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ON REACHABILITY CATEGORIES, PERSISTENCE, AND
COMMUTING ALGEBRAS OF QUIVERS

LUIGI CAPUTI, HENRI RIIHIMÄKI

Abstract. For a finite quiver Q, we study the reachability category ReachQ. We in-
vestigate the properties of ReachQ from both a categorical and a topological viewpoint.
In particular, we compare ReachQ with PathQ, the category freely generated by Q.
As a first application, we study the category algebra of ReachQ, which is isomorphic to
the commuting algebra of Q. As a consequence, we recover, in a categorical framework,
previous results obtained by Green and Schroll; we show that the commuting algebra of
Q is Morita equivalent to the incidence algebra of a poset, the reachability poset. We
further show that commuting algebras are Morita equivalent if and only if the reacha-
bility posets are isomorphic. As a second application, we define persistent Hochschild
homology of quivers via reachability categories.

1. Introduction

To any small category C we can associate a preorder structure on the set of objects
Ob(C) by declaring x ≤ y if and only if there is some morphism x → y in C. This
association yields a functor Pre from the large category Cat of small categories into the
category Preord of preorders. The funtor Pre, sometimes called preorder reflection, has
a right adjoint given by inclusion (every preordered set can be seen as a category). This
is a foundational instance of an order structure approximation of categories; for a recent
perspective on further order structures appearing in different mathematical domains, see
also [Flø23].

Quivers, and morphisms of quivers, constitute the category Quiver. Then, the pre-
order reflection is part of a composition of adjunctions

Quiver Cat Preord

Path

U

Pre

i

where the functor Path maps a quiver to its path category and U denotes the forgetful
functor. There is a functor directly mapping a quiver Q to a preorder. We denote this
functor by Reach and the resulting preordered set, seen as a category, is the main object
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of study in this work; we call it the reachability category of a quiver Q – see Definition 3.2.
In graph theory the notion of reachability refers to the existence of a path between two
vertices in a directed graph, and this gives rise to a preorder relation on the set of vertices.
The reachability category is exactly the same notion from a categorical point of view.

We focus on the categorical and topological properties of the reachability categories.
Concurrently to our paper, the notion of reachability (graph, poset, category) has ap-
peared in various recent works concerning homotopy and homology theories of directed
graphs [DIMZ23, HR23, Iva23, PHGC23], and especially in relation with the so called
magnitude-path spectral sequence [Asa23]. In fact, the homology of the (nerve of the)
reachability category appears as the limit homology in the magnitude-path spectral se-
quence. Hepworth and Roff have recently studied in [HR23] this homology, called the
reachability homology. Using the theory of reachability categories, in Corollary 5.8 we
show that the vanishing of reachability homology groups in degrees n ≥ 2 is related to
combinatorial properties of the reachability category.

Our main motivation stems from applications in persistent homology, and, in par-
ticular, from investigations of suitable persistent Hochschild homology theories of quiv-
ers [CR23]. A main tool in the construction of persistent Hochschild homology is the
condensation of graphs, a standard operation which produces a directed acyclic graph by
condensing the strongly connected components into vertices.

The interest in reachability categories stems from the observation that they are equiv-
alent to what we call in this work reachability posets. Categorically, this equivalence is
obtained by passing to skeletal subcategories. This is the categorical analog of condensa-
tion, and from this viewpoint condensation of quivers satisfies a universal property – see
Proposition 4.4. Equivalence of categories also preserves Hochschild homology (of cate-
gory algebras). Then, we use these properties to extend the persistence pipeline of [CR23]
to the whole category of quivers by defining persistent Hochschild homology of quivers to
be Hochschild homology of the associated reachability categories; up to taking their ranks
(i.e. the Hochschild Betti curves of a filtration of quivers), this agrees with the Hochschild
homology of the associated posets, giving computational benefits – see Section 5.9. We
interpret the persistent Hochschild homology via the classical result of Gerstenhaber and
Schack [GS83], and introduce what we call reachability persistent homology.

A second application of reachability categories that we present in this work concerns
Morita properties of path algebras. For a preorder, the equivalence of categories described
above allows to construct a poset which has a Morita equivalent category algebra. Con-
sidering the path algebra of a quiver and of its associated reachability category, via this
Morita equivalent construction we obtain a categorical enhancement of a former result of
Green and Schroll [GS24]: if Q is a finite quiver, and K is a field, then the quotient of the
path algebra KQ by its parallel ideal is Morita equivalent to an incidence algebra. We re-
fer to Theorem 5.3 for a more detailed description of this result. If R denotes the functor
that to a quiver associates the reachability poset, restricted to the category Quiver0 of
finite acyclic quivers, it follows that the diagram
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Quiver0 Poset

AlgK

C

R

I

is commutative up to Morita equivalences (here I denotes the incidence algebra of a poset
and C the commuting algebra). Then, using a classical result of Stanley [Sta70, Theo-
rem 1], we also show that given commuting algebras C(Q) and C(Q′) are Morita equivalent
if and only if the reachability posets R(Q) and R(Q′) are isomorphic (Theorem 5.5). Con-
sidering the commutative diagram above, as an outlook, it would be interesting to see
whether the category Quiver admits a Quillen model structure where the weak equiva-
lences are given by the Morita equivalences.

Acknowledgements. The authors wish to thank Ehud Meir for his useful comments
and feedback on the first draft of the paper, and the anonymous referees for their useful
suggestions, which helped us to improve the paper. LC wishes to warmly thank Francesco
Vaccarino for valuable discussions on the topic. LC is grateful to INdAM-GNSAGA for
its partial support on the research activity. HR acknowledges funding from the The Wal-
lenberg Initiative on Networks and Quantum Information, and from the Dbrain project
within Digital Futures consortium at KTH Royal Institute of Technology.

2. Quivers and categories

In this section, we collect some basic notions about quivers, and recall the main definitions
needed in the follow-up. Let 2 denote the category with objects E and V , and two non-
identity morphisms s, t : E → V , called source and target. Let Fin be the full subcategory
of Set of finite sets. Then, a (finite) quiver is a functor Q : 2 → Fin. Equivalently, a finite
quiver can be represented as a directed graph with a set of vertices V and a set of directed
edges E. For each edge e ∈ E the source and target maps describe the source s(e) and the
target t(e) of e; we will graphically represent an edge e by an arrow s(e) −→ t(e). When
using this representation, we will also denote a quiver with the quadruple (V,E, s, t). We
sometimes denote edges e by ordered pairs (v, w) of vertices corresponding to the source v
and the target w of e. Note that loops, i.e. edges of type (v, v), and multiple edges between
two vertices are allowed. Morphisms of quivers are natural transformations of functors.
The category Quiver of finite quivers and morphisms of quivers is the functor category
Fun(2,Fin).

2.1. Remark. Let Q = (V,E, s, t) and Q′ = (V ′, E ′, s′, t′) be two quivers. A morphism
f : Q → Q′ boils down to requiring that the two diagrams

E V

E ′ V ′

fE

s

fV

s′

and
E V

E ′ V ′

fE

t

fV

t′
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commute. Note that morphisms of quivers can collapse edges to loops. Consider for
example the following quivers:

0 1

a

b

Q = • ∗Q′ =

Then, the rules fE(a) = fE(b) = ∗, and fV (0) = fV (1) = • describe a morphism of
quivers.

A path from a vertex v to a vertex w in a quiver is a sequence (e0, . . . , en) of edges
such that s(e0) = v, t(en) = w, and t(ei) = s(ei+1). A simple path is a path in which the
edges contain no vertex that is repeated twice.

v0 v1 . . . vn−1 vn

Figure 1: The linear quiver In.

Note that the definition of a path allows loops as well. The morphism f described in
Remark 2.1 sends both paths a and b in Q to the same path in Q′: the path containing
the loop ∗. On the other hand, in the sequence of edges describing a simple path, loops
are not allowed. Saying otherwise, a simple path is an isomorphic copy of the quiver In
illustrated in Figure 1. We call length of a (simple) path the number of its edges; e.g. the
length of (e0, . . . , en) is n+ 1. The following is straightforward from the definitions:

2.2. Lemma. Morphisms in Quiver send paths to paths.

We can associate to any quiver Q a small category PathQ, called the path category
of Q. This is the category freely generated by Q. Spelling it out, the path category
has the vertices of Q as objects. The set of morphisms between the vertices v and w
consists of all possible paths in Q from v to w. For each vertex v the trivial path with
an empty sequence of edges is taken to be the identity morphism 1v at v. There is a
forgetful functor U from the category Cat of small categories and functors to the category
of (possibly infinite) quivers, obtained by forgetting which arrows are the identities and
which the compositions. Such forgetful functor has a left adjoint, which is the free functor
sending a quiver Q to PathQ (see e.g. [Mac71, Section II.7]).

In some cases, it might be difficult to directly work with the category PathQ. For
example, if the quiver Q contains directed cycles, i.e. paths from a vertex v to itself,
then the free functor will enforce the category PathQ to have infinitely many morphisms.
Furthermore, category algebras of categories with directed cycles are infinite dimensional.
As our aim is to work with general quivers, not necessarily acyclic, in Section 3 we will
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introduce another family of categories naturally associated to quivers, which is the main
object of study in this paper.

We now proceed with recalling the notion of category algebras.

2.3. Definition. Let C be a category and R be a commutative ring with unity. The
category algebra RC is the free R-module with basis the set of morphisms of C. The
product on the basis elements is given by

f · g =

{
f ◦ g when the composition exists in C

0 otherwise

and then it is linearly extended to the whole RC.

The category algebra RC is an associative R-algebra. If C has finitely many objects,
then RC is also unital. The unit is given by

∑
c∈C 1c, where 1c is the identity endomor-

phism of the object c in C. The definition of the category algebra is a generalisation of
the classical definition of group algebra. In fact, if G is a group, seen as a category with
a single object and G as morphisms, then the associated category algebra is the classical
group algebra. We also have the following classical examples.

2.4. Example. When C is the path category PathQ, then the category algebra RPathQ

is the classical path algebra of Q.

Recall that every poset (P,≤) can be seen as a category P in a standard way: there
is a unique morphism p → q if and only if p ≤ q. For a poset P , Rota introduced the
definition of an incidence algebra, cf. [Rot64, Section 3]; this is the algebra generated by
the relations p ≤ q, with convolution product. Equivalently, the incidence algebra of a
poset is the quotient of its path algebra with respect to the parallel ideal, i.e. the two-
sided ideal generated by all differences of paths with the same source and the same end
vertices [Cib89]. Incidence algebras provide other examples of category algebras:

2.5. Example. Let P be a finite poset and P its associated category. Then, the category
algebra RP is isomorphic to the incidence algebra of P .

A category C, via the forgetful functor U , can be regarded also as a quiver; hence, we
can form the path category PathC.

2.6. Remark. By [Xu06, Proposition 2.2.6], the obvious functor ϕ : PathC → C induces
a surjective homomorphism ϕ : RPathC → RC; its kernel is generated by

{ α1−→ α2−→ − α2α1−−−→}

where α1 and α2 are morphisms of C. Then this map induces a natural isomorphism of
R-algebras between RPathC/ ker(ϕ) and RC.

When C is a poset P (seen as a category), then the map ϕ in Remark 2.6 has the path
algebra of P as domain, and the incidence algebra of P as target. Hence, the induced
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isomorphism yields the equivalent definition of incidence algebras as quotient of path
algebras (by the parallel ideal). If the base ring is a field, the parallel ideal is zero if
and only if P is a tree (as a poset, i.e. if for each p ∈ P , the set {s ∈ P | s < p} is
well-ordered); see also [Ort06]. This happens if and only if the incidence algebra of P is
hereditary. We can summarise it as follows:

2.7. Remark. Let P be a finite poset. Then its associated path algebra and incidence
algebra are isomorphic if and only if P is a tree.

We conclude the section with recalling the definition of quiver condensation. A quiver
is strongly connected if it contains a path from x to y and a path from y to x, for every
pair of vertices x and y. A subquiver Q′ ⊂ Q is a strongly connected component of Q if it
is strongly connected and maximal with respect to this property. The condensation c(Q)
of a quiver Q is the quiver with the strongly connected components of Q as vertices; for
two distinguished vertices X and Y there is a directed edge (X, Y ) in c(Q) if and only if
there is an edge (x, y) in Q for some x ∈ X and y ∈ Y . Observe that, by definition, the
condensation of a quiver does not have multiple edges between two given vertices, and
that the condensation of a directed cycle is the quiver with one vertex and a loop. When
taken in the category of directed graphs where the morphisms are required to be edge
preserving, condensation does not always yield a functor (see e.g. the text after [CR23,
Remark 1.11]). However, condensation yields an endofunctor on quivers.

3. The reachability category of a quiver

In this section, we introduce the reachability category of a finite quiver. We provide a
comparison with the path category and study related algebraic and topological properties.

3.1. The category ReachQ. Let Q be a finite quiver.

3.2. Definition. The reachability category ReachQ is the category with objects the ver-
tices of Q, and for v, w ∈ Q, the Hom-set ReachQ(v, w) is defined as follows:

ReachQ(v, w) :=

{
∗ if there is a path from v to w in Q

∅ otherwise

The Hom-set ReachQ(v, v) is defined as the identity at v.

We use the term reachability in analogy with graph theory. In graph theory, in fact,
the notion of reachability of a vertex w from a vertex v refers to the existence of a path
from v to w. Definition 3.2 is the direct categorical extension of this notion.

Recall that a category C is called thin if for any pair of objects c, c′ ∈ C there is
at most one morphism c → c′ between them. By definition, ReachQ(v, w) has a single
morphism if and only if there is a path in Q from v to w.



432 LUIGI CAPUTI, HENRI RIIHIMÄKI

0

1

2

3

Q =

Figure 2: An alternating quiver on four vertices.

x

v1

w1

. . .

. . .

vm

wn

y

Figure 3: The quiver Bm,n.

3.3. Lemma. The reachability category of a quiver Q is a thin category.

Recall that an EI-category is a category in which every endomorphism is an isomor-
phism. The identity in ReachQ is the only endomorphism at each vertex, and is invertible,
hence we get:

3.4. Corollary. The reachability category is an EI-category.

The reachability category is strictly related to the path category. It is therefore ex-
pected that, in some cases, these categories are isomorphic. Recall that a quiver is a tree
if its underlying undirected multigraph is a tree. Then, the following is straightforward
from the definitions:

3.5. Remark. If Q is a tree, then the categories PathQ and ReachQ are isomorphic.

Remark 3.5 does not give a complete characterisation of quivers Q for which PathQ

and ReachQ are isomorphic categories. For example, consider the quiver illustrated in
Figure 2. Then, it is easy to see that PathQ and ReachQ are also isomorphic, even
though Q is not a tree. In order to completely characterise the family of finite quivers
for which the path category and the reachability category are isomorphic, we introduce
the notion of quasi-bigons. Let Bm,n be the quiver illustrated in Figure 3. We use the
convention that, when m,n = 0, B0,0 denotes the quiver on vertices x and y with two
edges from x to y and no other intermediate vertex.

3.6. Definition. We say that B is a quasi-bigon of a quiver Q if it is a subquiver of Q
isomorphic to Bm,n for some m,n ≥ 0.

If Bm,n
∼= Q for some m,n, we say that Q itself is a quasi-bigon. In the same notations,

if there is a path in Q from y to x, we call it the diagonal of B. The following structural
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result will be used in Section 5.1.

3.7. Lemma. A quasi-bigon B in a quiver Q is strongly connected if and only if it has a
diagonal in Q.

Proof. Following the notation in (3), first note that if there is a y−x path, then there is
a path between any pair of vertices from the vi’s and wj’s. In the other direction, assume
that there is no y − x path. Then, B is not strongly connected.

3.8. Proposition. Let Q be a finite connected quiver. Then, the categories PathQ and
ReachQ are isomorphic if and only if Q does not contain directed cycles nor quasi-bigons.

Proof. ⇐ : Take any two vertices v and w of Q. As there are no directed cycles, nor
quasi-bigons in Q, it follows that there is at most one path from v to w. Then, the
categories PathQ and ReachQ are isomorphic.

⇒ : Assume that the two categories are isomorphic. They both have the vertices of
Q as set of objects, and there is a bijection between PathQ(v, w) and ReachQ(v, w) for
each pair of vertices v, w of Q. Assume first v = w; then ReachQ(v, v) contains only
the identity of v. Therefore in PathQ(v, v) there is only a single morphism, implying the
non-existence of directed cycles at v. Assume now v ̸= w. Then, either ReachQ(v, w) =
∅ = PathQ(v, w), and there are no paths in Q from v to w, or ReachQ(v, w) = {Γ} =
PathQ(v, w) for a v − w path Γ. In the latter there is precisely one path in Q from v to
w. Hence, there are no quasi-bigons in Q.

Note that Proposition 3.8 provides a categorical enhancement of Remark 2.7. Fur-
thermore, the proof suggests an algorithmic way to verify whether the categories PathQ

and ReachQ are isomorphic. This amounts to checking whether there are simple paths
creating cycles or quasi-bigons. To make this description more rigorous, one can use the
notion of contractions and path reductions. As such constructions might be of indepen-
dent interest in handling quivers, we provide the complete description.

Recall that the contraction of a quiver Q with respect to the edge e is the quiver
Q/e obtained from Q by contracting e to a point. In other words, the edge e = (v, v′) is
removed, and its source v and its target v′ are identified into a new vertex w; edges incident
to v or v′, in Q, are set to be incident to w in Q/e. We will only allow contractions of edges
of type (v, w) with v ̸= w; this means that we do not allow contractions of loops. More
generally, one can consider contractions of simple paths, see also [BJG09, Section 1.3].
We shall consider here contractions of maximal simple paths.

Let Γ = (e0, e1, . . . , en) be a simple path of a quiver Q that is maximal with respect
to inclusion, i.e. there is no other directed simple path Γ′ in Q properly containing Γ.

3.9. Definition. For a finite quiver Q, the path contraction of the simple path Γ =
(e0, e1, . . . , en) in Q is the quiver Q/Γ obtained from Q by contracting all the edges of Γ,
but e0.

Note that, if Γ is a single edge not contained in any longer simple path, then the path
contraction of Γ in Q yields an isomorphism.
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3.10. Example. If Q is the quiver Bm,n and Γ is the simple path ((x, v1), (v1, v2), . . . ,
(vm, y)) represented in Figure 3, then the path contraction of Γ in Bm,n is isomorphic
to the quiver B0,n; analogously, the path contraction of the path ((x,w1), . . . , (wn, y)) in
Bm,n is isomorphic to the quiver Bm,0.

We want to iterate the procedure of path contraction described in Definition 3.9.
Consider an ordering on the set of maximal simple paths of Q, and call such set P.

3.11. Definition. The path reduction of a quiver Q, with respect to a given ordering
on its maximal simple paths, is the quiver P (Q) obtained from Q by path contraction of
each element of P.

Note that contractions are not morphisms in the category Quiver. Nevertheless, com-
position of contractions is commutative up to isomorphism of quivers, and the procedure
of iteratively contracting maximal simple paths yields again a quiver.

3.12. Example. Let Q be a directed cycle with at least two edges. Then, its path
reduction is isomorphic to the quiver with two vertices and two directed edges with the
opposite orientation. Analogously, the path reduction of a quasi-bigon Bm,n is the quiver
B0,0. Observe that, in general, directed cycles in a quiver generate either multiple edges
or loops; see also Figure 4.

Figure 4: A quiver on the left, and its path reduction on the right.

The path reduction of a finite quiver Q has no simple paths of length ≥ 2, and no
directed cycles of length ≥ 3. An orientation o on an unoriented graph G is called
alternating if there exists a partition V ⊔ W of V (G) such that all elements of V have
indegree 0 and all elements of W have outdegree 0 (cf. [CCTS24, Definition 2.7]), see also
Figure 2. We call a quiver Q alternating if its orientation is alternating. The existence of
an alternating orientation is equivalent to G being a bipartite graph.

3.13. Example. Let Q be an alternating quiver. Then, Q is isomorphic to its path
reduction. In fact, in an alternating quiver there are no simple paths of length 2.

The effect of taking the path reduction of a quiver is that it reduces the length of
simple paths in Q. As we do not allow contractions of loops, and contractions do not
create new cycles, they preserve the homotopy type of the quivers. A quiver is called
simple if it has no loops nor multiple edges. Let Q be a finite connected quiver, equipped
with an ordering of its maximal simple paths. Then, Proposition 3.8 directly implies
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the following alternative condition for path categories and reachability categories to be
isomorphic:

3.14. Corollary. The categories PathQ and ReachQ are isomorphic if and only if the
path reduction P (Q) of Q is a simple alternating quiver.

Proof. By Proposition 3.8, the categories PathQ and ReachQ are isomorphic if and
only if Q does not contain directed cycles nor quasi-bigons. Now observe that Q does
not contain directed cycles nor quasi-bigons if and only if, for any chosen ordering on its
maximal simple paths, the path reduction of Q is an alternating directed graph, with no
loops nor multiple edges.

3.15. Functoriality. We show here that going from quivers to reachability categories
is functorial. This will be needed in applications in Section 5. Let Thin denote the
category of small thin categories, which is the full subcategory of Cat of thin categories.

3.16. Proposition. Taking the reachability category yields a functor

Reach: Quiver → Thin

from the category of quivers to the category of thin categories.

Proof. By Lemma 2.2 a morphism ϕ : Q → Q′ of quivers sends a path in Q to a path in Q′.
By definition, ϕ is a natural transformation. Then, define Reach(ϕ) : ReachQ → ReachQ′

to be the functor induced by the natural transformation ϕ on the objects, and such that,
to a non-trivial morphism f : v → w in ReachQ, it associates the unique morphism
between ϕ(v) and ϕ(w). It is easy to see that Reach respects compositions of morphisms
of quivers, and that it yields a functor from the category of quivers to the category of
small categories. Now, by Lemma 3.3, the reachability category is a thin category; hence,
the statement follows.

3.17. Remark. The reachability category ReachQ can alternatively be constructed by
taking quotients of the Hom-sets of the path category PathQ. In fact, one can define
a functor F : PathQ → PathQ/∼ that is the identity on objects, and such that the
congruence ∼ collapses all paths between two objects to a single morphism. However,
this construction would lead us to define functorial quotients on Cat. Proposition 3.16
provides a direct proof of the functoriality.

3.18. Topological properties. We proceed with a comparison of path categories and
reachability categories from a topological viewpoint. To do so, we study the nerves of these
categories. In the follow-up, by geometric realisation |Q| of a quiver Q, we shall mean the
geometric realisation of Q as an undirected graph (i.e. by forgetting the directions of the
edges and then taking the realisation of the obtained CW-complex). Analogously, for a
simplicial set S (e.g. the nerve of a category), |S| denotes its geometric realisation. First,
recall the following result:
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Figure 5: The quiver Q.

0 1

2 3

PathQ =

0 1

2 3

ReachQ =

Figure 6: The path category and the reachability category of the quiver Q in Figure 5.

3.19. Proposition. [Cit01, Ex. 4.3] The classifying space |N(PathQ)| of the nerve of
the path category of a quiver Q has the homotopy type of the geometric realisation |Q|.

By Proposition 3.19, the classifying space of the nerve N(PathQ) has the homotopy
type of a wedge of circles. We provide some examples.

3.20. Example. Consider the quiver Q as illustrated in Figure 5. Observe that, in
virtue of Proposition 3.8, the associated path category and reachability category are not
isomorphic. By Proposition 3.19, the nerve of PathQ is homotopic to the circle S1. The
nerve of ReachQ, on the other hand, is contractible since ReachQ has an initial object
0. The graph representations of these two categories are illustrated in Figure 6, where we
have omitted the identity morphisms on the vertices.

Recall that an equivalence of categories induces a homotopy equivalence between the
nerves.

3.21. Example. Consider the quiver Ln illustrated in Figure 7. Its path category is
homotopic to

∨n
i=1 S

1. However, the associated reachability category is equivalent to the
category with one object and one identity morphism. In fact, imposing the reachability
condition implies that the morphisms vi → vi+1 and vi+1 → vi are inverses of one an-
other. As an equivalence of categories preserves the homotopy type of the nerve, we get
|N(ReachLn)| ≃ ∗.

v0 . . . vn

Figure 7: The quiver Ln.

Motivated by the previous examples, we can state the following:
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3.22. Proposition. Let Q be a strongly connected quiver. Then, ReachQ is contractible.

Proof. Choose an object q of Q, and let 1 be the category with the one object q and
a single identity morphism. Then, the functor F : ReachQ → 1 is an equivalence of
categories. Therefore, the nerve of ReachQ is homotopic to the nerve of 1, which is
contractible.

By Proposition 3.8 and Proposition 3.19, the nerve |N(ReachQ)| of a finite connected
quiver Q with no directed cycles nor quasi-bigons is homotopic to the geometric realisation
|Q|. On the other hand, if Q contains directed cycles or quasi-bigons, and H is a strongly
connected component of Q, then by Proposition 3.22 ReachH is contractible. Taking
reachability categories is functorial. Therefore, the inclusion of H in Q induces a functor
ReachH → ReachQ, hence a continuous map ∗ ≃ |N(ReachH)| → |N(ReachQ)| which
is a cofibration. In other words, replacing a strongly connected component in Q with
a single vertex does not change the homotopy type of |N(ReachQ)| (see also [Bjö95,
Lemma 10.2]). Although, by Proposition 3.8, the categories PathQ and ReachQ are not
isomorphic when Q contains directed cycles, we get the following:

3.23. Proposition. Let Q be a finite connected quiver with no quasi-bigons. Then, there
is a homotopy equivalence

|N(Pathc(Q))| ≃ |N(ReachQ)| ,

where c(Q) is the condensation of Q.

Proof. In view of Proposition 3.8, |N(Pathc(Q))| and |N(Reachc(Q))| are homotopy
equivalent. Proceeding as in the proof of Proposition 3.22, collapsing the directed cycles
of Q does not change the homotopy type of ReachQ, yielding an homotopy equivalence
between |N(ReachQ)| and |N(Reachc(Q))|. The statement follows.

Proposition 3.23 does not hold if the quiver Q is the Hasse diagram of a poset which
is not a tree (as a graph); hence, we can not exhibit a complete classification of the
homotopy classes of ReachQ. In fact, we have the following example:

3.24. Example. Let P be the face poset of a simplicial complex X. Its associated
reachability category is the poset P itself, seen as a category. The nerve of ReachP is
homotopy equivalent to the barycentric subdivision of X. Therefore, if the simplicial
complex X has non-trivial homotopy groups in degree ≥ 2, and Q is the Hasse diagram
of P , then the nerve of ReachQ has the same (non-trivial) homotopy type of X. On the
other hand, the homotopy groups of the nerve of a path category are always trivial in
degree ≥ 2 due to Proposition 3.19.

This example suggests that we can find interesting (topological and categorical) in-
formation in ReachQ, provided Q has quasi-bigons. In fact, the homology of ReachQ

has recently found important applications in homology theories of digraphs; in particular,
the homology of ReachQ can be interpreted as the limit of the magnitude-path spectral
sequence [Asa23, HR23].
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4. The reachability poset

The aim of this section is to associate to each quiver a poset: the reachability poset.
As homological invariants of reachability categories will also be invariants of reachability
posets, we will use this equivalence in the applications of Section 5.

A preordered set, or simply preorder, is a pair (X,≤) consisting of a set X and a
binary relation ≤ that is reflexive and transitive. Therefore, any preordered set yields a
thin category by declaring a unique morphism x → y whenever x ≤ y. Vice versa, a thin
category yields, up to isomorphism of categories, a preordered set by setting the relation
x ≤ y between objects x and y if and only if there is the unique morphism x → y. We can
identify the category of thin categories with the category of preorders. Given a preorder,
there is a standard way to construct a poset: first, define an equivalence relation ≃ on
the elements of the preorder such that p ≃ q if and only if p ≤ q and q ≤ p. Then, define
the poset as the quotient obtained from the preorder via the given equivalence relation.
As we are interested in extending this process to a functor from thin categories to posets,
we make use of the standard notion of posetal reflection. For the sake of completeness,
we present the construction in details.

Recall that a category C is skeletal if each of its isomorphism classes has just one
object. The skeleton skC of C is the unique (up to isomorphism) skeletal category
equivalent to C. Assuming the axiom of choice, every category has a skeleton obtained
by choosing one object in each isomorphism class of C, and then by defining skC to
be the full subcategory on this collection of objects (cf. [Ric20, Proposition 2.6.4]). The
skeleton construction yields an equivalence of categories skC ↪→ C between the skeletal
subcategory and the category C itself. However, this construction cannot be promoted to
an endofunctor sk : Cat → Cat; it yields in fact a pseudofunctor. Roughly speaking, for
categories A,B and a functor F : A → B, it is possible to choose a functor sk F : skA →
skB, but these choices will not be strictly functorial. To formalise it, we first need to
recall the definition of reflection, see e.g. [AHS06, Definition 4.16]:

4.1. Definition. Let C be a subcategory of D, and d an object of D. A reflection for d
is a morphism ρ : d → c in D from d to c ∈ C such that the following universal property is
satisfied: for any f : d → c′ in D with c′ ∈ C, there exists a unique morphism f ′ : c → c′

of C such that this diagram

d c

c′
f

ρ

f ′

commutes.

A subcategory C of D with the property that each object d ∈ D has a reflection is
called a reflective subcategory. Equivalently, a full subcategory C of a category D is said
to be reflective in D if the inclusion functor from C to D has a left adjoint. For reflective
subcategories, the following result is standard:
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4.2. Proposition. [AHS06, Proposition 4.22] Let C be a reflective subcategory of D,
and for each d ∈ D let ρd : d → cd be a reflection. Then, there exists a unique functor
R : D → C such that:

• R(d) = cd for all d in D;

• for each morphism f : d → d′ in D, the diagram

d R(d)

d′ R(d′)

f

ρd

R(f)

ρd′

commutes.

The full subcategory of skeletal categories is reflective in the category of small cate-
gories (see e.g. [BCGT23, Corollary 4.2], along with [FFG21]). Analogously, this holds
true for the category of thin categories. As a consequence, after identifying thin categories
and preorders, we can construct a functor from the subcategory of preorders in Cat to
the category of posets as follows. Let Preord be the category of preorders and order-
preserving maps, and let Poset be the full subcategory of posets. Taking the quotient
turning a preorder into a poset is a reflection (cf. [AHS06, Section 4.17]). Then, there is
a unique functor L : Preord → Poset induced by the described reflections. Sometimes,
this functor is called a posetal reflection, see e.g. [Rap10, FS19, PHGC23]. Furthermore,
each other choice would yield a different functor, but all such functors are naturally iso-
morphic. Therefore, using the described choice of functors, we get the composition

R : Quiver
Reach−−−→ Thin ∼= Preord

L−→ Poset (1)

that associates to a quiver the poset R(Q).

4.3. Definition. For a finite quiver Q, the poset R(Q) is called the reachability poset
of Q.

By construction, the objects of R(Q) are the vertices of Q modulo the equivalence
relation ≃ which identifies v and w if and only if there are paths from v to w and from w
to v. Denote by [v] the equivalence class of v. Then, [v] ≤ [w] if and only if there are
representatives v of [v] and w of [w], together with a directed path from v to w in Q.

For a poset P and a quiver Q, we can look at the posets P and R(Q) as categories,
and consider functors between them. With this convention, the reachability category and
reachability poset satisfy the following universal property:
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4.4. Proposition. Let F : ReachQ → P be a functor. Then, there exists a unique
functor G : R(Q) → P making the diagram

Q ReachQ R(Q)

P
F

L

G

commute.

Proof. This follows directly from the properties of the reflection L.

Consider the forgetful functor U : Cat → Quiver. Then, composition with the func-
tor R of Equation (1) yields an endofunctor

T := U ◦ R : Quiver → Quiver (2)

of the category of (finite) quivers.

4.5. Remark. By construction, the quiver T (Q) does not contain non-trivial directed
cycles or multiple edges. If one forgets also the loops, the quiver T (Q) becomes acyclic.

4.6. Proposition. Let Q be a finite quiver. Then T (Q) is isomorphic to the condensation
of the transitive closure of Q.

Proof. The quiver T (Q) is, by construction, obtained by first taking category ReachQ

of Q; this can be identified with the transitive closure of Q. Now, each strongly connected
component of Q yields a strongly connected component in the transitive closure. Such
a component H is represented by a single vertex [h] in T (Q). All edges connecting two
strongly connected components H and H ′, say directed from h in H to h′ in H ′, are sent
to the edge ([h], [h′]) in T (Q). Hence, the vertices of T (Q) are the strongly connected
components of Q, and there is an edge ([h], [h′]) in T (Q) if and only if there is an edge
(h, h′) in the transitive closure of Q, with h and h′ not strongly connected. This is enough
to show that T (Q) is isomorphic to the condensation of the transitive closure of Q.

As a consequence, if the quiver Q is isomorphic to its transitive closure (e.g. when it
is alternating), then T (Q) is precisely the condensation of Q.

4.7. Example. Even though the condensation c(Q) and taking the underlying quiver
T (Q) of the reachability poset R(Q) are very similar operations, they do not give the
same result; the former is a quiver operation, while the latter factors through categories
requiring the transitive closure in Proposition 4.6. This is illustrated by the two examples
below (omitting self-loops).

Q Q′

c(Q) = T (Q) c(Q′) ̸= T (Q′)
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5. Applications

We show some applications of reachability categories to two main fields: finite-dimensional
algebras and persistent homology. In particular, we show that commuting algebras are
Morita equivalent to incidence algebras of reachability posets, and we conclude with the
construction of a persistent Hochschild homology pipeline for quivers.

5.1. Commuting algebras. For a finite quiver Q and K a field, let C(Q) := KQ/C
be the commuting algebra of Q introduced in [GS24], i.e. the path algebra KQ of Q
modulo its parallel ideal C. We have the following characterisation of category algebras
of reachability categories:

5.2. Lemma. The category algebra of ReachQ is isomorphic to the commuting algebra
C(Q).

Proof. By Example 2.4, the category algebra of PathQ is the path algebra KQ of Q.
The commuting algebra C(Q) is obtained from KQ by taking the quotient with respect
to the parallel ideal generated by all differences of finite directed paths in Q with same
source and target – cf. [GS24]. Consider the linear map

KPathQ −→ KReachQ

of vector spaces, induced by the functor F : PathQ → ReachQ = PathQ/∼ of Re-
mark 3.17. The kernel of this linear map is precisely the vector subspace generated by
differences of paths in Q with same source and target, i.e. the parallel ideal of KQ. The
composition of paths is preserved, hence we have an algebra isomorphism between the
category algebra of the reachability category and the commuting algebra.

Recall that two unital rings are said to be Morita equivalent if and only if their
categories of left (or right) modules are equivalent, cf. [AF92, Chapter 6]. Then, we
recover one of the results of [GS24] in categorical setting:

5.3. Theorem. Let Q be a finite quiver and K a field. Then, the commuting algebra
C(Q) is Morita equivalent to the incidence algebra of R(Q).

Proof. The category ReachQ is equivalent to the poset R(Q), seen as a category. As Q is
finite, the associated category algebras are Morita equivalent by [Xu07, Proposition 2.2.4].
By Lemma 5.2 the category algebra of ReachQ is isomorphic to the commuting algebra
of Q, these are also Morita equivalent. Hence, the commuting algebra of Q is Morita
equivalent to the category algebra of the reachability poset R(Q), which is an incidence
algebra.

If we restrict to the category Quiver0 of finite acyclic quivers, we get a functor

I := I ◦ R : Quiver0 → K-Alg (3)

which associates to a quiver Q the incidence algebra of the reachability poset R(Q). Then,
Theorem 5.3 says that the diagram
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Quiver0 Poset

K-Alg
C

R

I

is commutative up to Morita equivalence.
By [Sta70, Theorem 1], if the incidence algebras of two locally finite posets P and Q

are isomorphic, as K-algebras, then also P and Q are isomorphic, as posets. Note that
the extension to the whole category of quivers does not yield the same result as in [Sta70,
Theorem 1]. However, we can infer the following:

5.4. Corollary. Let K be a field. If the commuting algebras of the finite posets P and
Q are isomorphic, as K-algebras, then the reachability categories ReachP and ReachQ

are isomorphic.

Proof. Let P and Q be finite posets. Then, seen as as quivers, they generate the
reachability categories ReachP and ReachQ, which are still posets. In fact, they agree
with the reachability posets R(P ) and R(Q). By assumption, the associated category
algebras are isomorphic, and such isomorphism is reflected in an isomorphism between
the incidence algebras of ReachP and ReachQ. By [Sta70, Theorem 1], the posets, hence
the reachability categories, are also isomorphic.

We provide a complete characterisation of quivers with Morita equivalent commuting
algebras.

5.5. Theorem. Let Q,Q′ be finite quivers. Then, the commuting algebras C(Q) and
C(Q′) are Morita equivalent if and only if the reachability posets R(Q) and R(Q′) are
isomorphic.

Proof. By Lemma 5.2, the commuting algebras of the quivers Q and Q′ are obtained
by taking the category algebras of the reachability categories ReachQ and ReachQ′ .
Thererefore, C(Q) and C(Q′) are Morita equivalent if and only if the category algebras
KReachQ and KReachQ′ are Morita equivalent. Category algebras of acyclic categories
are Morita equivalent if and only if they are isomorphic, hence the category algebras
KReachQ

∼= KR(Q) and KReachQ′ ∼= KR(Q′) are Morita equivalent if and only if the
incidence algebras KR(Q) and KR(Q′) are isomorphic. By Stanley’s theorem [Sta70,
Theorem 1], this happens if and only if the reachability posets R(Q) and R(Q′) are
isomorphic.

Recall that the global dimension of a ring R is the supremum of the set of projective
dimensions of all R-modules. For a finite quiver Q, we denote by diam(Q) the maximal
length across all directed simple paths in T (Q).

5.6. Corollary. Let Q be a finite quiver. Then,

gl.dim C(Q) ≤ diam(Q).
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Proof. The reachability category of a finite quiver is an EI-category by Corollary 3.4.
Moreover, for each object x of ReachQ, the automorphism group of x is trivial. Then,
by [Xu06, Theorem 5.3.1], we have

gl.dimKReachQ ≤ ℓ(ReachQ)

where ℓ(ReachQ) is the maximal length of chains of non-isomorphisms in the poset R(Q).
Note that each such chain is in bijection with a directed path in T (Q), hence ℓ(ReachQ) =
diam(Q). The statement now follows from Lemma 5.2.

5.7. Proposition. Let Q be a finite quiver with at least one edge. Then

gl.dimKReachQ = gl.dimKR(Q) ≤ 1

if and only if any closed interval of R(Q) is totally ordered.

Proof. By Morita equivalence, gl.dimKReachQ = gl.dimKR(Q). Then, the statement
follows from [Mit68, Theorem 4.2].

Let B1,1 be the poset generated by the quasi-bigon B1,1, i.e. the directed square on
four vertices. Note that if all the quasi-bigons in Q have diagonals, then by Lemma 3.7
R(Q) can not contain B1,1 as a subposet. Vice versa, if there is a quasi-bigon Bm,n with
m,n ≥ 1 such that x, y and a pair of vertices vi and wj are all in different strongly
connected components, then the global dimension of the commuting algebra KReachQ is
larger than 1. Finally, note that the condition in Proposition 5.7 does not require Q to be
a tree; for example, the alternating square in Figure 2 does not have B1,1 as a subposet.

Following [HR23, Definition 4.1], we can define the reachability (co)homology of a
quiver Q with coefficients in K as the (co)homology

RH∗(Q;K) := H∗(ReachQ;K) ∼= H∗(R(Q);K) .

Then, a direct consequence of Proposition 5.7 is the following:

5.8. Corollary. If any closed interval of R(Q) is totally ordered, then the reachability
(co)homology groups RHn(Q;K) vanish for n ≥ 2.

Proof. The result follows from [Web, Corollary 5.2] and Proposition 5.7, after identifying
the reachability cohomology groups Hn(R(Q);K) with ExtnR(Q)(K,K).

5.9. Persistent homology of quivers. (Co)homology theories of directed graphs
and quivers have become important tools in mathematics and science in general, largely
due to the ubiquity of graph data in various research domains, and have gathered mo-
mentum in topological data analysis [RNS+17, KT20, CR23, Rii23]. In topological data
analysis one generally associates to a (undirected, directed) graph various types of ho-
mology groups; we refer to [CR23] for an excursus of possible homology theories. Among
the various options, one can use the categorical framework, which allows to generally
attain more refined invariants. Among others, one can associate homology groups to a
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quiver using the nerve construction. One can also study the homology of the category
algebra RC for (any) category C associated to a quiver Q; examples of this sort include
Hochschild homology HH, or cyclic homology [Lod98], which are invariants associated to
category algebras.

For a quiver, a natural category to study is its path category. As the category PathQ is
1-dimensional, its homological invariants vanish beyond degree 1 (recall Proposition 3.19),
and they are readily computable when the quiver, and the associated category, are acyclic.
For Hochschild (co)homology in degrees 0 and 1, we can resort to a well known result due
to Happel (see also [Red01, Proposition 4.4]):

5.10. Theorem. [Hap89] If Q = (V,E, s, t) is a connected quiver without oriented cycles
and K is an algebraically closed field, then

dimK HHi(A) = dimK HHi(A) =


1 if i = 0

0 if i > 1

1− n+
∑

e∈E dimK et(e)Aes(e) if i = 1

where A = KPathQ is the path algebra of Q, n = |V | is the number of vertices of Q and
et(e)Aes(e) is the subspace of A generated by all the possible paths from s(e) to t(e) in Q.

Recall that persistent homology is a functor (R,≤) → FinVect with values in finite
dimensional vector spaces over a field K. In the topological setting this can be realised by
taking the homology of a filtered simplicial complex. In [CR23], the following persistent
Hochschild homology pipeline was introduced, where HH is computed on the category
algebra of Path(c(Q)):

(R,≤) → Digraph
c−→ Digraph

K−−−→ K-Alg
HH−−→ FinVect ; (4)

note that in this pipeline the condensation c facilitates the use of Happel’s formula. On
the other hand, condensation also renders the composition (4) non-functorial. Then, we
might wish to retrieve the functoriality using a different category, e.g. ReachQ, instead
of the free category PathQ. In fact, recall that equivalent categories with finitely many
objects have Morita equivalent category algebras. Then by [Lod98, Theorem 1.2.7] we get
HH∗(KReachQ) ∼= HH∗(KR(Q)), and R(Q) (as an acyclic quiver) satisfies the assump-
tions of Theorem 5.10. However, the following result sets up an obstacle to the definition
of a functorial pipeline involving Hochschild homology of reachability categories.

5.11. Proposition. [Xu07], Proposition 2.2.3 A functor µ : D → C between small cat-
egories extends linearly to an algebra homomorphism µ : KD → KC if and only if µ is
injective on objects of D.

Because the functor ReachQ → R(Q) collapses isomorphism classes to single objects
there is no obvious functorial morphism of algebras KReachQ → KR(Q). Hence, the
filtration step
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Q

↪→

Q′

Reach(Q)
↑

Reach(Q′)

R(Q)
↑

R(Q′)

is not functorial at the level of the respective category algebras. Note that depending on
the quiver morphism Q ↪→ Q′, even KR(Q) → KR(Q′) might not be a homomorphism of
algebras; an easy example is induced by the inclusion of an edge into a pair of reciprocal
edges. This also shows that if we are to use condensation type operations, such as mapping
into R(Q), then functorial persistence is not restored even by restricting to the category
of quivers whose morphisms are injective maps on vertices. Nevertheless, as ReachQ =
R(Q) for acyclic quivers, we still get a fully functorial persistence pipeline by restricting
reachability to the category of acyclic quivers.

Despite the discussed shortcoming on the functoriality of a Hochschild homology per-
sistent pipeline for general quivers, we wish to point out here that, in applications to
topological data analysis, the above Morita equivalence proves actually to be effective. In
fact, by Morita invariance, we have the equality

βHH
∗ (KReachQ) = βHH

∗ (KR(Q))

of Hochschild Betti numbers, and, from a computational and practical point of view, it
is the evolution of the Betti numbers that is of interest in persistent homology. Despite
a non-functorial pipeline of Hochschild homology groups of algebras for Quiver, we still
obtain a Betti curve, i.e. the Betti numbers as a function of the filtration parameter, as
the following composition:

(R,≤) → Quiver
Reach−−−−→ Preord

L−→ Poset
K-−→ K-Alg

βHH

−−→ N .

Note that, applying the same methods as of [BV20], the composition is stable when
restricted to acyclic quivers. We summarise the discussion in the following definition:

5.12. Definition. Let F : (R,≤) → Quiver0 be a filtration of finite acyclic quivers.
Then, its persistent Hochschild homology groups are given by the composition

(R,≤) → Quiver
Reach−−−−→ Preord

L−→ Poset
K-−→ K-Alg .

If F : (R,≤) → Quiver is a filtration of quivers, we define the persistent HH-curves as
the Betti curves of the persistent Hochschild homology groups.

The classical result by Gerstenhaber and Schack [GS83] gives a topological interpre-
tation to persistent Hochschild homology. The categorical equivalence ReachQ ≃ R(Q)
entails the homotopy equivalence |N(ReachQ)| ≃ |N(R(Q))| of the respective nerves,
hence isomorphism in homology. Then, in view of [GS83], the homology of the nerve
N(R(Q)) (when working over a field K) is isomorphic to HH∗(KR(Q)). Therefore per-
sistent Hochschild homology and persistent homology of ReachQ yield the same Betti
curves:
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5.13. Proposition. Let F : (R,≤) → Quiver be a filtration of quivers. Then, the per-
sistent HH-curves agree with the simplicial Betti curves of the nerves of the reachability
categories.

We hope that this variation of persistent homology of graphs, using reachability cate-
gories instead of the more classical Vietoris-Rips complexes, might find concrete applica-
tions in topological data analysis. Note that, as mentioned in Example 3.24, Hochschild
homology of reachability categories can be of arbitrarily high degree, yielding non-trivial
information also in degrees > 1 (cf. Theorem 5.10).

In this last section, we have discussed the use of reachability categories for constructing
persistent Hochschild homology pipelines in topological data analysis; this was one of the
the main motivations to develop the theory of reachability categories. We have observed
that taking the filtration given by the reachability categories, and then applying the
standard persistent methods, yields a well-behaved persistent homology theory which we
might call reachability persistent homology. We conclude with a further perspective on it.

5.14. Remark. Taking the nerve of categories is a functorial operation, hence the clas-
sical persistent homology of ReachQ yields a functorial persistent homology theory of
quivers. Due to a lack of functoriality in the more general HH-pipeline, having both a
functorial and an efficiently computable algebraic persistence via Hochschild homology
seems to be unattainable with the tools at hand. Homology of ReachQ is then among
the closest functorial “approximations” of a functorial persistent Hochschild homology of
quivers. The non-functoriality discussed in this section also prohibits the pipeline from
having a consistent basis over the filtration to produce a persistence diagram, beyond the
Betti curve. The main obstacle, as we see it, is the lack of tools to efficiently compute HH
of some category or algebra induced from a real world quiver data. Therefore, it remains
open what a suitable persistent Hochschild homology theory of general quivers should
look like.
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