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A FINITE APPROACH TO REPRESENTABLE MULTICATEGORIES
AND RELATED STRUCTURES

GABRIELE LOBBIA

ABSTRACT. It is known that monoidal categories have a finite definition, whereas
multicategories have an infinite (albeit finitary) definition. Since monoidal categories
correspond to representable multicategories, it goes without saying that representable
multicategories should also admit a finite description. With this in mind, we give a new
finite definition of a structure called a short multicategory, which only has multimaps of
dimension at most four, and show that under certain representability conditions short
multicategories correspond to various flavours of representable multicategories. This is
done in both the classical and skew settings.
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Introduction

In the zoo of categorical structures, there are three closely related ones:
e monoidal categories [12], which involve tensor products A ® B and a unit I;
e closed categories [5], which involve an internal hom [A, B] and unit I;

e multicategories [9], which involve multimorphisms Ay, ..., A, — B for all n € N.
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It is well known that there are various correspondences between different flavours of these
notions [6, 13, 1, 4, 16, 7]. For instance, representable multicategories are equivalent to
monoidal categories [6]. Then, if we want to weaken the representability condition, for
example considering only left representable multicategories, we end up in the world of
skew monoidal categories. In [1] we can find the details of various equivalences between
(skew) multicategories and skew monoidal categories.

Hence, we get different equivalent concepts, each of which has various pros and cons.

e Monoidal categories are fairly straightforward to work in — for instance, it is easy to
write down the definition of a monoid in a monoidal category. Another advantage
is that while the definition is finite, they admit a coherence theorem — all dia-
grams commute [12]. A disadvantage is that in practise, the tensor product is often
constructed using colimits and so sometimes could be hard to describe explicitly.

e Closed categories have several advantages. Again they have a finite definition and
a coherence theorem, though this is of a more complex nature [8, 15]. Another ad-
vantage is that the internal homs are often constructed using limits, and so easy to
describe explicitly — see, for instance, the internal hom of vector spaces. The disad-
vantage is that the axiomatics of closed categories involve iterated contravariance,
and this makes it quite hard to parse diagrams in a closed category.

e In a multicategory, the multimaps can often be described directly — see, for instance,
multilinear maps of vector spaces — and this avoids the potentially complicated
constructions of tensor products and internal homs using colimits and limits. A
disadvantage is that the definition, is infinite (though finitary) in nature, and this
sometimes makes it difficult to describe examples in full detail.

Since monoidal categories admit a definition involving finite data and finite axioms, it
is natural to wonder if the same is possible for multicategories. Our goal in the present
paper is to describe a finite approach to the kinds of multicategory that arise in practise
— these include representable and closed multicategories — with the goal of making
examples of such notions easier to construct. We do this by introducing a structure
called a short multicategory, which is not itself a multicategory, since it indeed only has
multimaps of dimension at most 4. One of our main results shows that representable
short multicategories are equivalent to representable multicategories, so providing a finite
description of the latter. Moreover, we adapt all of these results to the setting of skew
multicategories and skew monoidal categories described in [1]. Our results make it easier
to construct examples of (skew) multicategorical structures in practice. For instance, they
made significantly more manageable the definition of the skew structures on the category
of Gray-categories described in [3].!

"'We remark that in [3] 4-ary (skew) multicategories are used. These have an underlying short (skew)
multicategorical structure, but the latter involves less data and axioms. For this reason in this paper we
focus on the short notion.
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MAIN REsuLTS. The main contribution of this work is to provide equivalences between
different flavours of short (skew) multicategories and (skew) multicategories. In particular,
we consider the following cases:

e Theorem 4.9 provides an equivalence between representable multicategories and
representable short multicategories. We prove this as a consequence of the more
general Theorem 4.8, which deals with left representable short multicategories.

Theorem 4.11 and Theorem 4.12 show the equivalences in the closed left repre-
sentable and closed representable case.

Then, Theorem 5.15 proves the left representable skew case.

Theorem 5.19 is about the left representable closed skew case.

Finally, Theorem 5.29 provides an equivalence between braided /symmetric left rep-
resentable short skew multicategories and braided /symmetric skew monoidal cate-
gories. From this it follows that braidings on a left representable skew multicategory
have a finite presentation (Corollary 5.30). We conclude with Theorem 5.32, which
proves the braided/symmetric result for short multicategories.

We also show that these equivalences are compatible with the ones given in [1, 2, 6]
for different flavours of multicategory and monoidal category.

OVERVIEW. In Section 1 we review the definition of a multicategory, before giving a slight
reformulation of it better suited for our later use. We also recall some important notions
for multicategories, such as representability and closedness.

In Section 2 we use the reformulation given in Section 1 to define short multicategories.
We then define the notions of representability and closedness in the context of short
multicategories.

In Section 3 we give an overview on skew monoidal categories and skew multicategories,
including the notions of left representability, closedness and braiding/symmetry in this
context.

Section 4 provides various equivalences between different flavour of short multicate-
gories and skew monoidal categories.

We conclude the paper in Section 5 introducing short skew multicategories and de-
scribe analogues of the results in Section 4 appropriate to the skew setting and further
considering the braided case.

For the interested reader, we leave to Appendix A a discussion on the just closed
case (not left representable), which leads to similar equivalences as well. Since most of
the examples in the literature are also left representable, we left the treatment of this
particular case to the appendix. In Appendix B we write explicitly some naturality
conditions.
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1. Classical Multicategories

In this section we will recall the definitions of multicategories and morphisms between
them. To begin with, a multicategory C consists of:

e a collection of objects;
e for each (possibly empty) list ay, ..., a,, of objects and object b, a set C,,(ay, ..., a,; b);
e for each object a an element 1, € Cy(a;a).

The elements of the set C,(ay, ..., a,;b) are called n-ary multimaps, with domain the
list aq,...,a, and codomain b, whilst 1, plays the role of the identity unary morphism.
We sometimes write @ for the list, and then C,(@;b) for the set of multimaps.

Substitution in a multicategory can be encoded in two ways. The best known one in-
volves substitutions into all positions simultaneously. In this case, substitution is encoded
by functions of the form

Culbr,- ., basc) x [[ Cr, (@i bi) — Ci(@r, ..., s c)
=1

(g7fla---7fn)'—>go<f1>"'afn)

where K = Y7  k;. For such substitutions, there is a straightforward associativity axiom
— see, for instance, Definition 2.1.1 of [10] — and two identity axioms, which at g €
Cyu(ay, ..., a,;b) are captured by the two equations 1,0 (9) =g =go (1la,..., 1a,).

The original definition of multicategory, due to Lambek [9], instead involved substitu-
tions into a single position, and these are encoded by functions of the following form:

—0; —: Cp(b;¢) x Cpu(@; b;) = Cpym1(beiy @, bsi; )
(9. f) = goi f

where b.; and bs; denote the sublists of b in indices strictly less than or greater than
1, respectively. To encode associativity of the o;-type substitutions, one requires the
following two collections of equations (the first referred to as associative law and the
second as commutative law in [9])

hoi(goj f)=(hoig)ojrir f for 1<i<m,1<j<n
(hoig)onﬂ-,lf:(hojf)oig for 1§'Z<]<m
Finally, there are the two identity axioms which at g € C,(ay,...,a,;b) are captured by

the equations 1,01 g =g =g o; 1,,.
Given a multicategory with o-type substitutions, the corresponding o; is defined by

goif:go(]-7"'71af717"'a1)
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where f is substituted in the 7’th position. Given a multicategory with o;-type substitu-
tions, the corresponding o is defined by

go(fi,-- s fu) = (.. ((go1 f1) Okys1 f2) - Okytokn_st1 Ofn

Each multicategory C has an underlying category UC with the same objects, and
morphisms the unary ones, so that one can consider a multicategory C as a category
UC equipped with additional structure. Thinking of a multicategory C as a category
equipped with o;-type substitution, we obtain the following reformulations, which will be
our starting point in which follows. It is closely related to Proposition 3.4 of [1].

1.1. PROPOSITION. A multicategory C is equivalently specified by:
e a category C;

e forn € N a functor C,(—;—): (C")? x C — Set such that, when n = 1, we have
Ci(—;—)=C(—,—): C? x C — Set;

e substitution functions, fori € {1,...,n},
O;: (Cn (l_), C) X Cm (6, bz) — Cn—l—m—l(l_)<i7 67 l_)>za C),

which are natural in each variable ay, ..., am, b1, ... bi—1,bis1, ..., by, c, dinatural in
b; and satisfying the same azxioms

hoj(gojf)=(hojg)ojpir f for 1<i<m,1<j<n (1.1)
(hoig)orwjflf:(hojf)oig for 1<i<j<m (1.2)

as before. Moreover, we require that, for any unary maps p: a; — a; and q: b — V'
and n-ary map f:a —b}?

go1 [ =Cn(@q)(f) and fo;p=Cyu(ac,p,a=i;b)(f). (1.3)

In this way, UC = C.

PROOF. Given a structure as above, we can form a multicategory with objects those of C,
sets of multimaps C,,(@; b), identities 1, € C(a,a) = Cy(a; a) and substitution functions o;
as above. Finally we notice that, by (1.3), the identity axioms for the multicategory are
encoded by the fact that the functor C,(—; —): (C™")? x C — Set preserves identities.

In the opposite direction, given a multicategory C with o,-type operations, let C be
its underlying category of unary morphisms. We must define a functor

Cpn(—;—): (CM)?? x C — Set

2We leave the precise diagrams relative to these (di)naturality requirements in Appendix B.1.
3This condition tells us that the action of the functors C,,(—; —) must be substitution with unary
morphisms.
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sending (a; b) to C,(@;b) on objects in such a way that the o; substitutions are natural in
the sense described above, and such that C;(—; —) = C(—, —). In fact, the requirement for

0;: Cy(b;¢) x C,(a;b) — Cy(a;c)

to be dinatural in b (and identity) forces us to define C, (a; f) = f o; —. Naturality of the
o; also ensure naturality of the associated o operations, and in particular naturality of

o: Cplay,...,an;b) x Ci(c1,a1) X ...Cy(cn;a,) = Cplcy, ..., cn;b)

in ay,...,a, forces us similarly to define C,(f1,..., fn;0) = —o (f1,..., fn). With this
definition of C,,(—; —) on morphisms, associativity and the identity axioms of substitutions
implies that it is a functor and that the substitution maps are natural in each variable,
and satisfy Cy(—; —) = C(—, —).

These two constructions are inverse. n

1.2. REMARK. Alternatively, one could also start with a collection of objects Cy, sets
C,(a;b) and substitutions o; as above and derive from this data the functor structure on
C,(—;—). Indeed, as seen in the proposition above, the action of C,,(—; —) on morphisms
is forced to be pre/post-composition.

1.3. REMARK. Another possible change to the description in Proposition 1.1 is to replace
condition (1.3) with the identity axioms, for any n-ary multimap f with n > 2

loyf=f=fo;lforl1<i<n.

Naturally, there is a notion of morphism between multicategories, which we call here
multifunctor. From now on, when talking about multicategories we will mean in the sense
of Proposition 1.1.

1.4. DEFINITION. Let C and D two multicategories. A multifunctor is a functor F': C —
D together with natural families

F,: C,(a;b) — D, (Fa; Fb)

for any n € N, such that when n =1, then F} is the functor action. These families must
commute with all substitution operators o;.

Multicategories and multifunctors form a category Mult.

1.5. REPRESENTABILITY. An important notion for multicategories is the one of repre-

sentability [6]. Firstly, a n-ary map classifier for @ = a4, ..., a, consists of a represen-
tation of C,(ay,...,a,;—) : C — Set — in other words, a multimap

Oz: ay,...,a, = m(ay,...,a,)
for which the induced function — o 0z: Cyi(m(ay,...,a,);b) — C,(ai,...,a,;b) is a bijec-

tion for all b. We sometimes refer to such a multimap as a universal multimap and write
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ma for m(ay,...,a,). A n-ary map classifier is said to be left universal if, moreover, the
induced function

— 01 bg: Cir(ma, y;d) — Cppr(an, ..., an,7; d)

is a bijection for any ¥y of length r.

1.6. DEFINITION. [6, 1] Let C be a multicategory.

o C is said to be weakly representable when each of the functors C,(a; —): C — Set
s representable, i.e. if it has all n-ary map classifiers 0.

o C is said to be left representable if it is weakly representable and all O are left
universal.

e C s said to be representable if it is weakly representable and substitution with
universal n-multimaps O induces bijections

Ck—H (fa maa ya b) — (Ck’-i-n (f> av ga b)
for T and y tuples of appropriate length.

We will denote with Mult;, and Mult,., the full subcategories of Mult with objects,
respectively, left representable multicategories and representable multicategories.

1.7. CLOSEDNESS. Another important notion for multicategories is the one of closedness.
1.8. DEFINITION. A multicategory C is said to be closed if for all pair of objects b and ¢
there exists an object [b, c| and binary map ey .: [b, c],b — ¢ for which the induced function

epe 01 —: Co(T; [b, ) = Cogr (T, b; ¢)

1s a bijection, for any tuple T of length n.

We will denote with Mult{’ the full subcategory of Mult with objects left repre-
sentable closed multicategories.

2. Short Multicategories

In this section, we will present a finite definition of certain multicategory-like structures,
which we call short multicategories. Later on, under further assumptions, we will show
that they are equivalent to known types of multicategory. We will take Proposition 1.1
as the grounds for our definition.

A short multicategory consists, to begin with, of a category C together with:

e For n < 4 a functor C,(—;—): (C")®? x C — Set such that, when n = 1, we have
Ci(—;—)=C(—,—) : C? x C — Set.
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2.1. REMARK. This says that for n < 4 we have sets C,,(z1, ..., z,;y) of n-ary multimaps
(where the unary morphisms are those of C) and n-ary multimaps can be precomposed
and postcomposed by unary ones in a compatible manner. We sometimes refer to these
compatibilities as profunctoriality of n-ary multimaps. For these pre/post-composition
we will use the following notation, for any unary maps p: a; — a; and ¢q: b — b, and
n-ary map f:a — b,

go f:=Cu(@q)(f) and f o; p := C,,(G<s, p,a>i; b)(f).

Clearly, with these definitions, since functors preserve the identity, we get the following
identity equations (for any n-ary map f and any i = 1,...,n).

lof=f=/foil

Furthermore, we require substitution functions
O;: Cn(a C) X Cm<aa bz) — Cn+mfl(b<i7 aa b>17 C)

for 7 € {1,...,n} which are natural in each variable ay, ..., am,b1,...,0;_1,bi11,...,bn, ¢,
and dinatural in b; where:

e n=2,3, m =2 (substitution of binary into binary and ternary);
e n =2, m = 3 (substitution of ternary into binary);
e n =23, m =0 (substitution of nullary into binary and ternary).

In the context of multimaps f, g and h of arity 2, n and p respectively, one can consider
associativity and commutativity equations, and identity axioms of the form:

fOi(ngh):(fOig)Oj+i_1h for 1§Z§271<j§n (21)
(forg)ongrh=(fosh)org

These are particular cases of the equations (1.1,1.2) in Section 1. We require equa-
tions (2.1,2.2) in the following cases:

(a) n
(b) n=2,p=0;
(c) only for (2.2), n =0, p = 2;
(d) only for (2.2), n=p = 0.

Let us explain these equations in a more digestible form, using diagrams.
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e (2.1.a) corresponds to the four equations
(foig) Oi—j+1h = fo; (g Oj h)

where 1 < 4,5 < 2 with f,g and h binary. These amount to the fact that certain
string diagrams are well-defined. For instance, if we set ¢ = 1 and j = 2, we get
that the two possible interpretations of the following string diagram are the same.

b
c
D
a2 Co
e (2.2.a) corresponds to the equation
aq aq
a9 bl a9 bl
R <
Qy Qy

e (2.1.b) correspond to the four equations
(foig)oijyrh=foi(go;h)

with f, g binary, h nullary and 1 <+¢,j < 2. For instance, if we set : =2 and j =1
it says that the following string diagram is well-defined:

by
> b
aq —
T,
a2
e (2.2.b) is the equation
aq 3]
as by c as by c

> 3 >,
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e (2.2.c) is the equation
b b
L I e
" o
Qy Qg

e (2.2.d) is the equation

Nl LERR . S

2.2. NOTATION. From now on, when we will have a functor F': C — D and a list @ of
objects ay,...,a, in C, then we will write F'a for the list of objects Fay,..., Fa, in D.

2.3. DEFINITION. Let C and D two short multicategories. A morphism of short multi-
categories is a functor F': C — D together with natural famailies

F;: Ci(a;b) — Dy(Fa; Fb)

for any 0 < ¢ < 4, with i = 1 the functor action. These families must commute with all
substitution operators o;.

Short multicategories and their morphisms form a category ShMult. Naturally, there
is a forgetful functor U: Mult — ShMult which takes a multicategory C and forgets all
the structure involving n-ary multimaps with n > 4. In particular, this functor forgets
all substitutions which have as a result any n-ary multimaps with n > 4. For instance,
it will not consider the substitution of ternary maps into ternary maps, since it gives out
5-ary multimaps.

2.4. REPRESENTABILITY FOR SHORT MULTICATEGORIES. We can define a n-ary map
classifier for @ also in ShMult as a representation of C,(a; —): C — Set, i.e. a multimap

Oz ay,...,a, — ma

for which the induced function — oy : Cy(ma;b) — C,(a;b) is a bijection for all b.
Then, a binary map classifier is said to be left universal if, moreover, the induced
function
—016,p: Cp(m(a,b),z;d) — Cpp1(a,b,T;d)
is a bijection for n = 2,3 and ¥ a tuple of the appropriate length. Similarly a nullary map
classifier u € Cy(o;1) is said to be left universal if, moreover, the function

—oyu: Ciyn(i,7;d) — C,(T; d)
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is a bijection for n = 1,2 and T a tuple of the appropriate length. We remark that here
we consider only n = 1,2 and not n = 3 because in the definition of short multicategory
we have only substitution of nullary into binary and ternary.

We will denote a binary multimap classifier as below left and the nullary map classifier
as below right. From now on we might use the notation m(a, b) = ab.

0., ab @Z

a

b

2.5. PROPOSITION. Let C be a short multicategory with all binary map classifiers and
nullary map classifiers. If, moreover, these classifiers are left universal, then the mul-
timaps

a

9 ab (ab)
o — ab)c
’ > (2.3)
b
c
and
ib ab (ab)c
a,b I
, eab,c — | ((ab)c)d
b ~> Q(ab)c,d (24)
c

PROOF. Left universality implies that each component of the composite maps

_Oeab,c _olea,b

Cy((ab)e;d) —= Cy(ab, c;d) — Cs(a, b, c; d)

700(ab)c,d 70190,17,6 7019a,b

Ci(((ab)c)d; )

and

Cy((ab)c, dse) Cs(ab, ¢, d;e) Ca(a,b,c,d;e)
Cilia:b) — 2 Co(i,a3b) ——2 5 Cy(a, b)

is a bijection; it follows that the composites are bijections, which says exactly that the
three claimed multimaps are universal. [
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2.6. NOTATION. Let C be a short multicategory with all left universal binary map clas-
sifiers. From now on, we might use the notation

ea,b,c = eab,c 01 0a,b7 see (23)7 and ea,b,c,d = H(ab)c,d 01 Hab,c 01 ga,by see (24)7

for the 3-ary and 4-ary map classifiers found in the proposition above.

Now, following the style of Definition 1.6, we will define the notion of representability
for short multicategories. We will denote with | Z | the length of a list 7.

2.7. DEFINITION. Let C be a short multicategory.

e C is said to be left representable if it admits left universal nullary and binary
map classifiers.

o C is said to be representable if it admits nullary and binary map classifiers such
that the induced maps are bijections

—o;u: Cu(7,4,7;2) = C,mia (7,7 2) for1<n<3
— 0,044 Cpo(T,ab,7;2) = Coy1 (T, a,b,7; 2) for1<n<3
where 0 <|Z |,|y|<n—1andj=|T|+1.

We will denote by ShMult;, and ShMult,., the full subcategories of ShMult with
objects left representable/representable short multicategories. Naturally, the forgetful
functor U: Mult — ShMult restricts to forgetful functors

Uy Multl,« — ShMultlr
Urep: Mult,., — ShMult,.,.

2.8. NOTATION. Let C be a short multicategory with a left universal binary classifier.
Then we will use (—)": C,,(@;b) = C,_1(a1as, as, . .., a,;b) for the inverse of —o;6,, 4,: in
other words, for any n-multimap f, f’ is the unique (n—1)-multimap such that f'o;0 = f.

2.9. LEMMA. Let C and D left representable short multicategories. A morphism F: C —
D is uniquely specified by:

e A functor F': C — D.

e Natural families F;: C;(a;b) — D;(Fa; F'b) for i = 0,2 commuting with the substi-

tutions
P B
— — (2.6)
b @ b
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and such that if we define, for any ternary map h € Cs(a;b), Fsh := Fyh' oy F30,

then Fy also commutes with
x
c
a —
:@;D (2.7)

Y
b

PRrROOF. The strategy to check that F' commutes with all substitutions is similar in every
case, which is to use left representability and reduce each case to a lower dimensional one.
We will show only the calculations for the case of the substitution of a binary map into the
first variable of another binary map and redirect the interested reader to the proof of [11,
Lemma 4.2.5] for the remaining explicit calculations. Let us now check that F' preserves
substitution of binary maps into binarys maps. Consider g: z,¢c — d and f: a,b — =
binary maps. By left representability, we know that f = f’' o0 6,,.

F3(g o1 f)

= (g o1 f') o1 Fa(0a) (definition of F3)
= [F2(g) o1 Fi(f")] o1 F2(fap) (naturality of )
= Fy(g) o1 [FA(f') o1 F5(0ap)] (dinaturality of sub. of bin. into bin. inD)
= F5(g) o1 F5(f 0 043) (naturality of F)
= Fy(g) o1 F>(f) (definition of f).

]
2.10. CLOSEDNESS FOR SHORT MULTICATEGORIES. We can adapt Definition 1.8 to
short multicategories with the following.
2.11. DEFINITION. A short multicategory is said to be closed if for all b, c there exists
an object [b, c] and binary map ey.: [b,c|,b — ¢ for which the induced function

€phc©O1 —: Cn(fa [b> CD - Cn-ﬁ-l(fa b; C)

s a bijection, forn =10,1,2,3.

We will denote with ShMultlcf, the full subcategory of ShMult with objects left rep-
resentable closed short multicategories. Naturally, the forgetful functor U: Mult —
ShMult restricts to a forgetful functor

U Multi: — ShMult;’.

The next proposition gives a characterisation of closed short multicategories which are
also left representable.
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2.12. PROPOSITION. A closed short multicategory is left representable if and only if it
has nullary map classifier and each [b, —] has a left adjoint.

ProOOF. If it is left representable and closed then the natural bijections
Cl(ab; C) = C?(av ba C) = (Cl(a; [ba C])

show that —b - [b, —]. Conversely, if [b, —| has left adjoint —b, then we have natural
bijections
C(ab, c) = Cy(a; [b, c]) = Cy(a, b;c)

and, by Yoneda, the composite is of the form —o,6,;, for a binary map classifier 0,;: a,b — ab.
It remains to show that this and the nullary map classifer are left universal. For the binary
map classifier, we must show that — o0 6,,: C,11(ab,T;c) = C,42(a,b,T; c) is a bijection
for all 7 of length 1 or 2, the case 0 being known. For an inductive style argument, suppose

it is true for ¥ of length ¢ < 1. We should show that the bottom line below is a bijection

_Olea,b

CiJrl ((lb, f? [yv C]) — Ci+2(a, b’ f’ [y’ CD

ey,col_l ley,col_

Ci+2(ab7 T? Y; C) T Ci+3<a7 ba T7 Y, C])
but this follows from the fact that the square commutes, by associativity axiom (2.1), and
the other three morphisms are bijections, by assumption. The case of the nullary map
classifier is similar in form. [

3. Skew Notions

Now that we have introduced short multicategories, we shall review some important skew
notions. In particular, we will recall the definitions of skew monoidal category [18] and
skew multicategory [1]. The first concept will be useful in Section 4 when we will consider
various correspondences between different flavours of monoidal category and multicate-
gory. Then, in Section 5 we will generalise the results of Section 4 to skew multicategories.

3.1. SKEW MONOIDAL CATEGORIES. We start reviewing the definition of skew monoidal
categories and morphisms between them. A (left) skew monoidal category (C, ®,1i,a, A, p)
[18] is a category C together with a functor?
®:CxC—C
(a,b) — ab,
(f,9) = fg=1"9

a unit object i € C, and natural families ap.: (ab)c — a(be), \y: ia — a and p,: a — ai
satisfying five axioms which are neatly labelled by the five words

4For either f =1, or g = 1, we will write f -1, =: f-band 1,-g=:a-g.
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abed
tab aib abi
1
of which the first refers to MacLane’s pentagon axiom. More precisely, the axioms are
the following

/ (ab)(cd)
((ab)e)d \ a(b(cd)) (3.1)
%% Ac,d
(a(be))d G > a((be)d)
(ia)b BN ab L2 (ab)i
\ l“b (3.2) \ l%bz (3.3)
ab 222 (ai)b M a(ib) i s i
x [ G \l (3.5)

ab
3.2. DEFINITION. Let (C,®,1,a, A, p) be a skew monoidal category.

o C is said to be left normal if \ is invertible.

e C is said to be (left) closed if the endofunctor — @ b has a right adjoint [b, —] for
any b € C. We will sometimes refer to left closed skew monoidal categories simply
as closed skew monoidal.

Let (C,®,i% a% X\, p%) and (D, ®,i?, o, AP, pP) be two skew monoidal categories.

A lax monoidal functor (F), fo, f2) [18] consists of a functor F': C — D, a map

fo:iP? — Fi¢

and a family of maps
fo: FaFb — F(ab)

natural in a and b and satisfying the following axioms:

(FaFb)Fc LN F(ab)Fe S LSRN F((ab)c)

aDl lFaC (3-6)

Fa(FbFc) R FaF(be) — F(a(be))
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. AD ch .
iFa ——— Fa Fo ———— F(ai)
fOFal TF)\C (3.7) le sz (3.8)
2 a-Jjo

With an abuse of notation, we may write the associators, left/right unit maps as
a, A and p both in C and D, omitting the superscript. Skew monoidal categories and
lax monoidal functors form a category Skew’. We will denote with Skew,,, Skew® and
Skew{ the full subcategories with objects left normal/closed/left normal and closed skew
monoidal categories.

There is a notion of braiding on a skew monoidal category [2, Definition 2.2], which
specialises to braiding on monoidal categories, although looking slightly different. It
consists of natural isomorphisms s, ,5: (za)b — (xb)a satisfying the four axioms below.

za)e)b — ((zc)a)b

/((
((za)b)c ((zc)b)a (3.9)
((

zb)a)c —— ((xb)c)a

((xa)b)e —= ((xb)a)c —— ((zb)c)a

al la.a (3.10)

(2a) (be) S + (x(be))a

((xa)b)e —— ((za)c)b LN ((zc)a)b

‘“l l" (3.11)

(z(ab))e ; > (we)(ab)

((za)b)e === (z(ab))c —*— z((ab)c)

l lx (3.12)

((za)e)b —7= (z(ac))b —5— z((ac)b)

We say that a braiding is a symmetry if, moreover, s,;, = (Sm,a,b)il- It can be
shown that there is a category BrdSkew with object braided skew monoidal categories

®We notice that in [1] this category is denoted with Skew; to underline that these are left skew
monoidal categories. In this paper, we drop the subscript [ since we only consider left skew monoidal
categories and we rather use that space to specify other characteristics.
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and morphisms lax monoidal functors (F, fo, fap): C — D preserving the braiding, i.e.
making the following diagram commutative.

(FxFa)Fb —" (FzFb)Fa

fm,a‘Fbl lfzyb-Fa

F(za)Fb F(zb)Fa (3.13)

fxa,bl lfmb,a

F((za)b) — F((xb)a)

Finally, we write SymSkew and SymMon for the subcategories of BrdSkew and
BrdMon consisting of symmetric (skew) monoidal categories.

3.3. SKEW MULTICATEGORIES. In this section we will recall the definition of skew mul-
ticategory and some other important notions, all of which can be found in [1, 2].

3.4. DEFINITION. [1, Definition 4.2] A skew multicategory consists of

e a collection of objects Cy;
e for cach a € Cy a set Ci(o;a) of nullary maps;

e for each n > 0, each ay,...,a, € Cy and each b € Cy a set Ct(a;b) of tight n-ary
maps natural in all components and such that, when n =1, then Ct(a;b) = C(a,b);

o for each n > 0, each ay,...,a, € Cy and each b € Cy a set C'(a;b) of loose n-ary
maps natural in all components;

e for eachn >0, each ay,...,a, € Cy and each b € Cy a function
Jap: Cp(@b) — Cp(a; ).
On top of this there is further structure:
e substitutions similar to a multicategory giving us multimaps g(f1, ..., fn), which are
tight just when g and f1 are. More precisely, for x,y € {t,1}, we define
t, ifr=y=tandi=1
ro,y:=.t, ifr=tandi#1
[, otherwise

and require substitutions of the form

—o0; —: CE(b;c) x CY (a;b;) — w1 (beisa, b5 0),

which, moreover, commute with the comparisons viewing tight multimaps as loose.

Finally the usual associativity and unit axioms must be satisfied.

We call the category with objects Cy and morphisms tight unary maps the underlying
category of C and denote it with C.
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3.5. REMARK. We can identify multicategories as skew multicategories in which all mul-
timorphisms are tight (or loose), i.e. j is the indentity.

Skew multicategories have a notion of morphism between them, which we call here
skew multifunctor. We recall that, given a functor F': C — D, with F'a we mean the list
Fay,..., Fa,.

3.6. DEFINITION. [1, Section 3 and 4] Let C and D be skew multicategories. A skew
multifunctor is a functor F: C — D together with natural families

F': Ct(a;b) » DL(Fa; Fb)  for 1>n
Fl: Cl(a;b) —» Dl (Fa;Fb)  for 0>n

?

such that Ff = F. These families must commute with all substitution operators and j.
Skew multicategories and skew multifunctors form a category SkMult.

LEFT REPRESENTABILITY AND CLOSEDNESS. A skew multicategory C is weakly rep-
resentable [1, Section 4.4] if for each pair x = ¢,] and @ € C" there exists an object
m*a € C and multimap
0z € C; (a; m"a)
with the property that the induced function
— 0y 02: Cl(m"a;b) — C:(a;b)

is a bijection for all b € C. We call 6% a tight n-ary map classifier and 6. a loose n-ary
map classifier. Moreover, we say that 6% is left universal if the induced function

— 0y 602: (CLT(m””E, 7;b) = Cy_.(a,7;b)
is a bijection for each » > 0, 7 € C" and b € C.

3.7. DEFINITION. [1, Definition 4.5] A skew multicategory C is said to be left repre-
sentable if it is weakly representable and all universal multimaps 0% are left universal.

We will denote with SkMult,,. the full subcategory of SkMult with objects left rep-
resentable skew multicategories.

3.8. REMARK. One might wonder why we consider morphisms in SkMult;. to be only
skew multifunctors and not require them to preserve the left representability structure, i.e.
the left universal binary and nullary map classifiers, 6,; and u respectively. The idea is
that, under the equivalence with skew monoidal categories described in [1, Theorem 6.1],
skew multifunctors preserving 6,;, and u correspond to strong monoidal functors and
not laz. More precisely, a skew multifunctor preserving 6, corresponds to a lax monoidal
functor with f; invertible and, similarly, a skew multifunctor preserving u corresponds to a
lax monoidal functor with fy invertible. This can be seen using, for instance, Lemma 5.12.
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3.9. DEFINITION. [1, Definition 4.7] A skew multicategory C is said to be closed if for
all byc € C there exists an object [b,c] and tight multimap e, . € C5([b, c],b;c) with the
universal property that the induced function

ey 01 —: Cr(a;[b,c]) = Cr . (a,b;c)

s a bijection for all aq,...,a, € C and x =t,l.

We will denote with SkMult’ the full subcategory of SkMult with objects left rep-
resentable closed skew multicategories.
We conclude this subsection explaining briefly how to construct an equivalence

T¢: Mult{ — Skew?

between left representable closed multicategories and left normal skew monoidal closed
categories. Even though this equivalence is not explicitly presented in [1], it follows
directly from some of their results. In particular let us recall three.

3.10. REMARK. The various categories with objects skew monoidal categories or skew
multicategories described in this section can actually be seen as 2-categories. Indeed,
the theorems we are about to recall describe 2-equivalences. Since these 2-dimensional
equivalences are strict, they also induce equivalences between the underlying categories.
In this paper we will use only this part of these results, since our aim is to give different
characterisations for (left representable/closed) skew multicategories. For this reason, we
avoid giving precise definitions of the 2-cells in these 2-categories, and only briefly describe
them in this remark.

The 2-cells in all of the 2-categories with objects skew monoidal categories are monoidal
natural transformations, analogous to the ones for monoidal categories. On the other
hand, a 2-cell between two skew multifunctors F,G: C — D will consists of a family,
for any object © € C, of unary maps Fx — Gz in D compatible with substitutions [1,
Section 3].

3.11. THEOREM. [1, Theorem 6.1] There is a 2-equivalence between the 2-category Skew
of skew monoidal categories and the 2-category of left representable skew multicategories.

From this theorem they then deduce the following result.

3.12. THEOREM. [1, Theorem 6.3] There is a 2-equivalence between the 2-categories of
left normal skew monoidal categories and of left representable multicategories.

In the same way, one can prove that restricting the 2-equivalence given in the following
result one get the wanted equivalence T : Mult{’ — Skew!" .

3.13. THEOREM. [1, Theorem 6.4] The 2-equivalence of Theorem 3.12 restricts to a 2-
equivalence between the 2-category Skewlch of closed skew monoidal categories and the
2-category Multlcf, of left representable closed skew multicategories.
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BRAIDINGS AND SYMMETRIES. For an ordinary multicategory X, a braiding on X consists
of an action of the braid groups B,, on n-ary multimaps compatible with substitution and
identities. Similarly, a symmetry on X involves an action of the symmetric group S,
(again compatible with substitution and identities).

Let us consider now a skew multicategory C and let B} be the subgroup of B, fixing
the first variable. A braiding on C [2, Section 5.3] consists of, for any r € B,, and s € B},
actions

r*: Cl(ay,...,an;0) = Cl(ap,...,am;b) and
s*: Cl(ay,...,an;b) = CL(ar,as,...,as,;Db)

compatible with substitution and j,. A braiding is a symmetry if r* = s* whenever r
and s are sent to the same element of the symmetry group under the canonical map
| — |n: B — S

A skew multifunctor between braided skew multicategories is said to be braided if it
respects all actions on n-ary multimaps, i.e. for any r € B (where B, = B} and B!, = B,,)

C,.x
Ci<a17"' >an;c> — Ci<a7‘17"' :arn;c)

| |

DL(Fay, -, Fa,; Fe) - D*(Fap, -+, Fam,; Fe).

We write SkMult”*/SkMult*™ for the categories of braided/symmetric skew multi-

categories and braided skew multifunctors. Similarly, we will denote with SkMult)"

and SkMult;*™ the full subcategories of SkMult”” and SkMult**™ with objects left
representable braided /symmetric skew multicategories.

4. Short Multicategories vs Skew Monoidal Categories

In this section we will show that certain kinds of short multicategories are equivalent to
certain kinds of multicategories. We will mostly consider kinds of representable multi-
categories because it will make proofs easier and many examples in the literature are of
this kind. The strategy will be to use known equivalences between different flavours of
monoidal category and multicategory [6, 1]. For example, the left representable case gives
us the following picture

Multlr
Ulr
T ShMult;,
K
Skew;,,.

We will start showing how to construct the functor K and then prove it is an equivalence.
The proof of the other cases will have the same structure.



352 GABRIELE LOBBIA

4.1. THE LEFT REPRESENTABLE AND REPRESENTABLE CASES. The first equivalence
we will use is T': Mult;. — Skew, between left representable multicategories and left
normal skew monoidal categories [1, Theorem 6.3].

4.2. NOTATION. From now on, to increase readability of proofs, we will often mix al-
gebraic parts and diagrams. For clarity, we shall explain what we mean with this. In
a short multicategory any diagram has multiple interpretations, which are given by the
order of the substitutions we apply. We presented some examples of this at the start of
Section 2, when we explained how to interpret the associativity equations. For this reason,
the formal proofs are always given by the algebraic expressions. However, the chain of
equations can be quite long. We therefore add diagrams whenever the maps involved in
the equations change and not only the bracketing.

4.3. LEMMA. Gwen a left representable short multicategory C we can construct a left
normal skew monoidal category KC in which:

e The tensor product ab of two objects a and b is the binary map classifier;
e The unit i is the nullary map classifier;

e Giwen f:a — b and g: ¢ — d the tensor product fg: ac — bd is the unique mor-
phism such that

We will denote with f -c:= fl. and similarly a - g :== 1,9.
e The associator a: (ab)e — a(be) is defined as the unique map such that

a

a ab
a(bc) Oap >— (ab)c a(bc)
- T A e e
bc ¢

o The left unit map \: 1ta — a is defined as the unique map such that

: -~ = @ - a (4.3)

(which is invertible by left representability).
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e The right unit map p: a — ai is defined as

o > 4.4
® > (14

1

PROOF. Functoriality of C> — C : (a,b) — ab follows from the universal property of
the binary map classifier and profunctoriality of Co(—; —). It remains to verify the five
axioms for a skew monoidal category. All of them follow by checking the equalities using
left representability. We will show explicitly how the axioms (2.1.b) and (2.2.c) prove the
left unit axiom (3.2) and refer the interested reader to [11, Lemma 4.4.1] for the remaining
axioms. We recall axiom (3.2) below,

(zab—>zab
SN

Using left representability it is enough to prove the equality precomposing with the uni-
versal nullary map u and binary maps 6. So,

@} (ia)b w
b

Ao -bo[(biap016is)01u]

=[Ag-bo(Oipo10;0)]o1u (nat. sub. null. into bin.)
=[(Ag-b0bigp)0 Qm]olu (nat. sub. bin. into bin.)
= [(Oap o1 Aa)01bia]oru (definition of A, - b)
T
=[0ap 01 (Aa016i0)]01u (dinaturality sub. bin. into bin.)
=0up01 [(Ag010;i0) 01 u] (by axiom (2.1.D))
= Oqp 01 14 (by definition of \)
= 0up (by Remark 2.1)

On the other hand,
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[ [()\ab o Oéi,a,b) o em,b] 01 ei,a ] o1U

[ [Aab© (iap©Biap)]01bia]01u (profunctoriality bin.)
= [Aap o [(@iap©biap) 010ia] ] 011 (nat. sub. bin. into bin.)
=[Aap© (Oiap026ap) ] o1 u (by definition of «)

(nat. sub. null. into bin.)
(by axiom (2.2.c))

=[ Ao (Oiaporu)]obyy (profunctoriality bin.)
= 1w obay (definition of \)
=0up (by Remark 2.1)

n
Before defining the functor K: ShMult;,, — Skew;, on morphisms, we prove the
following easy lemma.

4.4. LEMMA. Consider C,D € ShMult;. and a functor F': C — D. There is a bijection
between natural families
Fﬁ,b: Cl(a, b) — ]D)l(FE, Fb)
and natural families®
fa: m(Fa) — F(ma)

where ma and m(F'a) are the n-ary map classifiers of the appropriate arity.

6See Appendix B.2 for the explicit formulation of this naturality condition.
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PROOF. The bijection is governed by the following diagram

Fa’,

Ci(a; —) > D;(Fa; F—)
701%% Tfolem (4.5)

Cy(ma; —) % D, (m(Fa); F—)

in which the vertical arrows are natural bijections and the lower horizontal arrow corre-
sponds to the upper one using the Yoneda lemma. It is worth noticing that naturality in
a follows by the fact that the classifiers 6 are such. [

4.5. REMARK. Given a morphism F': C — D € ShMult;. we obtain, applying the above
lemma, natural families fo: FaFb — F(ab) and fy: i — Fi defining the data for a lax
monoidal functor KF': KC — K. We will prove that this is a lax monoidal functor in
Proposition 4.7.

Explicitly, fo: FaFb — F(ab) is the unique morphism such that f01 0, pp = F5(0ap)
whilst fy is the unique morphism such that fyou = Fu.

4.6. NOTATION. Let C be a short multicategory with a left universal nullary map clas-
sifier. Then we will use (—)*: C,(a;b) — C,41(4,a;b) for the inverse of — oy u: in other
words, for any n-multimap f, f* is the unique (n + 1)-multimap such that f* o; u = f.

4.7. PROPOSITION. With the definition on objects given in Lemma 4.5 and on morphisms
in Remark 4.5, we obtain a fully faithful functor K: ShMult;. — Skew,.

PROOF. By Lemma 2.9 a morphism of ShMult,,.(C, D) is uniquely specified by a functor
F: C — D and natural families (F3, Fp) satisfying three equations.

By Lemma 4.4, these natural families (F, Fp) bijectively correspond to natural families
(f2, fo)-

Therefore, if we can prove that (Fy, Fp) satisfy the equations of Lemma 2.9 if and only
if (fa, fo) satisfy the equations for a lax monoidal functor, then we will have described a
bijection K¢ p: ShMult,.(C,D) — Skew,,(KC, KD). Table 1 describes the correspon-
dence between axioms, we refer the interested reader to the proof of [11, Proposition 4.4.4]
for the details.

(Fo, F») (fo, f2)

(2.7) | Associator axiom

(2.6.a) | Left unit axiom
(2.6.b) | Right unit axiom

Table 1:

Functoriality of K follows routinely from the definition of f; and fj. n
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Let us recall that there is a forgetful functor U;.: Mult;,, — ShMult,;. and the au-
thors of [1] construct an equivalence 7': Mult;. — Skew,,. Moreover, comparing the
construction of K with that given in [1, Section 6.2], we see that the triangle below is
commutative.

Multlr
Ulr
T ShMult,,
o
Skew;,

4.8. THEOREM. The functor K: ShMult;. — Skewy, is an equivalence of categories, as
1s the forgetful functor U,.: Mult;, — ShMult,,.

PROOF. Let us show that K is an equivalence first. Since K is fully faithful by the
preceding result, it remains to show that it is essentially surjective on objects. Since
T = KU and the equivalence T' is essentially surjective, so is K, as required. Finally,
since T'= KU and both T and K are equivalences, so is Uj,. [

Then, if we consider the forgetful functor U,.,: Mult,., — ShMult,., and the equiv-
alence 7,.,: Mult,., — Mon given in [6], we get the following result.

4.9. THEOREM. The equivalence K: ShMult;,, — Skew;, of Theorem /.8 restricts to
an equivalence K,.,: ShMult,., — Mon between representable short multicategories and
monoidal categories, which fits in the commutative triangle of equivalences below.

Mult,.,
%
Trep ShMult,.,

Mon
PRrooOF. Let C € ShMult;,. If C is representable then K C has invertible left unit A since
it is skew left normal. Therefore, we have left to prove that o and p are isomorphisms as
well. First, we can define the inverse of o through the chain of bijections

Cs(a, b, c; (ab)c) = Cy(a, by (ab)e) = Cq(a(be); (ab)c)

-1
eab,c 01 ea,b ? «

Using the universal properties of (ab)c and a(bc) we can show that o and o~! are inverses of
each other. Then, p is defined as § oy u, see (4.4). We define p~! as the map corresponding
to 1, through the following bijection

Ci(ai;a) = Co(a, i5a) = Ci(a; a),
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i.e. p~!is the unique map such that
P q p

il > = @ . a (46)

which means that p~'p = 1,. Using the universal property of ai we can also prove that

-1
pp = la.
On the other side, if KC is monoidal, then a and p are invertible. Then

CS(xaab7y;2) = CQ(SE(CLb),?A 2) = Cg((ﬂm)b,y, Z) = Cg(l‘@,b, y) = C4(J:aa7 bayﬂ Z)

where the second isomorphism is given by pre-composition with o, 4 and the rest by left
representability. We can see how this isomorphism sends a map f: x,ab,y — z to

[(f,ol Oé) 01 Qmab]ol exa:

L@\#D

which can be proven to be equal to f oy 0, using the definition of o and associativity
equations in C.

[(f, 01 OZ) 01 exa,b] 01 gz,a

=[fo1(@0bap)]01b0sa (by dinaturality sub. binary into binary)
= [ o1 [(0Ouap) 01 010 ] (by axiom (2.1.a))
= f" 01 (0r.ap 02 0ap) (by definition of )
= (f 0100 )020ap (by axiom (2.1.a))
= f o2 0up (by definition of f').

Then, the isomorphisms
Cy(x, ab; z) = Cs(x,a,b; 2) and Cs(z,y,ab; z) = Cy(x,y,a,b; z)

are constructed and shown to be induced by pre-composition with 6,; in a similar way.
Finally, we show how u induces the required isomorphisms for a representable short mul-
ticategory. By left representability, the map

—ou: Cu(i,a;2) = C,_v(a; 2)

is an isomorphism (for @ of length n — 1). Then, since p is invertible, we can define the
following isomorphism

C3(a’7 i? b7 Z) = CQ(aia b7 Z) = CQ(av bu Z)
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where the last map is given by pre-composition with p in the first variable and the first
one by left representability. Thus, a ternary map k: a,i,b — z is sent to k& oy p. The
calculations below show that this is the same as precomposing with « in the second
variable.

k' oy Pa

=k 01 (04, 02 u) (by definition of p)
= (K 01 0,,) o2 u (by axiom (2.1.b))
=koyu (by definition of &').

Similarly, we can construct the isomorphism Csy(a,i;z) = Ci(a; z) and prove that it is
induced by pre-composition with wu.
Since ShMult, ., and Mon are full subcategories of ShMult;, and Skew;,,, the fully

faithfulness of K., follows from the one of K. Hence, U,, is an equivalence as well. =

4.10. THE CLOSED LEFT REPRESENTABLE CASE. In this section we will consider the
equivalence T¢: Mult;! — Skew{" between left representable closed multicategories and
left normal skew monoidal closed categories. The existence of this equivalence follows
from [1, Theorem 6.4] in the same way as [1, Theorem 6.3] follows from [1, Theorem 6.1].

4.11. THEOREM. The equivalence K : ShMult;,, — Skew,, restricts to an equivalence
K¢ ShMultf’: — Skew!. between left representable closed short multicategories and
left normal skew closed monoidal categories, which fits in the commutative triangle of
equivalences

Mult

\Uﬁ}

13! ShMult

%ff

Skew!. .
PRrROOF. Let C be in ShMult,,. If C is closed then we have natural isomorphisms
C(ab7 C) = (Cl ((lb7 C) = CQ(a7 b7 C) = Cl(a7 [b7 C]) = C<a7 [b7 CD

so that KC is monoidal skew closed, as required. If KC is closed, then we have natural
isomorphisms Cy(a; [b, ¢]) = Cy(ab; c) for all a, b, c. By Yoneda, the composite

Ci(a; [b, ]) = Cy(ab; c) = Co(a, b;c)

is of the form e, o — for a binary map e,.: [b,¢],b — ¢, and to show that C is closed
we must prove that the function on the bottom row below is a bijection for tuples @ of
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length 0 to 3.
Cy(m(@); [b, o]) —=— Ca(m(@), b; )

—Oleal l—oﬁa

Cu(a;[b,c]) ——— Cphi1(a,b;c)

€p,cO1—

Since C underlies a left representable multicategory, there exists a left universal multimap
05: @ — m(a) and we have a commutative diagram as above in which the upper horizontal
is invertible, as already established, and the two vertical functions by left universality, so
that the lower horizontal is a bijection too. n

Putting together Theorem 4.9 and Theorem 4.11 we get the following result.

4.12. THEOREM. The equivalence K : ShMult;,. — Skew;, defined in Theorem 4.8, re-
stricts to an equivalence Kfép: ShMultﬁlep — Mon® between short representable closed
multicategories and closed monoidal categories, which fits in the commutative triangle of

equivalences

cl
Mult;.,,
e, ShMult?,
AW
Mon®

5. Short Skew Multicategories

In this section we will adapt the definitions in Section 2 and the results in Section 4 to
the skew setting. Once again, we will follow the style of Proposition 1.1.
A short skew multicategory consists, to begin with, of a category C together with:

e For 1 < n <4 a functor CL(—;—) : (C")? x C — Set such that, when n = 1, we
have C{(—;—) =C(—,—): C”? x C — Set.

e For n = 0,1,2 an additional functor C!(—;—): (C")®” x C — Set and natural
transformation j,: Ct(—;—) — C!(—; —).

5.1. REMARK. The [-typed multimaps, i.e. the elements of C (a;b), are thought of as
loose, whereas the t-typed multimaps, i.e. the elements of C (a@; ), are thought of as tight.
The function j lets us view tights as loose. Nullary maps are thought of as loose. The
tight unary maps are precisely the morphisms of C. Similarly to the situation described
in Remark 2.1, both tight and loose n-ary multimaps f admit compatible precomposition
(in any position) and postcomposition by tight unary maps p — that is, by the morphisms
of C — which we write as f o; p and p o f respectively. Clearly, with these definitions,
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since functors preserve the identity, we get the following identity equations (for any n-ary
loose or tight multimap f and any ¢ = 1,...,n).

Loy f=f=/Ffo;1
For z,y € {t,1}, let us write

t, fr=y=tandi=1
, ifr=tandi#1

, otherwise

~+

T oY =

o~

Then, in the cases listed below, we require functions
—o0; —: CE(b;c) x CY (a;b;) — oy _1(beisa,bsi;c)
for i € {1,...,n} which are natural in ay,...,am,b1,...,b;_1,bi11,...,b,, c and dinatural
in b;. Analogous to those from before, we require o; for the following cases:”
em =2 n = 23and r = y = t (substitution of tight binary into tight bi-
nary/ternary);

e m =3, n=2and x =y =t (substitution of tight ternary into tight binary);

e m=0,n=23and z =t (substitution of nullary into tight binary/ternary).

but also:

e m=0,n=1and z =y =1 (substitution of nullary into loose unary);
e m=1y=1,n=2and z =t (substitution of loose unary into tight binary);

e m=2 y=1t,n=1and z =1 (substitution of tight binary into loose unary).

In the context of a binary multimap f, and multimaps g and h of arity n and p
respectively (all tight except nullary ones), one can consider associativity equations of the
following form:®

foi(gojh)=(fo;g)ohjri1 for 1<i<21<j<n, (5.1)
(forg)onpih=(fosh)oryg
We require equations (5.1) and (5.2) in the following cases:
(a) n=p=2;
(b) n=2,p=0;
(c) only for (5.2), n =0, p = 2;
(d) only for (5.2), n=p=0.

"The idea is that the rest of substitutions needed to form a skew multicategory, under left repre-
sentability /closedness, will be derivable from these ones.

8We remark that, thanks to the equality C;(—; —) = C(—, —), we can see identity maps 1 in C as tight
unary maps.
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5.2. REMARK. Let us unfold what naturality of j, means. Let g be a tight binary map,
p and ¢ two tight unary maps and v a nullary map. Naturality of j, means that the
following equations hold:

go2jp=goap go1jp=7j(go1p) qojp=j(qgop)

. . (5.3)
jpog=7jpog) jpov=pouw.

Moreover, if we consider the second and third naturality equation with p equals to the
identity we get, using also Remark 5.1, the following description for jg and jq:
jg=7J(ge1l) =goeyjl
ja=jlgerl) = qojl.

5.3. NoTATION. We will denote tight n-ary multimaps as

a1

%Db

n

and loose n-ary multimaps as
ay

i

n

5.4. DEFINITION. Let C and D two short skew multicategories. A morphism of short
skew multicategories is a functor F': C — D together with natural families

) = Di(Fa; Fb)  for 1<i<A4

Fl: Cl(a;b
a;b) — DLY(Fa; Fb)  for 0<i<?2

Fj: Ci(a;

such that Ff = F (with Fa we mean the list Fay, ..., Fa,). These families must commute
with all substitution operators o; and j.

Short skew multicategories and their morphisms form a category ShSkMult. Natu-
rally, there is a forgetful functor U®: SkMult — ShSkMult.

5.5. THE LEFT REPRESENTABLE CASE. A tight binary map classifier for a and b
consists of a representation of Cy(a,b; —): C — Set — in other words, a tight binary map
04p: a,b — ab for which the induced function

— 004y : Ci(ab;c) — Cl(a,b;c)
is a bijection for all c¢. It is left universal if, moreover, the induced function

— 01 04p: Ch(ab,T;d) — C 1 (a,b,7;d)
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is a bijection for n = 2,3 and T a tuple of the appropriate length. A nullary map
classifier is a representation of Cy(—; —): C — Set — thus, a certain nullary map u €
CL(—;i). It is left universal if the induced function

—oyu:Ch (i,T;d) — CL(T; d)
is a bijection for each d and tuple Z of length 1 and 2.

5.6. DEFINITION. A short skew multicategory C is said to be left representable if it
admits left universal nullary and tight binary map classifiers.

We will denote by ShSkMult;,. the full subcategory of ShSkMult with objects left
representable short multicategories. Naturally, the forgetful functor U®: SkMult —
ShSkMult restricts to a forgetful functor U;.: SkMult;, — ShSkMult,,..

5.7. NOTATION. Let C be a short skew multicategory with a left universal tight binary
and nullary classifier. Then we will use (—): C(a;b) — CL_,(ajaq,as,. .., a,;b) for the
inverse of — oy fay, as and (—)*: C,(@;b) — C!_,(i,@;b) for the inverse of — oy u. More
precisely, for any tight n-multimap f, f’ is the unique tight (n — 1)-multimap such that
f' o010 = f and, for any loose n-multimap ¢, ¢* the unique tight (n + 1)-multimap such
that ¢* o u = q.

We start proving a characterisation of morphisms between left representable short

skew multicategories (Lemma 5.8), which will be useful in the proof of Lemma 5.9.

5.8. LEMMA. Let C and D be left representable short skew multicategories and let us con-
sider two natural families FL: Cl(o;a) — Df(o; Fa) and Fi: Ch(a,b;c) — D(Fa, Fb; Fe).
If we define, for any loose unary map q, Flq := Fiq*o; Fiu (where u is the universal nullary
map in C and ¢* is the unique binary map such q* oy u = q), then for any v € Ch(o;a)
and f € Ci(a,b;c), we have

Fi(f o1 v) = Fy(f) o1 Fy(v)-

PROOF. Let us consider v € C(o;a) and f € Ci(a, b;c). Then

Fll(f 01 V)

= F}((fo1v)*) o1 Fy(u) (by definition of F)
= Fy(fo1v") o1 Fj(u) (because (f o1 v)* = f oy v™)
= (F3(f) o1 F(v")) o1 Fy(u) (by naturality of F})
= Fi(f) o1 (F(v*) oy Fi(u)) (by dinaturality sub. nullary into tight binary)
= F5(f) o1 Fy(v* oy u) = F5(f) o1 Fy(v) (by naturality of Fy).
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5.9. LEMMA. Let C and D be left representable short skew multicategories. A morphism
F: C — D is uniquely specified by:

e a functor F': C — D between the undelying categories of C and D,

e natural families F}: C\(o;a) — DY(o; Fa) and Fi: Ch(a,b;c) — D4Y(Fa, Fb; Fc)

such that F' commutes with
T (5.4)

and such that if we define, for any ternary tight map h € Ci(a;b), Fih := Fih'o1 F}0,

then F also commutes with
T
-- c
a —
beb 5.5

and such that if we define, for any loose unary map q, Fiq := Fiq* oy Flu, then, for
any tight unary map p,
F1j(p) = jFip. (5.6)

PrOOF. First of all, we need to define all of the natural families needed for a morphism
in ShSkMult;,. We start with F}, F! = F and F! given and we already defined F! and
F!. So, we have left to define F} and F}:

e for k € Cl(a,b,c,d;e) we define Fik := Fik' o Fi0,

e for r € Ch(a, b;c) we define Flr := Fir* o) Flu.

Then, we need to prove that these natural families commute with all substitutions, i.e.

(i) Tight binary into tight binary /ternary.

(ii) Tight ternary into tight binary.

Nullary into tight binary/ternary.

(iv) Nullary into loose unary.

)
)
(iif)
)
)

(v) Loose unary into tight binary.

9Recall that, by definition of short skew multicategory, morphisms in C and D are the tight unary
maps of C and D respectively.
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(vi) Tight binary into loose unary.

Almost all of the first three can be proved in an analogous way as in Lemma 2.9. For
instance, to prove that F' preserves g oy f for f and g binary, we use (5.5) and naturality
of F} (in tight maps). The only exceptions are the substitution of a nullary map into the
first component of a binary/tight ternary. Lemma 5.8 proves the nullary into tight binary
case. To prove the nullary into ternary case instead, we will assume substitution of loose
unary in the first variable of a tight binary, which we will refer to as (v.1). Similarly,
we will refer to substitution of loose unary in the second variable of a tight binary with
(v.2). We can see that (v.1) follows similarly to (i), using the left universal nullary map
classifier, (v.2) from (i) and (iii) and (vi) from (i). For all the explicit calculations, we
refer the reader to [11, Lemma 4.5.6].

Finally, let us prove that F' commutes with j; and j,. The assumption (5.6) is literally
commutativity of F with j;. So, let f € Ci(a,b;c),

Fjf=F(fo1jl,) = Fyf o1 F{(jla) = Fy f o1 jF{1, = Fy f o1 jlp, = j(F3f).

Here we have used naturality of j (in the style of Remark 5.2), assumption (5.6) and
Fl1, = 1p, (since F} is a functor). =

5.10. REMARK. Let us briefly see what happens to this characterisation when we consider
7 =1 Dboth in C and D, i.e. when they are left representable short multicategories. First,
condition (5.6) implies that F! = F! Hence, using Lemma 5.8, we see that I preserves
substitution fo;u for any binary map f and any nullary map wu, i.e. the first part of (2.6).
Furthermore, condition (5.4) corresponds to preserving subsitution of a nullary map in
the second variable of a binary map, i.e. the second part of (2.6), and (5.5) corresponds
to (2.7). This shows how Lemma 5.9 corresponds to Lemma 2.9.

Now, let us recall that there is an equivalence T¥: SkMult;, — Skew between left
representable skew multicategories and skew monoidal categories [1, Theorem 6.1].

5.11. LEMMA. Given a left representable short skew multicategory C we can construct a
skew monoidal category K*C in which:

e The tensor product ab of two objects a and b is the tight binary map classifier;
o The unit i is the nullary map classifier;

e (iiven tight unary maps f: a — b and g: ¢ — d, the tensor product fg: ac — bd is
the unique morphism such that

a'ac bl a@ _____ ! 0> (57
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e The associator a: (ab)e — a(be) is defined as the unique tight map such that

o B - Bpees
be

(5.8)

a N D MD@ (59)
2 5.10
@ (5.10)

PROOF. Functoriality of C* — C : (a,b) ~ ab follows from the universal property of
the tight binary map classifier and profunctoriality of C5(—; —). It remains to verify the
five axioms for a skew monoidal category. Some of them have the same proof as short
multicategories, we will give details only of the ones where we need to use new axioms.
For instance, in the pentagon axiom (3.1) all the maps are tight, so the proof does not
change (naturality and profunctoriality are defined using tight unary maps). Also the
right unit axiom (3.3) has the same proof. For the rest of the axioms, the only thing
that changes from the non-skew case is that we need to use also the naturality of j. This
comes up since for a skew multicategory A, 0 6;, 01 u = j1, (by definition of X). We refer
the interested reader to [11, Lemma 4.5.8] for the details.

Before defining the functor K*: ShSkMult;. — Skew, we prove the following easy
lemma, which is the counterpart of Lemma 4.4.

5.12. LEMMA. Consider C,D € ShSkMult;,. and a functor F: C — D. There is a
bijection between natural families, with x € {t,1},

Fry: Ci(@; b) — Dy (Fa; F'b)

and natural families
fZ: m*(Fa) — F(m®a)

where m*a and m*(Fa) are the n-ary x-map classifiers of the appropriate arity.
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PROOF. The bijection is governed by the following diagram

FZ

Ci(a; —) ——— Df(Fa; F-)
7019£ =] o 7010I7 511
ET T Fa ( )

Ci(m*a, —) Ry Di (m®(Fa), F—)

in which the vertical arrows are natural bijections and the lower horizontal arrow corre-
sponds to the upper one using the Yoneda lemma. [

5.13. REMARK. Given a morphism F': C — D € ShSkMult,, we obtain, on applying the
above lemma, natural families of tight maps fo: FaFb — F(ab) and fy: i — F'i defining
the data for a lax monoidal functor K*F: K*C — K®ID. That it is a lax monoidal functor
follows directly from the following result.

Explicitly, fo: FaFb — F(ab) is the unique morphism such that fy010p, rp = Fi(0ap)
whilst fy is the unique morphism such that fy o u = Flu.

5.14. PROPOSITION. With the definition on objects given in Lemma 5.11 and on mor-
phisms in Lemma 5.13, we obtain a fully faithful functor K*: ShSkMult;. — Skew.

PRrROOF. The proof is quite similar to the proof of Proposition 4.7. Using Lemma 5.9
and 5.12, it is enough to prove that (F{, F¥) satisfy the equations (5.4, 5.5, 5.6) if and
only if (fo, fo) satisfy the equations for a lax monoidal functor (3.6, 3.7, 3.8). Equation
(5.5) corresponds to the associator axiom (3.6) for a lax monoidal functor. Since all maps
involved are tight, this follows by the same proof in Proposition 4.7. In a similar way, we
can prove how (5.4) corresponds to the right unit axiom (3.8) of a lax monoidal functor.
The only part that changes significantly is the one regarding the left unit axiom (3.7). We
need to change the proof because the substitution of a nullary map into the first variable
of a tight binary gives a loose unary map. Let us start proving that if (FY, FY) satisfy
(5.6), then (fo, fo) satisfy the left unit axiom (3.7). We will prove this axioms showing
that F'Ao fy o foFa satisfy the defining property (5.9) of .
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(FAo Fi0) o, Flu

= Fj(Ao0) oy Fyu (by naturality of F})
= Fi((Ao6ia) o1 u) (by Lemma 5.8)
= Fl(jla) (by defining property (5.9) of )
=Jlpa (by assumption (5.6)).

On the other hand, let us assume (fo, fo) satisfy the left unit axiom (3.7). Then, by
universal property of A\, jlg, is equal to

_ 1

Fa
by left unit axiom (3.7)

BB g e

= (FAg0 Fl0;,) 01 Flu (by definition of F}\ and FY)
= Fi(Xo0;4) 01 Flu (by naturality of F7)
=Fl((MAob;a)o1u) (by Lemma 5.8)
= [(j1,) (by defining property (5.9) of A).
Therefore, we get a correspondence analogous to the one in Table 1, which is described
in Table 2. -
(Fé,th) (anfQ)

(5.5) | Associator axiom (3.6)
(5.6) Left unit axiom (3.7)
(5.4) | Right unit axiom (3.8)

Table 2
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We recall that there is a forgetful functor U;.: SkMult;,, — ShSkMult;. and an
equivalence T°: SkMult;. — Skew between left representable skew multicategories and
skew monoidal categories. Moreover, comparing the construction of K*® with that given
in [1, Section 6.2], we see that the triangle

Slelltlr

\Uﬁ)

Ts ShSkMult;,

%

Skew.

1s commutative.

5.15. THEOREM. The functor K*: ShSkMult;. — Skew is an equivalence of categories,
as is the forgetful functor U®: SkMult;,, — ShSkMult,,.

PROOF. Let us show that K* is an equivalence first. Since K* is fully faithful by Proposi-
tion 5.14, it remains to show that is essentially surjective on objects. Since T = K*U*® and
the equivalence T is essentially surjective, so is K*, as required. Finally, since T° = K°U?®
and both 7% and K* are equivalences, so is U°®. [

5.16. THE CLOSED LEFT REPRESENTABLE CASE.

5.17. DEFINITION. A short skew multicategory is said to be closed if all b,c € C there
exists an object b, c| and a tight binary map ey.: [b,c|,b — ¢ for which the induced func-
tions

eb,c 01 —: C5L<f’ [b7 C]) — C%+1(E7 ba C)u fOT n = 1)273;
epe 01 —: Ch(z;[b,c]) = CL_ (T,b;¢),  forn=0,1,

are 1somorphisms.

Once again, let us notice that the restrictions on the arities n are determined by the
definition of a short skew multicategory. For instance, when dealing with loose maps
we only consider n = 0,1 because we do not have ternary loose maps in a short skew
multicategory.

We will denote with ShSkMult{ the full subcategory of ShSkMult with objects
left representable closed short skew multicategories. Naturally, the forgetful functor
U : SkMult;, — ShSkMult,, restricts to a forgetful functor

U SkMultf’ — ShSkMult;'.

Adapting Proposition 2.12, we get a characterisation of closed short skew multicategories
which are also left representable.
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5.18. PROPOSITION. A closed short skew multicategory is left representable if and only
if it has a nullary map classifier and each [b, —] has a left adjoint.

PRrROOF. If C is closed and left representable, then the natural bijections
C(ab, c) = C!(ab; c) =2 Ch(a,b;c) = Cl(a;[b,c]) = C(a, [b, c])

show that —b - [b, —]. Conversely, if [b, —] has a left adjoint. Then we have natural
isomorphisms

Ci(ab;c) = C(ab, c) = C(a, [b,c]) = Ci(a; [b, c]) = Ci(a, b;c)

and, by Yoneda, the composite is of the form — o; 0,; for a tight binary map classifier
Oup: a,b — ab. It remains to show that this and the nullary map classifier are left
universal. For the tight binary map classifier, we must show that —o#8,,: C! . (ab,T;c) —
Cl . 5(a,b,T;c) is a bijection for all Z of length 1 or 2, the case 0 being known. For an
inductive style argument, suppose it is true for T of length ¢ < 1. We should show that
the bottom line below is a bijection

701911,[7

C§+1(ab7 f7 [y7 C]) (C§+2(CL, b) Ev [yv C])

ey,col—l ley,col_

Clialab, T, y; ¢) ——5—— Ciy5(a,b0,7,y;0)
but this follows from the fact that the square commutes, by associativity axiom (5.1.a),
and the other three morphisms are bijections, by assumption. The case of the nullary
map classifier is similar in form but uses associativity axiom (5.1.b). ]

We recall that [1, Theorem 6.4] gives an equivalence T : SkMult;’ — Skew between
left representable closed skew multicategories and skew closed monoidal categories.

5.19. THEOREM. The equivalence K*: ShSkMult;. — Skew (from Theorem 5.15) re-
stricts to an equivalence K*: ShSkMult' — Skew between left representable closed
short skew multicategories and skew closed monoidal categories, which fits in the commu-
tative triangle of equivalences below.

SkMult}*

s,cl
%

T: ShSkMult;’

Skew
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PRrOOF. The strategy is to prove that a left representable short skew multicategory C is
closed if and only if the skew monoidal category K*C monoidal skew closed.

We start by considering when C € ShSkMult;, is a closed short skew multicategory.
By definition of closedness and left representability, we have natural isomorphisms

C(a’b7 C) = (Ci(ab, C) = Cg(% b; C) = Ci (a7 [bv C]) = C(CL, [b7 C])a

therefore K*°C is monoidal skew closed, as required.
On the other hand, if K*°C is closed, then we have, for all a,b,¢ € K*C, natural
isomorphisms C(a; [b, ¢]) = CY(ab; ¢). By Yoneda, the composite

Ci(a; [, c]) = C(ab; c) = Ch(a, b; c)

is of the form e, oy — for a tight binary map e,.: [b,¢c],b — ¢, and to show that C is
closed we must prove that

€b,c ©1 — - 62(67 [b’ ]) - Cn—‘rl( b C)? for n = 27 37
epc 01 —: Ch(a;[b,c]) = CL (@, bjc), forn=0,1,

are bijections. For the tight maps case we can consider the diagram

Ct (mt(@); [b, ) ———— Ch(m'(a),b;c)
—oleglE %l_C)lgz
C.,(@ b, d]) ———=— Ch(@bic)

where 6: @ — m'(a) is the left universal tight n-multimap. More precisely,

for n =2, m'(ay,as) ;= ayas, and Oz := 04, 4y,

for n =3, m'(a1,az,a3) = (a1az)as, and Oz := 04,4545 ©1 ay.as-

The commutativity of the diagram with n = 2 follows from dinaturality of substitution of
tight binary into tight ternary, whereas the one with n = 3 follows from the associativity
axiom (5.1.a). Thus, since the two vertical functions are invertible by left representabil-
ity and the upper horizontal by construction, the lower horizontal is invertible as well.
Similarly, for the loose case we consider the diagram

Ct(m!(@); [b, ¢]) — = Ch(m'(@), b;c)
—oleglg El—oleg
C(@; b, c]) P » Cl (@ b;c)

where 6L: @ — m(a) is the left universal loose n-multimap, i.e.
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forn=0, mi(-):=i, and 6 :=u,
forn =1, mi(a):=a, and 6 :=60;,0 u.

This time, when n = 0, the commutativity of the diagram follows from dinaturality of
substitution of nullary into tight binary, whereas when n = 1 follows from the associativity
axiom (5.1.b). Then, since the other three maps are invertible, the lower horizontal map
is an isomorphism. [

5.20. SHORT BRAIDINGS. Let C be a short skew multicategory. A short braiding on
C consists of natural isomorphisms

ﬁ§3 Cg(a17a27a3;b) — Cg<a17a37a2;b)
4

2 - Ci(al7a27a37a4; b) — Ci<a17a37 A2, Ay, b)

:;13 Ci(al7a27a37a4; b) — Ci<a17a27 A4, A3; b)

satisfying the following six axioms

e for any tight 4-ary map h € Cl(ay, as, as, as;b),
B33 85 (h) = 30503 (h) (5.12)

e for any tight binary map g¢: by, by — ¢ and tight ternary map f: ay,as, a3 — b;,

go1 B5(f) = Ba(gor f) (5.13)
g o2 B5(f) = B5(g 02 f) (5.14)
o for any tight ternary map g: by, by, bs — ¢ and tight binary map f: a1, az — b;,
B3(gor f) = B5(g) o1 f (5.15)
B339 02 f) = B5(9) o3 f (5.16)
B385(g 03 f) = B5(g) o2 f (5.17)

The short braiding is called a short symmetry if, moreover,

Cg(ala as, a; b)

B3 \53 (5.18)

Cg(aha@;a:ﬂ;b) Cé(a17a27a’3;b>

We call a short skew multicategory together with a short braiding a braided short skew
multicategory. Moreover, we say that it is symmetric if the braiding is a symmetry.
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5.21. REMARK. Axiom (5.12) can be visulised through a commutative diagram (see be-
low), where the nodes represent the inputs of the 4-ary map.

1324 —% 4 1349

1243 = 1423

5.22. REMARK. In the definition above we do not consider any action on binary maps,
even if in a short skew multicategory we could consider the action

B2: Ch(a, b;c) — Ch(b,a;c).

The reason behind this choice is that when a short multicategory has a left universal
nullary map classifier, then 3% can be described using 33 as below:

3% :=  Cy(a,b;c) = CL(i,a,b;c) LN CL(i,b,a;c) = Ch(b,a;c).

Given two braided short skew multicategories C and D, we say that a short skew
multifunctor F': C — D is braided if it respects the braiding isomorphisms, i.e. if for
r = B33, 33, 33 the following diagram commutes

C,.*
Ct(at,...,an;c) ———— Ct(ar1,-..,am;C)

Fﬁl lF:L

DL (Fay,..., Fay; Fc) —— DL(Fay, ..., Fa.,; Fc)

There is a category ShSkMult? of braided short skew multicategories and braided
short multifunctors. We call ShSkMult®™ the full subcategory of of ShSkMult"?
with objects symmetric short skew multicategories. Naturally, the forgetful functor
U?®: SkMult — ShSkMult restricts to forgetful functors

Uprd: SkMult’® — ShSkMult,
UY": SkMult;”™ — ShSkMult;”™.

Now, we want to show that we can lift K*: ShSkMult;. — Skew to the braided and

symmetric setting. We start with objects in the proposition below.

5.23. PROPOSITION. Let C be a left representable short skew multicategory and K°C the
corresponding skew monoidal category. A short braiding on C induces a braiding on K*C
in which the braiding isomorphism s: (xa)b — (xb)a is the unique map such that

S0 ezpa,b 01 ex,a = ﬁg’(ea:b,a 01 ex,b)- (519)

Moreover, if the braiding on C is a short symmetry, then the braiding on K*C is a sym-
metry.
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PRrROOF. Clearly s defined in this way is natural, so we have left to prove that the axioms for
a braided skew monoidal category hold. Other than associativity equations for multimaps,
the axioms follow from the following table.

Axiom l Follows from
(3.9) ! (5.12), (5.13), (5.15)
(3.10) | (5.13),(5.15),(5.16)

(3.11) 1 (5.13), (5.15), (5.16)
(3.12) (5.14),(5.15)

All the proofs are quite similar, so we will explicitly show only (3.10). As always, we
will show that the two sides of the diagram are the same when we precompose with the
universal tight 4-ary map. We start from s, 45 © Qg pe:

by definition of «,

= @ b(;“‘@

C

= ﬁg(ex(bc),a 01 Oz c) 03 Opc (by definition of s)
= B285( (00 01 O c) 02 0s.) (by axiom (5.16) ).

On the other hand, let us consider a; p @ © Sgpg.c © 5z.4,4C:

x
B 7 < (ma)b® (zb)a
a S-S (@ha)e, (@be)a (w(bc))a
: > e e e
by definition of s - ¢, ¢
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= Qg e O Syp e © [O(aba,c ©1 B3 (0pa 01 02p)] (by definition of s)
= Qg b,c@ O Sgb,a,c © 53( e(zb)a,c 01 (ezb,a 01 9171)) ) (by axiom (513) )
- 53[ Qg b,c O Sgba,c © (0(a:b)a,c 01 (ezcb,a 01 eaz,b)) ] (by naturality Ofﬁé)

Therefore, to conclude the proof of this axiom, it suffices to prove

Bg( (ezp(bc),a o1 ex,bc) 09 eb,c) = Qg b,c@ O Sgha,c © (e(xb)a,c 01 (ea:b,a 01 ecc,b))-

Let us consider the right hand side:

= Qg p,c O ( (S:L"b,a,c © e(xb)a,c 01 ezb,a) 01 ez,b) (by naturality OfS)

= Qg p,c@ O (ﬁ;(e(mb)c,a 01 exb,c) 01 ex,b) (by definition OfS, (519) )

= 5,0 0 B3( (Oab)ea ©1 Oabe) 01 Oup) (by axiom (5.15))

= ﬁ§ [ax,b,ca o ( (e(zb)c,a 01 9xb,c) 01 ex,b )] (by naturality Ofﬁg)

= B5((Oube)a ©1 Oupe) 02 O ) (by definition of aa and «).

Finally, if the short braiding is a symmetry, i.e. if (5.18) holds, then:

exb,a 01 ex,b = ﬁzgﬁzg(exb,a 01 ex,b) (by (518) )
= B3(so Orap 01 02.0) (by definition of s, (5.19) ).

In the following proposition we will consider a braided short skew multicategory which
is left representable and show how we can rewrite the isomorphisms 33, 33 and (33 using
s and the left universal tight 3-ary maps.

We recall that we write (—)" for the inverse of — oy 6. In particular, for a tight 3-ary
map f: a,b,c —din C, f”: (ab)e — d is the unique tight unary map such that

f = f” o (Qab,c o1 ea,b)- (520)

Similarly, for a tight 4-ary map g: a,b,c,d — e in C, ¢”: (ab)c,d — e is the unique tight
binary map such that
9= 9" 01 (Oabc 01 0ap)- (5.21)
In a similar way to [2, Proposition A.4], the following proposition provides a description
of B3 and 35 in terms of B3 (in the left representable case).

5.24. PROPOSITION. Let C be a braided short skew multicategory which s left repre-
sentable. Using the notation in Proposition 5.23:

(i) For any tight 3-ary map f: a,b,c — d in C,
Bg(f) - f” ©s§0 <8ac,b o1 ea,c)- (522)

(i1) For any tight 4-ary map g: a,b,c,d — e in C,

B3(9) = 9" 01 B3 (Bunc 01 0p) (5.23) "¢ B5(9) = B3(g) o1 bup- (5:24)
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PRroor.

(i) Let f: a,b,c — d be a tight 3-ary map in C. Then:

B3(f) = B3(f" o (Bupe 01 bap)) (by left representability (5.20) )
= f" 0 B3 (Oapc 01 Oap) (by naturality of 55)
= f" 050 (Bacp 01 Oarc) (by definition of s (5.19) ).

(ii) Let g: a,b,c,d — e be a tight 4-ary map in C. Then:

B3(g) = Ba(g" 01 (Bape 01 0us)) (by left representability (5.21) )
— g// o1 /82( ab,c 01 Qa,b) (by (513) )

B5(g) = B5(g o106, b) (by left representability)

= 33(¢") 01 8ap (by (5.15)).

A useful consequence of Proposition 5.24 is the characterisation of braided short skew
multifunctors in SkMultbrd which we present in the Lemma below.

5.25. NOTATION. Following the same idea as in Proposition 2.5, for any left representable
short skew multicategory C, we may use the notation 0,4 . := 04 01 0,5 to make some
calculations more readable.

5.26. LEMMA. Let C and D be two braided left representable short skew multicategories
and F: C — D a short skew multifunctor between them. If F respects 33, then F respects
also By and f35.

PROOF. In Proposition 5.24 we showed how to write 33 and 3 in terms of 33. Then, since
F respects (3 and substitutions, we have that F respects also 33 and B3. For instance,
using (5.23),

Fi(B2(9)) = Fi(g" 01 83(0apec) ) = F39" 01 F5(55(ane)) = Fy9" 01 B3 (Fyfape)-  (5.25)

On the other hand, one can check that
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and thus

6§(Fig) - (Fig)” 01 /Bg(eFa,Fb,Fc)
= (Fth o1 fao szC) 01 53(9Fa,Fb,Fc)

= Fyg01 B5((fa 0 f2Fc) 0 Opa,py re) (by naturality of 55)

= Fyg o1 B3 (Fifap.e) (by definition of f,)

= F;(65(9)) (by equation (5.25) ).
Similarly, we can prove that F!(33(g)) = B3(Ftg') o1 Fifap = B5(Fi(g)). -

For a left representable braided short skew multicategory C, we write K" ¢C for the
skew monoidal category defined in Proposition 5.23. The next proposition shows how to

construct braided skew monoidal functors starting from morphisms in ShSkMult!"®.

5.27. PROPOSITION. Let F': C — D be a braided short skew multifunctor between two

braided left representable short skew multicategories. Then, K*F: K IC — KD is a
braided skew monoidal functor.

5.28. NotAaTION. With abuse of notation we will use the same notation for the data in
C and D. If the data appears inside F' it is referred to C and instead if it is outside it
comes from D.

PROOF. We need to prove axiom (3.13) for K*F. To prove this we just need to pre-
compose with the universal tight ternary maps and check that the equality still holds.
Then, it follows directly by the definition of s and that, since F' is a braided short skew
multifunctor,

F;(ﬁg(exb,a 01 em,b) ) = ﬁg’( Fgf(ezb,a 01 ez,b) )

More precisely, we will prove axiom (3.13) by precomposing with the universal tight 3-ary
map classifier. We start from F'so fy o fo F'b:

Fso fyo foFbo (QFzFa,Fb 01 ‘ngv,Fa)

= Fs 0 ( f200pza),rb 1 (f20Fz,Fa)) (by definition of foF'b)
= Fso Fy(0pap) 01 F3(0..0) (by definition of f5)
= F3(50 (0pap) 01 02a) (since F respects substitution)
= Fi(B3(0upa) 01 62p) (by definition of s)
= By F4((Oupa) 01 02) (since F'respects braidings)
= (f2 0 foF'a) o s 0 (Orzra,Fb 01 OFs,Fa) (by (5.22) ).

It is worth mentioning that in the last line we also used the fact that

Fgf( (ewb,a) 01 Qx,b )// - f2 o fQFa-
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Propositions 5.23 and 5.27 lift the equivalence K?®: ShSkMult;. — Skew to two
functors

Kbd: ShSkMult?”? — BrdSkew

lr

K#v™: ShSkMult;" — SymSkew.

Moreover, precomposing with the forgetful functors U4 and U™ we get two functors
T4 and T%¥™ as shown below.

SkMult” SkMult;,"™
\Ulb:d \U;Tym)
Thrd| = ShSkMult?"? Tsvm| = ShSkMult;*™
BrdSkew SymSkew

We can see straight away that 7" has, on objects, the same description given in [2,
Theorem A.1]. In [2, Theorem 5.9] they show that there is a bijective correspondence
between braidings on a left representable skew multicategory and braidings on the corre-
sponding skew monoidal category, which restricts to symmetries. From this it follows that
TP and TY™ are essentially surjective. In fact, consider a braided skew monoidal cat-
egory C and C the left representable skew multicategory such that a: C = T°C (which
exists since T is essentially surjective). Since C is braided, by transport of structure,
there exists a unique braiding on 7°C such that « is an isomorphism of braided skew
monoidal categories. Then, by [2, Theorem 5.9], there exists a unique braiding on C such
that T°"4C = T*C (as braided skew monoidal categories). Hence, C = T*4C.

5.29. THEOREM. The functors below are equivalences of categories.

K'; ShSkMult!* — BrdSkew K*¥™: ShSkMult;*"™ — SymSkew

Ir

PROOF. As discussed above, we already know that 7%"¢ and T*Y™ are essentially surjective.
Since Tt = K dyfrd and T5v™ = K*™U,;*™, then also K¢ and K*™ are essentially
surjective.

Thus, we only need to show that they are fully faithful. Since ShSkMult;”™ is a full

lr

subcategory of ShSkMult”?, we only need to show that K" is fully faithful to also get

Ir »
the same result for K¥™.

Let H: K'C — K" D a braided skew monoidal functor. We need to find a braided
short skew multifunctor F: C — D such that K*¢F = H. Since the action of K¢ on
maps is the same as K* we define F': C — D to be the unique short skew multifunctor
such that K°F = H, seeing H as a lax monoidal functor. Finally, it suffices to check
that I is braided whenever K ¢F is such. By Lemma 5.26 we just need to show that F
respects 33, i.e. for any tight ternary map f: a,b,c — d € C,

F3(B3.f) = B3 (Fsf)-
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Let us start considering the left hand side.

Fg(ﬁ%f) = F:»f( ffoso (Oacp 01 6arc)) (by Proposition 5.24)
=Ff"oFso(Fy(0aep) o1 F3(0ae))  (since F short skew multifunctor),

by definition of fo = hs, is equal to

- ,E aflc
’ (ac)Fb (ac) ((ab)c Fd

’ FaFc
FaFcF<ac>Fb Fllao) p S Fllaho] p o ra

FaF(’
(FaFo)Fb » (Fan)F@ Flab)Fe _Fab)e) Fd

Thus, putting together these equalities, we get

Fi(B5f) = (Ff"o fyo fa- Fcos) o (Orae,rb 01 OFare )- (5.26)

For the right hand side, we start noticing that Fif can be written in terms of the left
universal 3-ary map and two fo. More precisely,

Fif = Fi(f"00upc) = F3(f" 0 0upc0104p) (by (5.20) and left representability)
= Ff" 0 Fy(Oupc 01 0ap) (by naturality of F})
= Ff" o Fy(0upc) 01 Fy(0ap) (since F respects substitutions)
=Ff"o(fa0 Op(ab),re) ©1 (f2 © Opa,ro) (by definition of f5)
= (Ff"o fao fo- Fc)o (Opap),re 01 OFa,rn) (by definition of - on maps).
Hence,
B(F3f) = B3((Ff" o fao fo- Fc) o (Opa),re 01 Opa,rb)) (by part above)
= (Ff"o fyofy-Fc)oB3((0p F(ab),Fe ©1 OFa,rb) ) (by naturality of 35)
= (Ff"o fyo fo- Fc)oso(0pue),rb 01 Opare)) (by definition of s)
= F3(65f) (by (5.26)).
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5.30. COROLLARY. Let C be a left representable skew multicategory and Cg the corre-
sponding short one (by Theorem 5.19). Then, there is a bijection between braidings on C
and short braidings on C,. This correspondence restricts to symmetries.

PROOF. The part regarding braidings follows directly from Theorem 5.29 and [2, The-
orem 5.5]. Again by [2, Theorem 5.5] we know that a braiding on C is a symmetry if
and only if the corresponding braiding on the associated skew monoidal category C is a
symmetry. More precisely, this is true if and only if s, = sgi,b for any z,a,b € C.
Looking at the action of the equivalence Kj in Theorem 5.29 we see that s,5, = 5;27,) if
and only if (5.18), i.e. if the braiding on C, is a symmetry. m

5.31. COROLLARY. A braiding on a skew multicategory C is a symmetry if and only if
the isomorphism 33 : C(ay, as, az; b) = Ch(ay, as, az;b) satisfy B = (55)7L.

Since a short multicategory C can be seen as short skew multicategory with Cf (a; b) =
C! (a;b), from the results above we can derive similar results for short multicategories.

5.32. THEOREM. The equivalences K¢ and K*¥™ of Theorem 5.29 induce equivalences

K’ ShMult)” — BrdMon  and  K*™: ShMult;" — SymMon.

Ir

Proor. This follows from Theorem 5.29 and the fact that left normal braided skew
monoidal categories are actually monoidal [2, Proposition 2.12].

Furthermore, one can check that skew braided functors between braided monoidal
categories are exactly lax monoidal functors. [

5.33. BICLOSEDNESS. We conclude by underlying an interesting phenomenon which ap-
pears when we have a biclosed structure. Precisely, whenever we have a biclosed struc-
ture, then the substitutions can be described using only the biclosed isomorphisms and
the functoriality of n-ary maps. We start considering biclosed multicategories.

What we described in Definition 1.8 is usually called a left closed multicategory. Du-
ally, one gets the definition of right closed multicategory and therefore a biclosed one.

5.34. DEFINITION.

1. A multicategory is said to be right closed if for all b,c there exists an object r|b, c|
and binary map ey .: (b,r[b,c]) — ¢ for which the induced function, for any n € N,
€pe 02 = Cu(T;7[b, c]) = Cry1 (D, 75 ¢) is an isomorphism.

2. A multicategory is said to be biclosed if it is both left and right closed.

Clearly the definitions above can be given also in the short case by limiting n = 1,2, 3.



380 GABRIELE LOBBIA

5.35. NOTATION. In a biclosed multicategory C we will denote with L, the isomor-
phisms C,(a;b) = C,_1(a1, ..., an—1;l[an,b]) and with R, the isomorphisms C,(a;b) =
Crn_1(ag, ..., an;7[as, b]). Therefore, with this notation L 1 = efl,b o —and R;! = €np 02—

It is interesting to notice that, seeing biclosed multicategories as semantics for the
simply-typed A-calculus without products (see for instance [14, 9]), these isomorphisms

correspond to currying (the L’s) and A-abstraction (the R’s).

In the next proposition we prove that substitution of binary maps in a biclosed mul-
ticategory can be described in terms of the isomorphisms L and R, and the functoriality

of Co(—;—).
5.36. PROPOSITION. Let C be a biclosed multicategory. The following equations are true:
(i) for any pair of binary maps f: a;,as — by and g: by, by — c,
goi f=Ls (Lgo f);
(ii) for any pair of binary maps f: ay,ay — by and g: by, by — ¢,

goy f =Ry (Rago f).

PROOF. We show only the first case (i), since the other one can be proved in an analogous
way. The equation we need to prove is equivalent to proving L3(g o1 f) = Lsgo f. By
definition of L, we know that Log is the unique unary map such that e o; Log = g.
Similarly, Ls(go; f) is the unique binary map such that e'o; L3(go, f) = goy f. Therefore,
it suffices to prove that
el oy (Lago f) =gou f.

This can be proven using dinaturality of substitution of binary into binary and the defi-
nition of Lag. [

More generally, given the biclosed isomorphisms L, and R, one could check that
substitution of n-ary multimaps into m-ary must be defined as

Cin(b;¢) x Cp(a; b;)

P

~

Ca(bi; 7bi—t, o [b1, Uit -l [bms ] ]]]) X Ca(@; i)

~

Cp(a;rbi—y, ...r[br, Ubis1, --L[bm, c]...]]])

~

Cn+m,1(b1, ...bifl, C_L, bi+1, ceey bn7 C)

where ® is a combination of L; and Ry, p is the profunctor action and ¥ a combination
of L;l and R;'. We shall not indulge in these calculations here since it drifts away from
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the motivation of this subsection. In fact, we want to underline how one can construct
potential substitutions starting from the biclosedness isomorphism. For instance, this
strategy was used in [3] for the multicategory of loose multimaps between Gray-categories.

5.37. REMARK. One could define a structure consisting of a category C equipped with,
for 0 < n < 4, n-ary functors C,(—;—), natural isomorphisms L, and R, subject to
axioms involving L, and R,, and prove that this structure is equivalent to a biclosed
multicategory. We avoid doing this here because the axioms corresponding to the var-
ious instances of the associativity equations (2.1, 2.2) become more complicated than
the original axioms. For example, for binary maps f: ay,as — x1, g: by,bs — x9 and
h: x1,x9 — y, the associativity equation (hoj f) o3 g = (hoy g) oy f becomes

Ry'R3Y RyRsL3 (Lago fi) o fo] = Ly L' [ LyLsR3 ' (Rag o f2) o f1].

For this reason, we believe that in the biclosed scenario, the best strategy is to use the
isomorphisms L, and R,, to define substitutions and then prove the axioms in their original
form (2.1, 2.2).

A. The Closed Case

Instead of considering left representability as starting point, we can also consider closed-
ness. Indeed, there is an equivalence between closed skew multicategories with unit and
skew closed categories [1, Theorem 6.6]. In this Section, we will show that similar calcu-
lations to the left representable case, but using the evaluations morphisms instead of the
multimaps classifiers, lead to an equivalence

¢ : ShSkMult® — SkCl,

between closed short skew multicategories with units and skew closed categories. More-
over, this equivalence restricts to one ShMultff — Closed between closed short multi-
categories and closed categories. Since most of the example in the literature are also left
representable, we left the treatment of this particular case to the appendix and, in the
proofs, we give only the details of some axioms (even though we believe they are enough
to give the idea for the remaining axioms). It is worth mentioning that both in [1] and
here only left closedness is considered. Analogous results would follow considering right
closedness.

A.1. SKEW CLOSED CATEGORIES. We now recall the definition of the category SkCl
of skew closed categories and skew closed functors [17, Section 2]. A (left) skew-closed
category (C,[—,—],4,1,J, L) consists of a category C equipped with a functor

[, —]:C”xC—=C

and object 4, together with natural transformations I: [i,a] — a (right unit), J: i — [a, q]
(left unit) and L: [b, ] — [[a, b], [a, c]] (associator) subject to five axioms [17, Axioms 2.1 —
2.5]. Then, a functor F': C — D is defined to be closed when it is equipped with a
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morphism fy: i? — Fi¢ and a natural transformation f,;: Fla,b] — [Fa, Fb] satisfying
three axioms [17, Axioms 2.6 — 2.8].

We denote with SkMultff the full subcategory of SkMult with objects closed skew
multicategories (see Definition 3.9) with a nullary map classifier, also called closed skew
multicategories with units. In [1, Theorem 6.6] it is proven that there is an equivalence
T5: SkMult? — SkCI, which extends the equivalence Mult? — Closed given in [13].

A.2. CLOSED SHORT SKEW MULTICATEGORIES. We denote with ShSkMult? the full
subcategory of ShSkMult with objects closed short skew multicategories (Definition 2.11)
with a nullary map classifier. Naturally, the forgetful functor U: SkMult — ShSkMultZl
restricts to a forgetful functor

Us: SkMult? — ShSkMult®.

We underline that closed (short) skew multicategories with units do not require the
nullary maps classifier to be left universal. Nevertheless, in any closed (short) skew
multicategory with units, the nullary map classifier is always left universal. This is a
consequence of closedness, as we show in the following proposition, which essentially
follows from the proof of [1, Proposition 4.8].

A.3. PROPOSITION. Let C be a closed short skew multicategory. If C admits a nullary
map classifier u: © — 1, then i s left universal.

PROOF. We proceed inductively. By definition, C!(i;y) = Cl(o;y). Then, for n = 2,3,
C;(’L, a7 €, y) = C;—l(iv aa [‘Ta y]) = C;—Z(av [‘Tﬂ y]) = C{rz—l(a7 x; y))

where the first isomorphism is given by closedness, the second by induction (and it must
be —o; u) and the last one by closedness again. One can check using the definition of the
closedness isomorphism that the resulting isomorphism is always given by — oy u. [

A.4. NOTATION. Let C be a closed (short) skew multicategory. For any multimap f €
Cz_,(a@,b;c) we denote with f* € C2(a; [b, ]) the unique map corresponding to f via the
closedness isomorphism C7_ (@, b; c) = Ci.(a; [b, c]).

We also recall that, for any nullary map v: ¢ — a in C, we write v*: ¢ — a for the
tight unary map determined by the universal map classifier.

A.5. REMARK. Similarly to what happens in the left representable case, also the oper-
ation (—)* respects substitution. More precisely, we can see that the following equations
are true by postcomposing with the universal maps e, given by the closed structure.

e For any binary map f: a,b — ¢ and nullary map v: ¢ — a, then ffov = (f o v)%.
e For any binary map f: a,b — x and multimap g: x,¢ — ¥, then (go; f) = g% oy f.

e For any binary map f: a,b — x and any unary map q: a’ — a, then (f* o q)f =
1, ff] o ¢,



A FINITE APPROACH TO MULTICATEGORIES 383

It is interesting to notice that these equaitions correspond to standard equalities regarding
currying in the A-calculus (see for instance [19, Sections 1.2, 1.4] or [14, 9]).

As in Section 5.5, we start by proving a characterisation of morphisms between closed
short skew multicategories in the following lemma. This is analogous to Lemma 5.9.

A.6. LEMMA. Let C and D be two closed short skew multicategories. A morphism F: C —
D is uniquely specified by:

e A functor F: C — D (where C(z,y) := C{(z;y) and D(a,b) := D}(a;b));

e Natural families Fl: Ch(o;a) — Di(o; Fa) and Fi: Ch(a,b;c) — DL(Fa, Fb; Fe)
such that F' commutes with

— (A.1)

and such that if we define, for any ternary tight map h € Ci(aq, az,as;b), Fih :=
Flea,p o1 FihP, then F also commutes with

Q/D (A2)

and such that if we define, for any loose unary map q, Flq := Fiera ra o1 F3q, then,
for any tight unary map p,

Fj(p) = jFip. (A.3)

PROOF. The proof is analogous to the one of Lemma 5.9 using the properties of the closed
universal maps e,.. The only difference lies in the definition of the natural families F}
and F! (and also F! and F! which are defined in the statement of the Lemma).

e For k € C(a,b,c,d;e) we define Fik := Fleq. o1 Fik*,
e For r € C,(a,b;c) we define Fir := Fley .oy Firf.

Exactly as in Lemma 5.9, one can prove directly from the definitions and naturality of the
families F*, and the properties of closedness (including Remark A.5), that these families
commute with all substitutions. Below we describe what we need for each substitution,
on top of the associativity equations in C and D.

(i) Tight binary into tight binary: naturality of Fi and (A.2).
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Tight binary into ternary: (i) and Remark A.5.

Nullary into loose unary: (iv) and naturality of F.

Tight binary into loose unary: (i) and (v).

Nullary into tight binary: Remark A.5, naturality of F¥ and F{.

)
)
)
(v) Nullary into tight ternary (2"¢ and 3"¢ variable): (i), (iv), and naturality FL.
)
) Nullary into tight ternary (1% variable): (A.1), (i), (iv) and (vi).

)

)

Tight ternary into tight binary: naturality of F¥, Remark A.5, (i), (ii) and (A.2).

Loose unary into tight binary: Remark A.5, naturality of F! and F}, (A.1) and (v).

Following the same strategy we used in Section 5, the aim is once again to get a
picture as below, where T} is the equivalence given in [1, Theorem 6.6] and U} the

natural forgetful functor.

SkMult®

T3 ShSkMult*

L
SkCl1

(A.4)

We start assigning to any closed short skew multicategory with units C a skew closed

category K3C.

A.7. LEMMA. Given a closed short skew multicategory C with units we can construct a

skew closed category K5C in which:

e The hom object [b, c| for a pair of objects b and c is defined by the hom object of the

closed short skew multicategory;

e Given a tight unary map f: b — U, the tight map [f, ] is defined as the unique map

such that
€b,c O1 [f) C] = €y c O2 f7

e Given a tight unary map g: ¢ — ¢, the tight map [b, g| is defined as the unique map

such that
eper 01 [0, 9] = goepe;

o The unit i is given by the nullary map classifier;
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e The right unit I: [i,a] — a is defined as
I:=e;, 09 u;
o The left unit J: i — [a,a] is defined as the unique map such that *°
(€aqo1J) o1 u=j(1,);

e The associator L: [b,c] — [[a,b], [a,c]] is defined as the unique map such that

[b, ]

@[la,bH%d] b, ¢]
T ebd o _ ki [

[a, b]

PROOF. The functoriality of [—, —]: C®? xC — C follows from the universal property of the
hom [b, ¢] and profunctoriality of C5(—; —). It remains to verify the five axioms for a skew
closed category. All of them follow checking that the equalities hold after postcomposing
with the universal maps e’s given by the closed structure on C. We will show explicitly
the calculations for the axiom involving J and L shown below (see [17, Axioms 2.3]).

i —2 s b,b]

a
m lLb.b

[[a, 0], [a, 0]]

Using closedness and left representability of i, it is enough to prove the equality postcom-
posing with e ] (a,5) and e,p, and precomposing with u. So,

; [la,b],[a,b]]
S =N
PO

[ea,b 01 (e[a,b],[a,b] 01 J[a,b])] o1 U

= €ap 01 [ (€fap],fab] ©1 Jfap]) O1 U] (by axiom (2.1.b))
= €ap 01 J(1jay) (by definition of .J).
= j(€ap 01 Lap) = j(€ap) (by naturality of j and unit axiom).

Similarly one proves that also

[€ab 01 (€lap),fap) ©1 (Lpp 0 Jp) )] 01 U = €qp.

0Here we use the left representability of i (see Proposition A.3) and the resulting chain of isomorphisms
Cl(i;]a, a]) = C4(i,a;a) = C,(a;a).
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Before defining the functor K%: ShSkMult? — SkCI on morphisms, we prove the
following useful lemma, which corresponds to Lemma 5.12 for the left representable case.

A.8. LEMMA. Consider C,D € ShSkMult? and a functor F: C — D. There is a

bijection between natural families
Fl: C(o;a) — Di(o; Fa) and Fi: Cl(a,b;c) — Dy (Fa, Fb; Fe),
and natural families of morphisms
fo:i® — Fi® and f.p: Fla,b] = [Fa, Fb].

PROOF. The correspondence between F} and f is the same as in Lemma 5.12.

Similarly to Lemma 5.12, the correspondence between Fi and f,; is governed by the
following diagram
F(fapo—

Ct (23 [a, b)) L, D(Fa; [Fa, Fb))

ea,bol_lg %‘leFa,Fbol_

Ci(x,a;b) — DL (Fx, Fa; Fb)
2

in which the vertical arrows are natural bijections by closedness and the lower horizontal
arrow corresponds to the upper one using the Yoneda lemma. [

A.9. REMARK. Given a morphism F: C — D € ShSkMultff we obtain, applying the
above lemma, natural families f,;: Fla,b] — [Fa, Fb] and fy: ¢ — Fi defining the data
for a closed functor K3F: K;C — K3D. We will prove that it is a closed functor in
Proposition A.10.

Explicitly, fop: Fla,b] — [Fa, Fb] is the unique morphism such that ep, rp 01 fo =
Fl(eqp) whilst fo is the unique morphism such that fy o u? = Flu®.

In a similar way to Proposition 5.14, now we use Lemma A.6 and Lemma A.8 to prove
the following proposition.

A.10. PrROPOSITION. With the definition on objects given in Lemma A.7 and on mor-
phisms in Remark A.9 we obtain a fully faithful functor K3: ShSkMult;, — SkCI.

PROOF. Just like in Proposition 5.14 it is enough to show that (F}, F¥) satisfy the condi-
tions of Lemma A.6 if and only if (fy, fa ) satisfy the axioms of closed functor. We leave
the correspondence in Tabel 3 below. The calculations are completely analogous to the
ones in the left representable case, using the closedness techniques of this section.
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(Fo, F3) (fo, fap)
(A.1) | [ axiom [17, Axiom 2.6]
(A.2) | L axiom [17, Axiom 2.§]
(A.3) | J axiom [17, Axiom 2.7]

Table 3:

We now have defined a (fully faithful) functor K which fits in diagram (A.4). More-
over, comparing the construction of K% with that given in the equivalence T3 of [1,
Theorem 6.6, we see that the diagram (A.4) is commutative.

A.11. THEOREM. The functor K- ShSkMultff — SkCl is an equivalence of categories,
as s the forgetful functor UZ: ShSkMultff — SkMultZl.

PROOF. Let us show that K is an equivalence first. Since K7 is fully faithful by Propo-
sition A.10, it remains to show that is essentially surjective on objects. Since T3 = KU
and the equivalence T); is essentially surjective, so is K, as required. Finally, since

S __ S S S S 3 1 S
T3 = K;U; and both T and K are equivalences, so is Uj. L]

Considering a short multicategory C as a short skew multicategory with C! (a;b) =
C! (a;b), from Theorem A.11 we can derive a similar result for short multicategories.

A.12. COROLLARY. The equivalences K and U} restricts to multicategories, forming
the following commutative triangle of equivalences.

Mult?
Ucl
T ShMult
Kcl
Closed

PROOF. It suffices to notice that the equivalence T7; restricts to the equivalence 7, : Multff —

Closed between closed multicategories with units and closed categories, which was proven
in [13]. ]

B. Some Naturality Conditions

B.1. NATURALITY AND DINATURALITY AXIOMS FOR SUBSTITUTIONS. Here we write
explicitly the naturality and dinaturality requirements in Proposition 1.1.
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e Naturality in ai,...,a, means that, for any f = (f1,..., fm): @ — o € C™, the
following diagram is commutative.
(Cn (l_), C) X Cm (a; bz) L> Cn+m—1(l_)<i7 a7 B>z7 C)
1X(Cm(?§bi)l lcn+m—l(5<iv?£>i§c)
Cn(l;a C) X Cm(aa bz) T> Cn+m—1(5<i7a7 [_)>za C)

e Similarly, naturality in ¢ means that, for any h: ¢ — ¢ € C, the following diagram
1s commutative.
Cn(& C) X Cm(av bz) % Cn+m—1(l_7<i7aa B>Z7 C)
Cp (bsh) x 1l l(cm-m— 1(b<i,@,bi5h)
(Cn(g; C/) X Cm(a; bi) 7 Cn+m—1(5<iaav B>i§cl)

e Naturality in b; for j # i, means that for any g;: b; — b; € C, the diagram below
commutes. In order to capture both the case when j < ¢ and j > ¢, in the diagram
below we write —g;— to mean applying g; to the component relative to b; and denote
with @, the lists which is the same as bei, @, bs; except for b; which is replaced

by 0.
Cp(b;¢) X Cp(@; b)) ——— Crym—1(bei, @, bsy; C)
cn(5<j,gj$>j;c)x1l l n+m—1(—g;—;3c)
Cr(bej, by, 055 ¢) X Con(@5 ;) —5— Crym1(Tp5, i ¢)

e Finally, dinaturality in b; means that, for any g¢;: b; — b} € C, the following diagram
commutes.

1xXCm (@;9:)

(Cn(l_)<l7 b;a B>’LJ C) X (Cm(ay bz) Cn(g<’w b;a Z_)>Z7 C) X Cm(du b;)

Cn(beiygibsise) X 1l loi

C, (1_7; ¢) X C(a; by)

0; ” (Cn—‘rm—l <b<i7 67 b>’w C)

B.2. NATURALITY IN LEMMA 4.4. In this subsection we explicitly write down the nat-
urality condition for fz: m(Fa) — F(ma) in Lemma 4.4.

First, we notice that given any family of morphisms p = (pr,...,pn): @ — b EC, we
get a corresponding morphism mp: ma — mb given by the unversal property of ma. More
precisely, mp is the morphism corresponding to 650 (p1,. .., p,) through the isomorphism

C,(@; mb) = C,(ma; mb),
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mp is the unique morphism such that mpo 6z = 6; 0 (p1,...,pn). ~
Now we are ready to formulate the naturality condition for f;: for any p: @ — b € C",

we require the following diagram to commute.

m(Fa) —= F(ma)

m(le lF(m@

m(Fb) — F(mb)
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