LONG HOMOLOGY SEQUENCE 445

we have that this ©a-kernel in Arr(A) is given by the triple (AL, (idpom(h,), ™), 7,) (see
Section 2.5). Consider now the following commutative diagram, where the upper-most
horizontal pair of rectangles depicts the ©a-kernel in Arr(A) at level n + 1 and the
lower-most horizontal pair of rectangles depicts the ©a-kernel in Arr(A) at level n:

Dom (1) Dom(hy 1) — = Dom(#} )
P = Tt Cod(hy+1) T Cod(hy41)
qffﬂl n+1 i
COk(hn+1) C(ﬂ—)nJrl Cok(hn+l) C(f)n+1 COk(h{n+1)
iP in il
\

Ker(h?) reH Ker(h,,) 7. Ker(hl,)
kf;l kn k!,
Dom(h,,) d Dom(hy,) — Dom(h!,)
hﬁj -~ ,,””’/ h,

-7 hn
P=—=—— Cod(hy) ————— Cod(hy)

We are going to prove that, for all n € Z, there exists a unique arrow
il : Cok(hl, ;) — Ker(hY)
such that i¥'- K(), = C(7)py1-in. This makes N'(f,) = {h%,i"},.cz an object of Seq(A).

e Existence of i’ first, we check that C(m),41 - 4y, - ky - b = 0. For this, we compose
with the projections of the pullback P,:

% C(T) g1 tn kn Al 7w, = C(T)py1 - in

% C(T)ngr  tn kn-hD 7l = C(T)py1 - in
= C(Mnsr - C(fhnsr - iy, Ky, =0
where, to justify the last equality, we precompose with the epimorphism ¢, ;:

P -/ /I / -/ /o

Qn+1 C(W)n—&-l'c(f)n—i-l'Zn'kn_7n+1'in+1'Qn+1'zn'kn_
/ / -/ ro_ -/ /o

_7Tn+1 h‘ ‘qn+1'Zn'kn_ﬂ-n+1‘0'ln'kn_0

kphy =C(M)py1 0, - 0=10
kn'?n:C(W)n-x-l'in'K(f)n'k;z

Now, from C(7)p41 - iy - k: -hP =0, by virtue of the universal property of Ker(h?)
we get a unique arrow 2 such that 2 kp C(7)nt1 -t - kyn. This can be rewritten
as i - K(m), -k, = C(7 )nﬂ in - kn. Slnce k, is a monomorphism, we can conclude
that i - K(7), = C(m)ny1 -+ in.
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e Uniqueness of if’: this follows easily by composing with the monomorphism k7 =
K(m)y, - k.

We thus have that N(f,) = {h il'},cz is an object of Seq(A). Now, the fact that
(N(fe), {id, 7 }nez, m,) is the Oa-kernel of f, in Seq(A) follows easily from the fact
that level-wise it is the ©a-kernel in Arr(.A). One just needs to check that the unique
morphisms obtained level-wise by the universal property of the ©-kernel in Arr(A) do
assemble into a morphism in Seq(.A). This follows readily by a simple diagram chasing,
we leave it to the reader as an exercise. Finally, the fact that (N(f,), {id, 7, }nez, 7,) is
©a-strong follows immediately from the fact that it is level-wise O a-strong in Arr(.A).m

5.1.5. EXAMPLES. Based on the description of the © a-kernel in Seq(.A) contained in the
proof of Proposition 5.1.4, we list here some of the special cases of © o-kernels involved in
the snail sequence:

1. The n-th level of the ©-kernel of idy, is given by
Dom(h,) ——%— Dom(h,) ——9—= Dom(h,,)

— 7

Dom(h,) = - Cod(h,) = Cod(hy,)
and the n-th connecting arrow of N (idp,) is id: 0 — 0.
2. The n-th level of the ©a-kernel of 0y, is given by
0 0 - Dom(h,,)
S
Ker(hy) 0 Cod(hy)

and the n-th connecting arrow of AV(0p,) is 0: Ker(h, 1) — 0.

3. The n-th level of the morphism 7y, : he — mo(he) is given by

Dom(h,,) 0
| |
Cod(hy) Cok(hy)

n

and the n-th connecting arrow of my(he) is 0: Cok(hy41) — 0.

4. The n-th level of the factorization he: N (ids,) = N (mp,) of niq,,: N (idp,) — he
through n,, : N (nn,) = he (see Definition 4.0.4) is given by

Dom(h,,) d Dom(h,,)

J 5.

Dom(h,,) Ker(cp,)
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where h,, is the factorization of h, through the kernel of its cokernel.

5.2. THE HOMOTOPY SNAIL SEQUENCE ASSOCIATED TO AN ARROW IN (Seq(A),Ox).
Assume now that the category A has pullbacks and let f,: he — h, be a morphism in

Seq(A).

5.2.1. THE CONSTRUCTION OF THE SEQUENCE. By virtue of Proposition 5.1.4, the
category with nullhomotopies (Seq(.A), © ) satisfies the required conditions to peform the
construction of the homotopy snail sequence built in Section 3. Applying the construction
to fo: he — h,, we obtain a sequence

N(Oxs) == N(On) —= N (0n,) —= (N (fe)) —7o(he) —=mo(hy). (1)

Keeping in mind the special cases of @ -kernels described in Examples 5.1.5, we can make
the previous sequence explicit. Here it is from level n + 1 to level n:

0 0 0 0 0 0
T)n n 07]“‘:1. ) ;1. T)n o n
Kcr(th)KLfKor(hnH)Kiil}{cr(hgﬂ) Oty Cok(th)CLiICok(hnH)C%ICok(h;H)
id id id id id id
n n 0,57 41)a7, n n
Ker(h?, ) 2 Ker(h, 1) P2 Ker (b ) S0 Cok(n? " ok )24 Cok (1)
0 0 0 0 0 0
0 0 0 0 0 0
Ker(h?) 2% Ker(hy,) D% Ker(h!,) — 2% Cok(hP) -0 Cok(h,) -2 Cok ().

5.2.2. THE S-EXACTNESS OF THE SEQUENCE. Consider a class S of arrows in A.

5.2.3. CONSTRUCTION. The class S of arrows in A can be extended to a class, that

we will denote once more by S, of morphisms in Seq(.A) consisting of those morphisms
fo: he — R such that both f, and in are in S for all n € Z.

5.2.4. PROPOSITION. The homotopy snail sequence (1) is S-ezxact in Seq(.A) if and only
if the sequence

K(m)n

Ker(h?) X2 Ker(h,) K22 Ker(pr) 220 O

Cok(h?) £z Cok(h,) LYz

Cok(h!)

is S-exact in A for alln € Z.

PRrROOF. From Lemma 2.4.4, we know that all the objects involved in the homotopy snail
sequence (1) are discrete. The result then follows directly from Lemma 2.4.3 together
with Remark 5.1.2. n
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5.3. THE LONG EXACT HOMOTOPY SNAIL SEQUENCE IN A. Let us observe that the
connecting arrows of the sequentiable families N (f,), he and A, allow us to paste together
all the six-term sequences in A, getting a long sequence as follows:

K K(f)n+1 <0 K C(ﬂ')n+1
Ker(hy ) -

K er (U Ker (B ) < Cok(hE ) ok L Cok (B,

Ker(h?) er(hy) ———Ker(h;,)

K(f)n

= K k(h
K(m)n (00) ) o Cok(hn)

Here is an ad hoc condition which ensures the preservation of exactness of the six-term

sequences in A when we paste them all together.

5.3.1. DEFINITION. We denote by IsoSeq(.A) the full subcategory of Seq(.A) of the isose-
quentiable families, that is, those families hy = {hy, ip }nez such that i, is an isomorphism
for all n € Z.

5.3.2. PROPOSITION. Let fo: he — hl, be a morphism in Seq(A). Take as S the class of
reqular epimorphisms in A and extend S to Seq(.A) as in 5.2.3. Consider the following
sequences, the first one being in Seq(A) and the second one being in A:

N(Ox(p) —=N(0n,) —=N(0n,) —=mo(N(fo)) —mo(he) —mo(h})

™)n n 07k’£L : ;L T)n n
Ker(h?, ) Ker (/L5 Ker (1 ) o8 Cok(h, ) 202 Colk (g ) L2 Cok( )
C(Nnt1-in=in-K(f)n
Ker(hP : py_Cn ) ,
er(hy) Ker(h,,) Ker(hl,) Cok(h,, ) —— Cok(h,,) ——— Cok(h},)

K(m)n K(f)n (0.k7)-an,

C(f)7L'i;L,1:in71'K(f)n71

Cok(h?_;) — Cok(hy,_1) —— Cok(h],_,)

P . . /
Ker(h?_,) Ker(h,_1) Ker(h, ) o S P

K(m)n—1 K(f)n—1 n-l

1. If A is regular and protomodular and if N'(f.), he and hl, are S-proper, then the
siz-term sequence in Seq(A) is S-exact and each row of the long sequence in A is
S-ezact.

2. If moreover he and h, are isosequentiable, then the long sequence in A is S-exact
at each point.

PROOF. 1. Observe that every object in Seq(.A) is S-global; this can be shown as it
was done for Arr(A) (see Example 4.0.5). Moreover, note that the class S in Seq(.A)
satisfies Conditions 4.0.1 and 4.0.7; the argument for Seq(.A) is again the same as for
Arr(A) (see Example 4.0.10). Consequently, by Propositions 4.0.6 and 4.0.9, the six-
term sequence in Seq(A) is S-exact. Therefore, by Proposition 5.2.4, each horizontal
row of the long sequence is S-exact. 2. By assumption, the connecting arrows i, and i/,
are now isomorphisms. Therefore, we can paste vertically the different rows and we are
done. [
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5.3.3. REMARK. As already observed in Example 4.0.10 in the case (Arr(A),Oa), not
only each object of Seq(A) is S-global and, but if A is abelian, it is also S-proper.
Therefore, in the abelian case, the assumptions in Proposition 5.3.2 that N (hs), he and
h, are S-proper are redundant.

5.3.4. REMARK. In general, the ©-kernel of a morphism between isosequentiable fam-
ilies is not isosequentiable. The second example in 5.1.5 provides a counterexample: the
Oa-kernel of the initial morphism 0 — h, is isosequentaible precisely when each h,, has
trivial kernel.

Let A be a pointed regular and protomodular category with cokernels. In this section
we have built a category with nullhomotopies (Seq(.A),©A) from A, and, associated to
each morphism between suitable objects in Seq(.4), we have constructed a long exact
sequence in A by glueing the level-wise homotopy snail sequences. This construction may
remind the reader of the construction of the long exact sequence of homology associated
to a short exact sequence of chain complexes, which is performed by pasting the exact
sequences obtained by applying the snake lemma level-wise. The precise relation between
both constructions will be explored in the next section.

6. From chain complexes to sequentiable families

As in Section 5, we fix a category A with a zero object 0, kernels and cokernels. We fix
as class S of arrows in A the class of regular epimorphisms.

This section is divided in three parts. In Subsection 6.1 we build a functor F :
Ch(A) — Seq(A), from the category Ch(A) of chain complexes in A to the category
Seq(A) of sequentiable families of arrows in A. Then, in Subsection 6.2, we prove that,
when A is regular and protomodular, the long exact sequence of homology associated to an
extension of proper chain complexes is isomorphic to the long exact sequence constructed
in Section 5.2 associated to the image via F of the second morphism of this extension. To
conclude, in Subsection 6.3, we show that when A is preadditive, the functor F can be
upgraded to a functor between categories with nullhomotopies, where Ch(.A) is equipped
with the structure of nullhomotopies ©¢pn provided by the classical chain homotopies,
while Seq(.A) is equipped with the structure of nullhomotopies © described in Definition
5.1.3.

6.0.1. NOTATION. A typical object in the category of chain complexes Ch(.A) will be
depicted as

d¢ dg

Co: ... Chpy———0, u Cpog —————>Clyy ...

6.0.2. NOTATION. Along the section, we write proper instead of S-proper. By Example
4.0.10, we already know that an arrow in A is proper (in the sense that its factorization
through the kernel of its cokernel is a regular epimorphism) iff it is proper as an object
of (Arr(A), ©,). Similarly, for a sequentiable family hy = {h,,, i, }nez, to be proper as an
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object of (Seq(.A), ©a) amounts to the fact that each h, is a proper arrow. By analogy,
we will say that a complex Cy € Ch(A) is proper if each d¢ is a proper arrow. In this
way, our terminology for complexes agrees with the terminology introduced in [11].

6.1. CONSTRUCTION OF THE FUNCTOR F : Ch(A) — Seq(A). In this subsection we
are going to construct a functor F : Ch(A) — Seq(A).

Let us start by looking more carefully at the classical link between the snake lemma
and the long homology sequence in the abelian case (see for example [28]). Given an
extension of complexes

feo

A, B, g c,

we get a family of extensions in Arr(.A)

j4n fn lgn gn (jn

o o

Anf 1 foo1 anl

In—1

that is, g, is the cokernel of f,, and f, is the kernel of g,, and this for each n € Z.
Nevertheless, in order to get the homology sequence, we do not apply the snake lemma
directly to these extensions. Instead, we factorize each one of them and we get a new
family of dotted commutative diagrams (notation F(—) is explained in Proposition 6.1.1)

A, fn B, gn c, ( 2 )
an v s
Cok(df,,) 7 - Cok(dB,,) 7 - Cok(dS, )
A hlA dB B d$ hlc
; v B v ) v .
B
Ker(d;_;) Fi >Ker(dy_;) P > Ker(d_;)
A'nfl Foo1 anl In_1 Onfl

Finally we apply the snake lemma to this second family of diagrams (this is possible
because Fg,, is still the cokernel of Ff, and F f is still the kernel of F Fy, ) and we get
the long exact sequence in homology. Indeed, the kernel of h74 is the homology object
H,(A,) and the cokernel of k74 is the homology object H,,_ 1(A ), and the same holds for
the complexes B, and C,. The sequentiable families of arrows in A arise precisely from
this intermediate construction, as formalized in the next proposition.
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6.1.1. PROPOSITION. From any complex Cy € Ch(A), we obtain a sequentiable family of
arrows F(Cy) = {h7 7} ez € Seq(A) depicted hereunder (from level n+1 to level n)

qg+1 C
Cn+1 COk(dn—i-Q)

FC
hn+1

Ker(d<)

dC

FC
n+1 Tnt1

Cok(h7C))

g Ker(h7C)

kLC

Cok(dS, )

FC
hn

Ker(df_,)

where k(dS) is the unique arrow such that k(dS)-kS | = dS and q(dS) is the unique arrow

n—

such that ¢S - q(dS) = dS. The components of the family F(C,) are as follows:

o 17 is the unique arrow such that ¢¢ - h7¢ = k(d$) or, equivalently, the unique
arrow such that h7¢ - kS | = q(d<).

FC
Zn

FC . ,FC ]{JJ:C — kC’ . qC’
n n

. is the unique arrow such that g, - i, -

This construction extends to a functor
F:Ch(A) — Seq(.A)

Moreover, if A is regular and protomodular, then the family F(C,) is isosequentiable
provided that the complex C, is proper.

In particular, if A is abelian, we get a functor F: Ch(A) — IsoSeq(A).

PROOF. The equivalence between the two possible definitions of h7© comes from the fact
that ¢¢ is an epimorphism and k¢ | is a monomorphism. As far as i7¢ is concerned,
observe that, since ¢¢,, is an epimorphism, Cok(h¢)) = Cok(k(dS,,)). Similarly, since
kS | is a monomoprphism, Ker(h?¢) = Ker(q(d%)). Now the argument runs as usual:
since k(dS, ) - kS - ¢ = 0, there exists a unique j,: Cok(k(dS, ,)) — Cok(dS,,) such that
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¢S gn = kS - ¢S Since moreover j, - ¢(dS) = 0 (precompose with ¢), there exists a
unique 77¢ such that i7¢ - k7¢ = j,.

The construction of a morphism F(ge) = {fgn,]—'gn}nez: F(B,) — F(C,) from a mor-
phism g,: B, — C, in Ch(A) has been already depicted in diagram (2) and the functori-
ality of the construction is obvious. Let us check just that F(g,) is indeed a morphism in

Seq(A):

- TG, G RS =Ty, kG =k gaeal = kg Fg, = a5 i Pk F,,

n

Finally, keeping in mind what we have observed above about Cok(h7 %) and Ker(h©),

the fact that F(C,) is isosequentiable if C, is proper and A is regular and protomodular
follows from Lemma 4.5.1 in [3]. The special case follows once again because in an abelian
category all arrows are proper. [

6.1.2. REMARK. Let us point out explicitly from the proof of Proposition 6.1.1 that
the homology objects of the proper complex C, can be recovered, for all n € Z, as
H,(C,) = Cok(hS)) or, equivalently, as H,(C.) = Ker(h7). In other words, for an
isosequentiable family he, we can put H, (hs) = Cok(h, 1) or H,(he) = Ker(h,,). In this
way, if A is regular and protomodular, the diagram

Chyop(A) IsoSeq(A)

obtained by restricting F to the full subcategory Chyyop(A) € Ch(A) of proper com-
plexes, commutes (up to isomorphism) for all n € Z. In particular, if A abelian, the
diagram

Ch(A) = IsoSeq(A)

N

A

is commutative, since every complex is proper. We can relate this fact to Remark 5.3.4:
for a complex C,, the ©a-kernel of the initial morphism 0 — F(C,) is isosequentiable
precisely when C, is acyclic.

6.2. THE LONG EXACT SEQUENCE OF HOMOLOGY AND THE LONG EXACT HOMOTOPY
SNAIL SEQUENCE. In this subsection we show that, when A is regular and protomodular,
given a morphism g, : B, — Cs between proper chain complexes such that Ker(g,) is a
proper chain complex and N (F(gs)) is proper in Seq(.A), the long exact sequence in A ob-
tained by applying Proposition 5.3.2 to F(gs) is precisely the classical long exact sequence

of homology associated to the extension of chain complexes Ker(gs) L B,—~-(, .

We first show that, when A is regular, proper chain complexes are sent to proper
objects in Seq(.A) under the functor .A.



THE SNAIL LEMMA AND THE LONG HOMOLOGY SEQUENCE 453
6.2.1. LEMMA. Let A be a reqular category.

1. Consider the following situation

A-L.-p 2 c_ . p

If f-g-h is proper, f is an epimorphism and h is a monomorphism, then g is proper.
2. If a complex C, is proper, then the associated sequentiable family F(C,) is proper.

Proor. 1. We split the proof in two parts.
(a) We assume that a = ¢ - h is proper and h is a monomorphism and we show that g is

proper. Consider the following commutative diagram

Cok(g)

Cok(a) x
Since k., - h - ¢, = 0, there exists a unique arrow ¢ such that ¢ - k., = k., - h. Since
G-k, =7- ke, - h, with @ a regular epimorphism (because a is proper) and k., - h a
monomorphism, there exists a unique arrow s such that @-s =g and s- k., -h = k.
Composing on the left with @ and on the right with k., , one checks that s -¢ = id.
Composing on the right with £, - h, one checks that ¢ - s = id. Therefore, @ and g are
equal up to an isomorphism, so that g is a regular epimorphism, that is, g is proper.

(b) We assume that b = f - g is proper and f is an epimorphism and we show that g is
proper. Consider the following commutative diagram
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Since f is an epimorphism, the unique arrow s such that ¢, - s = ¢, is an isomorphism.
Therefore, the unique arrow ¢ such that ¢ - k., = k., also is an isomorphism. Since
b-t = f-g (compose with k., to check this) and since b is a regular epimorphism (because
b is proper), we conclude that g is a regular epimorphism, that is, g is proper.

2. This follows from 1. because, for all n € Z, we have ¢ - h7¢ - k¢ | = d¢, which is
proper (notation as in Proposition 6.1.1). [
6.2.2. COROLLARY. Let A be reqular and protomodular and let go: Be — Cy be a mor-
phism of proper complexes. If N (F(gs)) is proper, then we get a long exact sequence in
homology

. Hy11(Be) — Hpy1(Co) — Cok(hE ) — H,(Bs) — H,(C\) ...
In particular, if A is abelian this holds with no assumption on Be,Cs and N (F(gs)).

PRroOF. This is the long exact sequence of Proposition 5.3.2 applied to F(ge): F(Bs) —
F(C,) (we need Lemma 6.2.1 to use Proposition 5.3.2). Therefore, {h%},cz is the first
component of the ©a-kernel N (F(ge)) in Seq(A) and the homology objects of B, and
C, appear in the sequence as explained in Remark 6.1.2. [

It is time to compare the long sequence of Corollary 6.2.2 with the usual one obtained
from an extension of complexes, but this is an easy task.

6.2.3. PROPOSITION. Let A be a regular and protomodular category and consider an
extension of proper complexes

Ao L) Bo i) Co
Assume also that the sequentiable family N'(F(gs)) is proper. Then, the long ezact se-
quence of Corollary 6.2.2 is nothing but the usual one
. Hyi1(By) —= Hp 1 (Co) —= H, (Ay) — H,(B,) — H,(C,) ...

PRrROOF. The long exact sequence of Corollary 6.2.2 is obtained pasting together infinitely
many copies of the six-term snail sequence coming from

Cok(d1) —H— Cok(d,) — 22— Cok(dS,)
hi thB lhfc
P, - Ker(df_l) Ker(dg_l)

The usual long exact sequence in homology is obtained pasting together infinitely many
copies of the six-term snake sequence coming from

Cok(d, ) — L Cok(d?, ) — 2 Cok(d, )
hf“‘t lth lhfc
Ker(d4_ ) 77 Ker(d? ) Ker(d¢ ;)

n —=n
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Since, for all n € Z, the arrow Fg,, is a regular epimorphism (because g, - ¢¢ = ¢? - Fg,,,
see (2), and g, is a regular epimorphism), we can apply Proposition 4.3 in [25] and we
have that the two six-term exact sequences are isomorphic. [

6.2.4. REMARK. Notice that if A is abelian, then every complex is proper and every
sequentiable family is also proper (see Example 4.0.10). Therefore, in this case, the
assumptions in Proposition 6.2.3 that the complexes A,, B, and C, are proper and the
assumption that N (F(gs)) is proper are all redundant.

6.2.5. REMARK. Under the same assumptions, we can reformulate the proof of Propo-
sition 6.2.3 in a more concise way. First, observe that the functor F: Ch(A) — Seq(.A)
preserves kernels and regular epimorphisms (use Remark 5.1.2). Second, compare the

kernel and the ©a-kernel of F(gs) in Seq(.A):

F(A-)<F(f°) ) Fe
> NF(ge)
N(F(g.))

Proposition 4.3 in [25] provides the non-trivial part of the proof that the comparison o is
a quasi-isomorphism, that is, all the induced arrows C(0),, and K (o), are isomorphisms.
Keeping in mind Remark 6.1.2, this means that H,,(As) ~ H,(F(A.)) ~ Cok(hl, ) and
we can conclude that the long exact sequence of Corollary 6.2.2 is the usual long homology
sequence.

6.3. NULLHOMOTOPIES IN Ch(A) AND NULLHOMOTOPIES IN Seq(A). To conclude,
assume that A is preadditive (= enriched in abelian groups) and let us make more precise
the comparison between chain complexes and sequentiable families in this situation.
Recall that, when A is preadditive, the category Ch(.A) is equipped with a structure
of nullhomotopies O¢y, defined as follows. For a morphism g,: B, — C,, a nullhomotopy
Ve € Ocn(ge) is a family {yn: B, — Cpi1}tnez of arrows in A such that, for all n € Z,

on - dS  +dP - o1 = gp, as in the following diagram:

gn+1
Bn+1 On—i—l

Bn Cn
dfl $n—1 Ldg
Bn—l T On—l

In—1

For morphisms f,: Aq — B, and he: Cy — D,, the nullhomotopy f, 0 e © he is defined by
{fn Pn hntifnez.
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6.3.1. REMARK. The structure O¢jp in Ch(A) is not so good as the structure ©, in
Seq(.A) is. Here is why:

1. The main problem with O¢y, is that the reduced interchange condition 2.1.4 is not
satisfied. To see this, start with any morphism of complexes g,: B, — C, and any
nullhomotopy ¢e € Ocn(ge). Then, construct the following diagram, where Co[—1]
is the (—1)-translate of Cs,

Oy —0—C[~1]

equipped with the nullhomotopy given by the family of identity arrows. Explicitly:

Bn+1 gt Cn—l—l 0 Cn
d iy l / jdw j —d¢
Bn Cn 0 Cnfl

The reduced interchange condition between the two depicted nullhomotopies gives
©n -0 =g, -idg,, so that one would have g, = 0 for all n € Z.

2. Another problem is that, for any complex C,, the canonical arrow 7n¢,: Cy — m(Cl)
is the identity arrow. This comes from the fact that in the diagram

Cy—=0—=C,[~1]

equipped with the already mentioned nullhomotopy, the left part is the ©cp-kernel
of the right part and the right part is the ©cp-cokernel of the left part. As a
consequence, in (Ch(A), O¢cn) each object is S-global and S-proper (in the sense of
Definition 4.0.3), and this whatever the class S is.

Recall the following definition from [26].

6.3.2. DEFINITION. A morphism F: (A, ©4) — (B,0Og) of categories with nullhomotopies
is a functor F: A — B equipped, for every arrow ¢g: B — C' in A, with a map

Fq:04(9) — O5(F(9))

such that Fr.gn(fopoh)=F(f)o Fy(p)oF(h) forall frA— B and h:C — D.

6.3.3. PROPOSITION. If A is preadditive, the functor F of Proposition 6.1.1 extends to
a morphism of categories with nullhomotopies

F: (Ch(A), @Ch) — (Seq(A), @A)
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PRroor. To start, consider a morphism of complexes g,: Be — C, and a nullhomotopy
e € Ocn(gs). The situation is depicted by the following diagram

B, In c,

QE / %
Fgn
Cok(dy, 1) : Cok(d}y,)
thL ds pnt ds lhfc
Ker(d? ) o Ker(dS )
kB kS o
Bn—l In_1 Cn—l

The nullhomotopy F(p.) € Oa(F(ge)) is defined, in degree n, by the formula

"T_.((ip)n = kf—l *Pn—1 - qg

To check the condition b2 - F(),, = Fg,, compose on the left with the epimorphism ¢Z.
To check the condition F(ip),-hZ¢ = Fg_, compose on the right with the monomorphism

kS |. The rest of the proof is straightforward. [

6.3.4. REMARK. Proposition 6.3.3 can actually be slightly improved: Under suitable
assumptions, the categories with nullhomotopies (Ch(A),©cn) and (Seq(A),Oa) can
be upgraded to 2-categories and the functor F:(Ch(A),Ocn) — (Seq(A),Oa) can be
upgraded to a 2-functor:

1. When A is preadditive, the category Ch(A) has a 2-categorical structure: an ho-
mMotopy @e: fo = Ge:Be = C, is an element in Ocn(a)(ge — fo). Explicitly, ¢,
is a family {¢n: By, — Cpi1}tnez such that g, = f, + ¢, - dS +d2 - ¢, for
all n € Z. A 2-cell [po]: fo = ge is a class of homotopies, where two homotopies
©Ve; Yo' fo = ge are equivalent if there exists a family {a,: B,, = Cj42}nez such that
On=1Un+ay-dS,—dB -, foralln € Z.

2. When A is additive and has finite limits, there is an equivalence of categories
Arr(A) ~ Grpd(.A), where the latter is the category of internal groupoids and in-
ternal functors in A. Since Grpd(.A) is a 2-category (2-cells are the internal natural
transformations in the sense of [1], Chapter 8), using this equivalence we get a 2-
categorical structure on Arr(A). A 2-cell ¢: (f, fo) = (g9, 90): (B, b, By) = (C, ¢, Cp)
is an arrow @: By — C such that ¢ = f+b-¢ and g9 = fo + ¢ - ¢. Clearly,
the 2-categorical structure of Arr(A) can be extended level-wise to a 2-categorical
structure for Seq(.A).

3. It is then easy to see that, when A is additive and has finite limits, the functor
F:Ch(A) — Seq(A) of Proposition 6.1.1 is a 2-functor. The argument is essentially
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the same as in the proof of Proposition 6.3.3, one has just to check that the definition
of F on homotopies is compatible with the equivalence relation used in Ch(.A) to
define 2-cells.

Let us end this remark with a comment about the terminology introduced in Remark 6.2.5.
On one hand, the use of the name quasi-isomorphism in the category Seq(.A) is justified
by the fact that, by Remark 6.1.2, a morphism in Ch(A) is a quasi-isomorphism if and
only if its image under the functor F is a quasi-isomorphism in IsoSeq(.A). On the other
hand, by analogy with the simpler situation of Arr(.A), quasi-isomoprhisms in Seq(.4)
could be called weak equivalences. Indeed, under the biequivalence Arr(A) ~ Grpd(A),
morphisms (g, go): (B, b, By) — (C,c,Cp) such that K(g) and C(gy) are isomorphisms
correspond to weak equivalences.
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