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THE GROUP LAW OF PICARD STACKS VIA MATRICES

CRISTIANA BERTOLIN, FEDERICA GALLUZZI

Abstract. An algebraic theory is a category whose objects are finite products of a
distinguished object with itself. In this framework, abelian groups can be described
as finite product-preserving functors from an appropriate algebraic theory to the
category of sets.

The purpose of this paper is to extend this categorical description of abelian groups
to the setting of strictly commutative Picard stacks over a site S. More precisely, we
show that such stacks can be characterized as morphisms of 2-stacks from a suitable
algebraic 2-stack theory to the 2-stack of stacks over S.

Our results provide a new formulation of the group law for strictly commutative
Picard stacks, which may help clarify the notion of a group structure in higher
stacks. We expect that this perspective will contribute further to the study of torsors,
extensions, and biextensions in the higher categorical context.

1. Introduction

In his doctoral thesis [Lawvere, 1963], F. W. Lawvere defined an algebraic theory as
a category whose objects are finite products of a given object with itself 1. In this
framework, abelian groups can be described as functors from an appropriate algebraic
theory to the category of sets, which preserve finite products (see [Adamek,Rosicky,
Vitale, 2010, Example 1.6]). The aim of this paper is to generalize this description of
groups to strictly commutative Picard stacks over a site S.

We start by recalling the general properties of stacks and strictly commutative
Picard stacks (see Section 2). We define the notions of algebraic 2-stack theory over
a site S and of 2-algebra for an algebraic 2-stack theory, which generalize to 2-stacks
the notions of algebraic theory and of algebra for an algebraic theory respectively
(see Definition 3.1). This leads us to the definition of an algebraic 2-stack, that is a
2-stack 2-equivalent to the 2-stack of 2-algebras for an appropriate algebraic 2-stack
theory (see Definition 3.2). Finally in Theorem 4.1 we prove that the 2-stack of strictly
commutative Picard stacks over a site S is algebraic.
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1The notion of algebraic theory in nowadays literature is weaker than Lawvere’s one. In this paper
we always refer to Lawvere’s original notion of algebraic theory, that is also an algebraic theory in
the modern sense of the term.
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In order to define an appropriate group law for stacks we need a morphism of stacks,
six natural isomorphisms and five compatibility conditions expressed via diagrams (see
[Bertolin, 2013, §1]), and in the case of 2-stacks this definition becomes even more
complicated: it involves a morphism of 2-stacks, two natural 2-transformations, five
modifications and five compatibility conditions expressed via diagrams (see [Bertolin,
Tatar 2, 2018, §1]). A group law for higher stacks gets more and more difficult to
describe. The results of this paper provide a new description of the group law of
a strictly commutative Picard stack in terms of a 2-algebra A : T → Stack of an
appropriate algebraic 2-stack theory T and we hope that these results will shed some
light on the notion of group law for higher stacks 2. We expect that our new description
of group law for stacks will contribute further to the study of torsors, extensions and
biextensions for higher stacks, which has been done so far only for strictly commutative
Picard stacks (see [Bertolin, 2011, Bertolin, 2013]) and strictly commutative Picard 2-
stacks (see [Bertolin, Tatar, 2014, Bertolin, Tatar 2, 2018, §1]).

An antecedent of the present work is [Power, 1999], where Power introduces the
notion of a Lawvere V -theory, which specializes to the classical concept when V is the
category Set. In the case V = Cat, a Lawvere V -theory is precisely a Lawvere 2-theory
T, that is, a Cat-enriched Lawvere theory. Furthermore, in [Power, 1999, Theorem
5.3], Power establishes that if T is a 2-monad, then the 2-category of T -algebras is
biequivalent to the 2-category of models of the Lawvere 2-theory T. This result provides
the conceptual foundation for our definition of 2-algebra given in Definition 3.1.

Via the dictionary between Picard stacks over S and length one complexes of abelian
sheaves on S given in Proposition 2.1, 1-motives can be seen as Picard stacks. This
implies that Picard stacks have an important role in the theory of motives (see [Bertolin,
2009, Bertolin2, 2009, Bertolin, 2012, Bertolin, 2019, Bertolin, Philippon, Saha,Saha,
2022, Bertolin, Philippon, 2024, Bertolin,Mazza, 2009, Bertolin, Brochard, 2019] and
[Bertolin,Galluzzi, 2020, Bertolin, Galluzzi, 2021]).

2. Preliminaries

Let S be a site. In this paper U denotes an object of S. A stack over S is a fibered
category X over S such that

� (Gluing condition on objects) descent is effective for objects of X, and

� (Gluing condition on arrows) for any U and for every pair of objects X, Y of the
category X(U), the presheaf of arrows HomX(U)(X, Y ) of X(U) is a sheaf over U

(see [Breen, 2010, Definition 2.2] for a more explicit description of stacks). For the
notions of morphism of stacks (i.e. cartesian functor), and morphism of cartesian

2At the level of stacks, one can already distinguish several notions of abelian group, according to
the degree of coherence required for associativity, commutativity, the unit, and the inverse. In the
case of strictly commutative Picard stacks, all the structural laws are required to hold strictly, whereas
for a pseudo-group in the 2-category of stacks these laws hold only up to coherent 2-isomorphisms.
In higher-stack contexts, the situation becomes considerably more intricate.
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functors, we refer to [Giraud, 1971, Chp II 1.2]. An equivalence of stacks F : X1 → X2

is a morphism of stacks such that any object Y of X2(U) is isomorphic to an object
of the form F (U)(X) with X an object of X1(U), and for any pair of objects X,Y of
X1(U), the map HomX1(U)(X, Y ) → HomX2(U)(F (U)(X), F (U)(Y )) is bijective. Two
stacks are equivalent if there exists an equivalence of stacks between them. A stack
in groupoids over S is a stack X over S such that the category X(U) is a groupoid,
i.e. a category whose arrows are invertible. From now on, all stacks will be stacks in
groupoids.

A strictly commutative Picard stack over the site S (just called a Picard stack) is
a stack P over S endowed

� with a morphism of stacks +P : P × P → P, called the group law of P, which
assigns to each object (X1, X2) of (P ×S P)(U) the object X1 +P X2 of P(U),
and which assigns to each arrow (f, g) : (X1, X2) → (X ′

1, X
′
2) of (P×S P)(U) the

arrow f +P g : X1 +P X2 → X ′
1 +P X

′
2 of P(U), and

� two natural isomorphisms, called respectively the associativity and the commu-
tativity

a : +P ◦ (+P × idP) ⇒ +P ◦ (idP ×+P),

c : +P ◦ s ⇒ +P,

with s(X, Y ) = (Y,X) for all X, Y ∈ P(U), which express respectively the asso-
ciativity and the commutativity constraints of the group law +P of P,

such that P(U) is a strictly commutative Picard category (i.e. it is possible to make the
sum of two objects of P(U), this sum is associative and commutative, and any object of
P(U) has an inverse with respect to this sum, see [Bertolin, 2013, §1] or [Deligne, 1973,
1.4, page 39] for more details). The word ”strictly” means that cX,X : X+PX → X+PX
is the identity for all X ∈ P(U).

An additive functor (F,
∑

) : P1 → P2 between two Picard stacks is a morphism
of stacks F : P1 → P2 endowed with a natural isomorphism

∑
X,Y : F (X +P1 Y ) ∼=

F (X) +P2 F (Y ) (for all X, Y ∈ P1(U)) which is compatible with the natural isomor-
phisms a and c underlying P1 and P2. A morphism of additive functors u : (F,

∑
) ⇒

(F ′,
∑′) is a morphism of cartesian functors which is compatible with the natural iso-

morphisms
∑

and
∑′ of F and F ′ respectively. The stack whose objects are additive

functors from P to Q and whose arrows are morphisms of additive functors, is a stack
in groupoid: any morphism of additive functors is invertible (i.e. it is an isomorphism
of additive functors).

Denote by K(S) the category of complexes of abelian sheaves on the site S: all
complexes that we consider in this paper are cochain complexes. Let K[−1,0](S) be
the subcategory of K(S) consisting of complexes K = (Ki)i such that K i = 0 for
i ̸= −1 or 0. In [Deligne, 1973, 1.4.11 page 45] Deligne proves the following links
between Picard S-stacks and complexes of K[−1,0](S), between additive functors and
morphisms of complexes, and between morphisms of additive functors and homotopies
of complexes:



404 CRISTIANA BERTOLIN, FEDERICA GALLUZZI

� to any complex K = [K−1 d→ K0] of K[−1,0](S) is associated a Picard stack
PicSt(K) which is the stack generated by the following pre-stack PreSt(K): for
any object U of S, the objects of PreSt(K)(U) are the elements of K0(U), and
if x and y are two objects of PreSt(K)(U) (i.e. x, y ∈ K0(U)), an arrow of
PreSt(K)(U) from x to y is an element f of K−1(U) such that df = y − x;

� a morphism of complexes g : K → L induces an additive functor PicSt(g) :
PicSt(K) → PicSt(L) between the Picard stacks associated to the complexes K
and L;

� for any Picard S-stack P, there exists a complex K of K[−1,0](S) such that P =
PicSt(K);

� ifK,L are two complexes ofK[−1,0](S), then for any additive functor F : PicSt(K) →
PicSt(L) there exists a quasi-isomorphism k : K ′ → K and a morphism of com-
plexes l : K ′ → L such that F is isomorphic as additive functor to st(l)◦ st(k)−1;

� if f, g : K → L are two morphisms of complexes ofK[−1,0](S), then the morphisms
of additive functors PicSt(f) ⇒ PicSt(g) are in bijection with the homotopies
H : K → L such that g − f = dH +Hd.

Denote byD(S) the derived category of the category of abelian sheaves on S, and let
D[−1,0](S) be the subcategory of D(S) consisting of complexes K such that Hi(K) = 0
for i ̸= −1 or 0. Let Picard(S) be the category whose objects are small Picard stacks
over S and whose arrows are isomorphism classes of additive functors. According to
[Deligne, 1973, Lemma 1.4.13 page 46], we have

2.1. Proposition. The functor

PicSt : D[−1,0](S) −→ Picard(S)

K 7→ PicSt(K)

K
f→ L 7→ PicSt(K)

PicSt(f)→ PicSt(L),

is an equivalence of categories.

We denote by [ ] the inverse equivalence of PicSt.

The product of two stacks P and Q over S is simply the categorical product over
each fibre. More precisely the stack P× Q over S is defined as follows:

� an object of the category P× Q(U) is a pair (X, Y ) of objects with X an object
of P(U) and Y an object of Q(U);

� if (X, Y ) and (X ′, Y ′) are two objects of P × Q(U), an arrow of P × Q(U) from
(X, Y ) to (X ′, Y ′) is a pair (f, g) of arrows with f : X → X ′ an arrow of P(U)
and g : Y → Y ′ an arrow of Q(U);
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For the notion of product of two Picard stacks see [Bertolin, 2011, Definition 2.1] or
[Bertolin, Tatar, 2014, Definition 4.1]. If P and Q are Picard stacks, in the derived
category D[−1,0](S) we have the following equality

[P× Q] = [P] + [Q]. (2.1)

2.2. Remark. For any integer n > 0, Pn denotes the product of the stack P with
itself n times, i.e. Pn := P× · · · × P. Clearly Pn × Pm = Pn+m. We view an object of
Pn as a column vector (X1, . . . , Xn)

t of length n (here t is the transpose) and an arrow
of Pn as a row vector (f1, . . . , fn) of length n.

Since written references in English on 2-categories and 2-fibered categories are
difficult to find, we recall here the main definitions (for references in French see [Hakim,
1972, Chp I]). A 2-category X is given by the following data:

1. a class of objects;

2. for every pair of objects (X, Y ) of X, a category HomX(X, Y ), whose objects are
called the 1-arrows from X to Y and whose arrows are called the 2-arrows ;

3. for every triple of objects (X, Y, Z) of X, a composition functor

µX,Y,Z : HomX(X, Y )× HomX(Y, Z) −→ HomX(X,Z),

and a 1-arrow idX ∈ HomX(X,X) such that the following conditions are satisfied:

(i) for every triple of objects (X, Y, Z) of X,

µX,X,Y (idX ,−) = µX,Y,Y (−, idY ) = idHomX(X,Y ).

(ii) for any quadruple of object (X, Y, Z, T ) of X,

µX,Z,T ◦ (µX,Y,Z × idHomX(Z,T )) = µX,Y,T ◦ (idHomX(X,Y ) × µY,Z,T )

Let X1 and X2 be two 2-categories. A 2-functor F : X1 → X2 is the collection of
the following data:

(i) a map F : ObX1 → ObX2,

(ii) a functor FX,Y : HomX1(X, Y ) → HomX2(F (X), F (Y )) for every pair (X, Y ) of
objects of X1,

such that the following conditions are satisfied:

(i)′ for every object X ∈ ObX1, FX,X(idX) = idF (X).

(ii)′ for every triple (X,Y, Z) of objects of X1, the following diagram is commutative:

HomX1(X, Y )× HomX1(Y, Z)
µ //

FX,Y ×FY,Z

��

HomX1(X,Z)

FX,Z

��
HomX2(F (X), F (Y ))× HomX2(F (Y ), F (Z))

µ′
// HomX2(F (X), F (Z))
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Let F : X1 → X2 be a 2-functor. A 1-arrow f : X → Y of X1 is called cartesian
when it has the following two properties:

1. for all h : Z → Y and u : F (Z) → F (X) with F (h) = F (f) ◦ u, there is a unique
û : Z → X with F (û) = u and h = f ◦ û;

2. for all σ : h ⇒ k, τ : u ⇒ v with F (σ) = F (f) · τ and lift û, v̂ of u, v, there is a
unique τ̂ : û⇒ v̂ with F (τ̂) = τ and σ = f · τ̂ .

A 2-arrow α : f ⇒ g : X → Y of X1 is cartesian if it is cartesian as 1-arrow for the
functor FX,Y : HomX1(X, Y ) → HomX2(F (X), F (Y )).

Let F : X1 → X2 be a 2-functor. X1 is a fibered 2-category over X2 via F if the
following conditions are satisfied:

(i) For every object X ∈ ObX1(U) and every 1-arrow u : V → U of X2, there exists
a cartesian 1-arrow v : Y → X lying over u.

(ii) The functor FX,Y : HomX1(X, Y ) → HomX2(F (X), F (Y )) is a fibration of cate-
gories for every pair (X, Y ) of objects of X1.

(iii) The composite of any two composable cartesian 2-arrows is cartesian.

According to [Buckley, 2014, Remark 2.1.7] condition (ii) is equivalent to the following
condition: For every arrow g of X1 and every 2-arrow α : f ⇒ F (g) of X2, there exists a
cartesian 2-arrow σ : f ⇒ g lying over α. Hence our definition coincide with Buckley’s
one ([Buckley, 2014, Definition 2.1.6]).

A 2-stack over a site S is a fibered 2-category X → S such that

� 2-descent is effective for objects, and

� for every object U of S and every pair of objects X, Y ∈ X(U), the fibered
category (V → U) 7→ HomX(V )(X|V , Y |V ) is a stack.

Concretely, 2-descent for objects means that given a covering family (Uα → U)α∈I ,
we are given objects Xα ∈ X(Uα), 1-arrows ϕαβ : Xα|Uαβ

−→ Xβ|Uαβ
, and invertible 2-

arrows ψαβγ : ϕβγ ◦ϕαβ ⇒ ϕαγ on Uαβγ, such that the tetrahedral coherence condition
is satisfied: in the following diagram of 2-arrows

ϕγδ ◦ (ϕβγ ◦ ϕαβ)
id∗ψαβγ +3

a

��

ϕγδ ◦ ϕαγ

ψαγδ

�&
(ϕγδ ◦ ϕβγ) ◦ ϕαβ ψβγδ∗id

+3 ϕβδ ◦ ϕαβ ψαβδ

+3 ϕαδ

the two composites from ϕγδϕβγϕαβ to ϕαδ coincide. The 2-descent condition (Xα, ϕαβ, ψαβγ)
is effective if there exists an object X ∈ X(U), together with 1-arrows X|Uα

∼= Xα in
X(Uα), compatible with the given 1- and 2-arrows ϕαβ and ψαβγ.



THE GROUP LAW OF PICARD STACKS VIA MATRICES 407

Let X1 and X2 be 2-stacks over a site S. A morphism of 2-stacks F : X1 −→ X2 is
a cartesian 2-functor over S, that is, a 2-functor such that the diagram

X1
F //

  

X2

~~
S

commutes and F sends cartesian i-arrows of X1 to cartesian i-arrows of X2 for i = 1, 2.
Let F,G : X1 −→ X2 be cartesian 2-functors over a site S. A morphism of cartesian

2-functors η : F ⇒ G consists of:

� for every object X of X1, there is a 1-arrow ηX : F (X) −→ G(X) lying over the
identity arrow of the image of X in S;

� for every 1-arrow f : X → Y in X1, an invertible 2-arrow ηf : G(f) ◦ ηX ⇒
ηY ◦ F (f), such that the following coherence conditions hold: for every object

X, ηidX = idηX , and for every pair of composable 1-arrows X
f−→ Y

g−→ Z, the
naturality constraints are compatible with composition;

� the components ηX preserve cartesian 1-arrows, i.e. if f is cartesian in X1, then
the naturality constraint ηf is compatible with the cartesian structure.

Let F,G : X1 → X2 be cartesian 2-functors and let η, θ : F ⇒ G be morphisms of
cartesian 2-functors. A modification of morphisms of cartesian 2-functors Γ: η ⇛ θ is
given by a family of 2-arrows ΓX : ηX ⇒ θX in X2, one for each object X of X1, such
that for every 1-arrow f : X → Y in X1 the following diagram of 2-arrows commutes:

G(f) ◦ ηX
ηf +3

id∗ΓX

��

ηY ◦ F (f)
ΓY ∗id
��

G(f) ◦ θX θf
+3 θY ◦ F (f).

A 2-equivalence of 2-stacks F : X1 → X2 is a morphism of 2-stacks such that any
object Y of X2(U) is equivalent to an object of the form F (U)(X) with X an ob-
ject of X1(U), and for any pair of objects X, Y of X1(U), the morphism of stacks
HomX1(U)(X, Y ) → HomX2(U)(F (U)(X), F (U)(Y )) is an equivalence of stacks. Two
2-stacks are 2-equivalent if there exists a 2-equivalence of 2-stacks between them. A
2-stack in 2-groupoids over S is a 2-stack X over S such that the 2-category X(U)
is a 2-groupoid, i.e. a 2-category whose 1-arrows are invertible up to a 2-arrow and
whose 2-arrows are strictly invertible. From now on, all 2-stacks will be 2-stacks in
2-groupoids.

Stacks over S form a 2-stack over S (see [Breen, 1994, Examples 1.11 i) page 32]
and [Stack Project, 2005–2026, Chp 8, Definitions 8.4.5 and 8.5.5 and 112.4 Related
references on foundations of stacks]), denoted

Stack



408 CRISTIANA BERTOLIN, FEDERICA GALLUZZI

whose objects are stacks and whose hom-stack consists of morphisms of stacks and
morphisms of cartesian functors. Picard stacks over S form a 2-stack over S, denoted

Picard

whose objects are Picard stacks and whose hom-stack consists of additive functors and
morphisms of additive functors.

3. An algebraic 2-stack theory

An algebraic theory is a small category T with finite products. An algebra of the
algebraic theory T is a functor A : T → Set preserving finite products (here Set is the
category of small sets). Denote by AlgT the category whose objects are algebras of T
and whose arrows are natural transformations. A category is algebraic if it is equivalent
to AlgT for some algebraic theory T ([Adamek,Rosicky, Vitale, 2010, Chp 1, Definition
1.1]). Generalizing from categories to 2-stacks these definitions we propose

3.1. Definition. An algebraic 2-stack theory over S is a 2-stack T over S with finite
products, that is each fibre is a 2-category with finite products and base change preserves
them up to equivalence. A 2-algebra of the algebraic 2-stack theory T is a morphism of
2-stacks

A : T −→ Stack
preserving finite products.

Denote by AlgT the 2-stack of 2-algebras for T, whose hom-stack consists of mor-
phisms of cartesian 2-functors and modification of morphisms of cartesian 2-functors.

3.2. Definition. A 2-stack X over S is algebraic if it is 2-equivalent to AlgT for
some algebraic 2-stack theory T over S.

In algebraic geometry, the term “algebraic” 2-stack is used to denote a 2-stack
admitting a suitable 2-dimensional atlas. Our Definition 3.2 does not follow this con-
vention.

Denote by Sh(S) (resp. Ab(S)) the category of sheaves (resp. of abelian sheaves)
over S. Let Z be the constant sheaf over S obtained as the sheafification of the constant
pre-sheaf Z. The forgetful functor ι : Ab(S) → Sh(S) has a left adjoint

Z[−] : Sh(S) → Ab(S),

called the free abelian sheaf functor (see [Grothendieck, Verdier, 1972, 11.1.5, page
198]).
Let pt be the terminal sheaf of the category Sh(S) of sheaves (i.e. the sheafification
of the constant pre-sheaf with value the terminal object in the category of sets, i.e.
any one-element set). For any abelian sheaf F on S, the Yoneda Lemma and the
adjointness of the functors ι and Z[−] imply the isomorphisms

F (U) ∼= 3HomSh(S)(pt|U , ι(F ))
∼= HomAb(S)(Z[pt|U ], F ). (3.1)

3This isomorphism if true for any sheaf.
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Consider the disjoint union pt ⊔ · · · ⊔ pt of n copies of the terminal sheaf. The free
abelian sheaf Z[pt ⊔ · · · ⊔ pt] is isomorphic to the direct sum Z[pt] ⊕ · · · ⊕ Z[pt] of n
copies of the sheaf Z[pt], that we will denote ⊕nZ[pt].

3.3. Definition. A locally constant matrix P = (pij) i=1,...,k
j=1,...,n

over S is a matrix whose

entries pij are locally constant functions, i.e. sections of a constant sheaf over S.

With the notations introduced until now, we can prove that

3.4. Lemma. The category Ab(S) of abelian sheaves over S is algebraic.

Proof. Denote by T the category whose

� objects are the abelian sheaves Tn := ⊕nZ[pt] for any integer n, n ≥ 1, and

� arrows from Tn to Tk are morphisms of sheaves defined by locally constant ma-
trices P = (pij) i=1,...,k

j=1,...,n
with k rows, n columns and entries in the constant sheaf

Z. More explicitly, viewing elements of Tn(U) as column vectors (z1, . . . , zn)
t,

the matrix PU = (pij) i=1,...,k
j=1,...,n

, with pij ∈ Z(U), sends an element (z1, . . . , zn)
t of

Tn(U) to the element (
∑n

j=1 p1jzj, . . . ,
∑n

j=1 pkjzj)
t of Tk(U) (the products pijzj

are given by the natural morphism of sheaves Z× Z[pt] → Z[pt]).

The category Ab(S) of abelian sheaves is equivalent to the category AlgT, whose
objects are algebras of T. In fact, an algebra A : T → Sh(S) defines an abelian
sheaf F in the following way: the image A(T1) of T1 gives the sheaf F and the image
A((1|U , 1|U)) of the arrow (1|U , 1|U) : T2(U) → T1(U) provides the group law of F
(here 1|U ∈ Z(U) is the locally constant function 1). Conversely, via the Yoneda
Lemma (3.1), any abelian sheaf F determines an algebra A : T → Sh(S),T1 7→ F, of
T.

Consider the disjoint union pt⊔· · ·⊔pt of n copies the terminal sheaf pt and denote
by ei (for i = 1, . . . , n) the image via the canonical morphism of sheaves pt⊔· · ·⊔pt →
Z[pt ⊔ · · · ⊔ pt] ∼= ⊕nZ[pt] of the one-element set (seen as global constant function)
defining the i-th terminal sheaf pt in this disjoint union. We need the following stack
version of [Deligne, 1973, Lemme 1.4.3, page 41], proved in [Tatar, 2011, Proposition
6.2]:

3.5. Lemma. Let P be a Picard stack. If {X1, . . . , Xn} is a family of n objects of the
category P(U), then it exists

� a map Σ : ⊕nZ[pt](U) → Objects(P(U)),

� isomorphisms ai : Σ(ei) → Xi in the category P(U) for i = 1, . . . , n,

� isomorphisms as,t : Σ(s +⊕nZ[pt] t) → Σ(s) +P Σ(t) in the category P(U) for any
s, t ∈ ⊕nZ[pt](U),
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such that the diagrams

Σ
(
s+⊕nZ[pt] (t+⊕nZ[pt] u)

)as,t+u // Σ(s) +P Σ(t+⊕nZ[pt] u)
at,u // Σ(s) +P

(
Σ(t) +P Σ(u)

)
Σ
(
(s+⊕nZ[pt] t) +⊕nZ[pt] u

)
as+t,u

// Σ(s+⊕nZ[pt] t) +P Σ(u) as,t
//
(
Σ(s) +P Σ(t)

)
+P Σ(u),

a

OO

(3.2)

Σ(s+⊕nZ[pt] t)
as,t // Σ(s) +P Σ(t)

Σ(t+⊕nZ[pt] s) at,s
// Σ(t) +P Σ(s)

c

OO
(3.3)

commute. The set of data (Σ, ai, as,t) i=1,...,n
s,t∈⊕nZ[pt](U)

is unique modulo a unique isomor-

phism and it is functorial in the family {X1, . . . , Xn}.
For any integer n, n ≥ 1, define the following Picard stack

Tn := PicSt
([
0 → ⊕nZ[pt]

])
= T1 × · · · × T1︸ ︷︷ ︸

n

where the last equality is due to (2.1). Remark that for any n ≥ 1 and any U , the
category Tn(U) is discrete.

3.6. Definition. Denote by T the 2-stack in which

� the objects are the Picard stacks Tn for n ≥ 1,

� a 1-arrow from Tn to Tk

P : Tn → Tk

is a morphism of stacks defined by a locally constant matrix P = (pij) i=1,...,k
j=1,...,n

, with

k rows, n columns and entries in the constant sheaf Z, in the following way:

– the object function: PU = (pij) i=1,...,k
j=1,...,n

with pij ∈ Z(U) sends an object

(Z1, . . . , Zn)
t of Tn(U) to the following k-uplet of Tk(U):

PU

Z1
...
Zn

 =


∑n

j=1 p1jZj
...∑n

j=1 pkjZj

 .

Remark that the products pijZj are defined by the group law of the Picard
category T1(U)4,

– the arrow function: PU sends identities of Tn(U) to identities of Tk(U).

4By Lemma 3.5, if (Σ, aj , as,t) j=1,...,n
s,t∈⊕nZ[pt](U)

denotes the set of data associated to the family of objects

{Z1, . . . , Zn} of T1(U), Zj is the image Σ(ej) of ej via Σ and pijZj is the image Σ(pijej) of pijej via
Σ (recall that T1(U) is discrete and so the isomorphisms aj and as,t are identities).
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The composite of two morphisms of stacks P : Tn → Tk and Q : Tk → Tm is
the morphism of stacks QP : Tn → Tm defined by the product QP of the two
matrices Q and P .

� a 2-arrow u : P ⇒ Q between two morphisms of stacks Q,P : Tn → Tk is
the morphism of cartesian functors which assigns to the object (Z1, . . . , Zn)

t of
Tn(U) the identity of Tk(U) if PU(Z1, . . . , Zn)

t = QU(Z1, . . . , Zn)
t and nothing

otherwise:

u(Z1,...,Zn)t = idPU (Z1,...,Zn)t : PU

Z1
...
Zn

 −→ QU

Z1
...
Zn

 .

By construction, we have that

3.7. Lemma. The 2-stack T over S is an algebraic 2-stack theory over S.

Let P be a Picard stack. By the 2-Yoneda Lemma [Stack Project, 2005–2026, 4.41]
and by [Deligne, 1973, 1.4.24, page 51] we have the equivalences of categories

P(U) ∼= 5HomStack
(
st(pt|U),P

) ∼= HomPicard
(
PicSt

(
[0 → Z[pt|U ]]

)
,P

)
, (3.4)

where st(pt|U) is the stack associated to the sheaf pt (see [Stack Project, 2005–2026,

Example 4.38.5 and 95.10]), PicSt
(
[0 → Z[pt|U ]]

)
is the strictly commutatine Picard

stack associated to the complex [0 → Z[pt|U ]] via Proposition 2.1, and HomStack (resp.
HomPicard) denotes the hom-category whose objects are morphisms of stacks and whose
arrows are morphisms of cartesian functors (resp. whose objects are additive functors
and whose arrows are morphisms of additive functors).

4. Algebraicity of the 2-stack of Picard stacks

4.1. Theorem. The 2-stack Picard is 2-equivalent to the 2-stack AlgT.

Proof. We construct a 2-equivalence of 2-stacks

(̂ ) : Picard −→ AlgT

from the 2-stack of Picard stacks to the 2-stack of 2-algebras for the algebraic 2-stack
theory T. We proceed in several steps.

1. Via the 2-Yoneda Lemma (3.4), any Picard stack P defines a 2-algebra of T

P̂ : T −→ Stack, T1 7−→ P̂(T1) := P.

Taking the product of stacks, we get that P̂(Tn) = Pn, i.e. P̂ preserves finite
products.

5This equivalence is true for any stacks.
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2. Any additive functor F : P1 → P2 defines a morphism of cartesian 2-functors

F̂ : P̂1 ⇒ P̂2 : for any object Tn of T, we set

F̂Tn := F n : P̂1(T
n) = Pn1

Fn

−→ Pn2 = P̂2(T
n), (4.1)

and for any 1-arrow P : Tn → Tk of T we have the following commutative diagram
in Stack which involves stacks and morphisms of stacks

Pn1
F̂Tn //

P̂1(P )
��

Pn2

P̂2(P )
��

Pk1
F̂
Tk

// Pk2.

3. Any morphism u : F ⇒ G between two additive functors F,G : P1 → P2 defines
a modification of morphisms of cartesian 2-functors û : F̂ ⇛ Ĝ: for any object
Tn of T, we set

ûTn := un = (F̂Tn : Pn1
Fn

→ Pn2 ) =⇒ (ĜTn : Pn1
Gn

→ Pn2 ).

4. Consider an algebra A : T → Stack for the algebraic 2-stack theory T, i.e. a
morphism of 2-stacks

A : T −→ Stack

preserving finite products. Now we show that A is isomorphic (as morphism of

2-stacks) to P̂ for some Picard stack P.

Denote by P the stack A(T1). Since A preserves finite products, we have that

A(Tn) = A(T1 × · · · × T1) = A(T1)× · · · × A(T1) = Pn.

We define a group law on the stack P as follows. Consider the morphism of stacks
(1|U , 1|U) : T

2(U) → T1(U) given by the locally constant matrix (1|U , 1|U) (here
1|U ∈ Z(U) is the locally constant function 1). The image A((1|U , 1|U)) of this
1-arrow via the morphism of 2-stacks A is a morphism of stacks

A((1|U , 1|U)) : P
2(U) −→ P(U) (4.2)(
X1

X2

)
7−→ (1|U , 1|U)

(
X1

X2

)
= X1 +P X2

Consider the disjoint union pt ⊔ · · · ⊔ pt of n copies of the terminal sheaf pt
and denote by ei (for i = 1, . . . , n) the image via the canonical morphism of
sheaves pt ⊔ · · · ⊔ pt → Z[pt ⊔ · · · ⊔ pt] ∼= ⊕nZ[pt] of the one-element set (seen
as global constant function) defining the i-th terminal sheaf pt in this disjoint
union. Let {X1, . . . , Xn} be a family of objects of P(U). Since A(T1) = P,
there exists a family of objects {Z1, . . . , Zn} of T1(U) such that AU(Zi) = Xi
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for i = 1, . . . , n. Denote by (ΣZ , aZi , a
Z
s,t) i=1,...,n

s,t∈⊕nZ[pt](U)
the set of data associated

to the family of objects {Z1, . . . , Zn} of T1(U) given by Lemma 3.5. Since the
category T1(U) is discrete, the isomorphisms aZi , a

Z
s,t are identities, Zi = ΣZ(ei)

and ΣZ(s) +T1 ΣZ(t) = ΣZ(s +⊕nZ[pt](U) t) for any s, t ∈ ⊕nZ[pt](U). Let ΣX :
⊕nZ[pt](U) → P(U) be the composite AU ◦ ΣZ :

⊕nZ[pt](U)
ΣZ

xx

ΣX

��

T2(U)
(1|U ,1|U )

//

AU×AU

��

T1(U)

AU

��
P2(U)

A((1|U ,1|U ))
// P(U).

(4.3)

For i = 1, . . . , n, denote by aXi : ΣP(ei) → Xi the isomorphisms in the category
P(U) which are the images via AU of the identities aZi : ΣZ(ei) → Zi. For any
s, t ∈ ⊕nZ[pt](U), define an isomorphism as,t : Σ

X(s+⊕nZ[pt] t) → ΣX(s)+PΣ
X(t)

in the category P(U) as the composite

ΣX(s+⊕nZ[pt] t) = AU
(
ΣZ(s+⊕nZ[pt] t)

) ∼= AU
(
ΣZ(s) +T1 ΣZ(t)

)
= AU

(
ΣZ(s)

)
+P AU

(
ΣZ(t)

)
= ΣX(s) +P Σ

X(t),

where the isomorphism is given by the identity aZs,t and the second equality holds
because A preserves finite products, i.e. the square diagram in (4.3) commutes.
The image of the 2-arrow of T

(1, 1) ◦ (idT1 , (1, 1)) ⇒ (1, 1) ◦ ((1, 1), idT1)

via the 2-algebra A is the natural isomorphism

a : +P ◦ (idP ×+P) ⇒ +P ◦ (+P × idP),

and by construction the set of data (ΣX , aXi , a
X
s,t) i=1,...,n

s,t∈⊕nZ[pt](U)
associated to the

family of objects {X1, . . . , Xn} of P(U) is such that the diagram (3.2) applied
to the morphism of stacks (4.2), the natural isomorphism a and ΣX commutes.
Hence (4.2) is an associative functor according to Deligne’s definition in [Deligne,
1973, 1.4, page 39]. In an analogous way, the image of the 2-arrow of T

(1, 1) ◦
(
0 1
1 0

)
⇒ (1, 1)

via A is the natural isomorphism

c : +P ◦ s ⇒ +P,

where s(X, Y ) = (Y,X) for all X, Y ∈ P(U), and by construction the set of data
(ΣX , aXi , a

X
s,t) i=1,...,n

s,t∈⊕nZ[pt](U)
is such that the diagram (3.3) applied to the morphism
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of stacks (4.2), the natural isomorphism c and ΣX commutes. Hence (4.2) is a
strictly commutative functor according to Deligne’s definition in [Deligne, 1973,
1.4, page 39]. We can conclude that the morphism of stack (4.2) defines a group
law on the stack P such that P(U) is a strictly commutative Picard category, i.e.
P is a Picard stack.

Observe that for any n ≥ 1, A(Tn) = A(T1)n = Pn = P̂(Tn), that is the two

2-algebras A and P̂ take the same values on objects.

For any 1-arrow P : Tn → Tk of T, the two morphisms of stacks

P̂(P ), A(P ) : Pn −→ Pk

coincide on objects (X1, . . . , Xn)
t and on arrows (f1, . . . , fn) : (X1, . . . , Xn)

t →
(Y1, . . . , Yn)

t of Pn(U):

A(P )(X1, . . . , Xn)
t = P (X1, . . . , Xn)

t = P̂(P )(X1, . . . , Xn)
t,

A(P )(f1, . . . , fn) = P̂(P )(f1, . . . , fn) : P (X1, . . . , Xn)
t → P ((f1, . . . , fn)(X1, . . . , Xn)

t).

Finally for any 2-arrow u : P ⇒ Q of T between two morphisms of stacks
Q,P : Tn → Tk, the two morphisms of cartesian functors

P̂(u), A(u) : P̂(P ) =⇒ P̂(Q)

also coincide. Hence the 2-algebras A and P̂ are isomorphic as morphism of
2-stacks.

5. If P1 and P2 are two Picard stacks, the morphism of stacks

HomPicard(P1,P2) −→ HomAlgT(P̂1, P̂2), F 7−→ F̂

is an equivalence of stacks, since by (4.1) F = F̂T1 .

We can conclude that (̂ ) : Picard → AlgT is a 2-equivalence of 2-stacks.

4.2. Corollary. The 2-stack Picard of Picard stacks over S is algebraic.
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and an appendix by M. Waldschmidt. J. Pure Appl. Algebra 224, no.10 (2020),
106396.

C. Bertolin, F. Galluzzi. A note on divisorial correspondences of extensions of abelian
schemes by tori. Comm. Algebra 48 (2020), no.7, pp. 3031–3034.

C. Bertolin, F. Galluzzi. Brauer groups of 1-motives. J. Pure Appl. Algebra 225, no.11
(2021), 106754.

C. Bertolin, P. Philippon, B. Saha, E Saha. Semi-abelian analogues of Schanuel Con-
jecture and applications. J. Algebra 596 (2022), pp. 250–288.

C. Bertolin, P. Philippon. Mumford-Tate groups of 1-motives and Weil pairing. J.
Pure Appl. Algebra 228, no. 10 (2024), 107702.

L. Breen. Notes on 1- and 2-gerbes. Baez, John C. (ed.) et al., Towards higher cate-
gories. Berlin: Springer. The IMA Volumes in Mathematics and its Applications
152, 193-235 (2010).

L. Breen. On the classification of 2-gerbes and 2-stacks. Astérisque No. 225, 1994.
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