Theory and Applications of Categories, Vol. 40, No. 18, 2024, pp. 537-574.

THE 2-LOCALIZATION OF A MODEL CATEGORY

DUBUC E. J., GIRABEL J.

Para mi amiga Marta

ABSTRACT. In this paper we elaborate on a 2-categorical construction of the homotopy
category of a Quillen model category. Given any category </ and a class of morphisms
Y C & containing the identities, we construct a 2-category Ho(«/) obtained by the
addition of 2-cells determined by homotopies. A salient feature here is the use of a
novel notion of cylinder introduced in [1]. The inclusion 2-functor &# — Ho(</) has a
universal property which yields the 2-localization of &7 at ¥ provided that the arrows of ¥
become equivalences in Ho(«?). This result together with a fibrant-cofibrant replacement
is then used to obtain the 2-localization of a model category % at the weak equivalences
W. The set of connected components of the hom categories yields a novel proof of
Quillen’s results. We follow the general lines established in [1], [2] for model bicategories.

Introduction

In this paper we study a 2-dimensional version of Quillen’s homotopy category con-
struction. As in Quillen’s construction, our input is a 1-model category, but our out-
put are (2,1)-categories, and we set and establish their localization universal property
in the 3-category of 2-categories and 2-functors. Of particular interest will be to study
the relation with the simplicial localization developed in [4], [5], and the possibility of
a construction of this localization using homotopy-like constructions in place of ham-
mocks. We follow the general lines established in [1], [2] where the notion of model
2-category is introduced, and a fully 2-dimensional version is developed, with input and
output (2,2)-categories, and the localization universal property set in the 3-category of
2-categories and pseudofunctors. The developments here are not just an adaptation of
the general theory to a particular case, in particular most of proofs produced are not
simplified versions of the ones of the (2, 2) case. There are two substantial differences:
First, the absence of non-invertible 2-cells not only simplifies the theory, but also avoids
the need for the new axioms and definitions introduced in loc. cit. above, which con-
form a different theory in form and spirit. Second, we introduce the use of functorial
factorizations in the fibrant-cofibrant replacement, which allows us to dispense the use
of pseudofunctors keeping only 2-functors, a fact that adds important simplifications but
which has its own shortcomings. Only left homotopies suffice, there is no need to consider
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right homotopies. There are no fibrant nor cofibrant replacement 2-functors at the level
of the homotopy 2-categories, but a simultaneous fibrant-cofibrant replacement 2-functor.

We see in an appendix the role played by the right homotopies, and how the original
Quillen factorization axiom suffices to determine a fibrant and a cofibrant replacement at
the homotopy level, but given by pseudofunctors, not 2-functors, and the same happens
with the localization arrow, also given by a pseudofunctor.

We pass now to describe the content of the paper:

Section 1. In a first section we fix notation, terminology, and recall some definitions
whose explicit formulation become necessary to formulate the statements in this paper
and develop their proofs.

In particular, given a 2-category o7, a class of morphisms > C & containing the
identities, and any 2-category &, we denote by Hom, (<7, Z) the 2-category with objects
the 2-functors, arrows the pseudonatural transformations and 2-cells the modifications,
and by Hom,(</, Z) the full 2-subcategory spanned by the 2-functors which send the
class ¥ into equivalences. Recall that we can consider categories as trivial 2-categories
whose only 2-cells are the identities.

Section 2. Given a category &/ and a class of morphisms ¥ C &/ containing the
identities, this section concerns the construction of a 2-category Ho(<7) obtained by the

addition of 2-cells to <7, and such that the inclusion 2-functor «# — Ho(.«/) has the
following universal property:

up) Precomposition with i, i* : Hom,(Ho(<?), Z). — Hom,(</,Z), induces an
( p) p i P 3 + P ’ +
1somorphism of 2-categories for any 2-category 9.

It is clear that Ho(?) will be the 2-localization of </ at ¥ as soon as the arrows of
¥ became equivalences in Ho(«/). We show that a sufficient condition for this is that X
has the 3 x 2 property and is generated by sections and retractions.

We construct Ho(«7) using cylinders and homotopies, so we call the members of 3
weak equivalences and Ho(</) the homotopy 2-category. Homotopies will determine the
2-cells of Ho(e/). We work using a definition of cylinder with respect to a class X, and
the corresponding homotopies, introduced in [12, 3.2.3], which is more general and less
rigid than Quillen’s.

d
A cylinder C for an object X is a configuration X ” W, where s € X
I

and sdy = sdy = z 1. A homotopy H with cylinder C' from an arrow X 5V to an

arrow X —2 Y is defined in the usual way as an arrow W "4 ¥ such that f =hdy and
g = h dl-
Homotopies can be vertically (actually sequences of composable homotopies) and hor-

n [12, 3.3.1] it is also introduced a more restricted notion under the name ” fork”, where z is assumed
to be a weak equivalence.
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izontally composed but they are not yet the 2-cells of a 2-category Ho(</) with the same
objects and arrows as C. The 2-category axioms are equations, thus, the homotopy on
the left of the equation should coincide with the one on the right, and if not, they should
be identified. We do this by defining an equivalence relation as follows:

If o/ is already a 2-category and s is an equivalence, it follows that there is a unique
2-cell C : dy = d1 such that s C = x, and this determines a 2-cell H=hnC: =g

A 2-functor & —— 2 into a 2-category & sends cylinders to cylinders and homotopies
to homotopies, thus if it sends weak equivalences into equivalences, then there is a 2-cell
FH:Ff= Fqg.

In view of this, given such a 2-functor F': &/ — 2, we could extend F to a 2-functor
F defined in Ho(/) as in the diagram o > Ho(a/) by defining F=F

F 47 3F
9

on objects and arrows, and F (H) = FH on homotopies. For F to be well defined on
equivalence classes it is then necessary that for any two equivalent homotopies H, K,
the equality FH = FK must hold for all such 2-functors. We just set this condition
as the definition of the equivalence relation we use to define Ho(<?), and call it the
ad-hoc relation.

We show that this relation indeed determines a 2-category, which is the 2-category
sought, that is, it satisfies the universal property (up) above.

We consider also another relation between homotopies, that we call the germ relation.

There is a natural definition of morphisms of cylinders, which then form a category. Fixing

f
two objects and two arrows X —9_ Y the set of homotopies Hpy(X, Y)(f, g)(C) with

cylinder C' defines a Contravarlant set Valued functor on the variable C, and the germ
relation is the equivalence relation which computes its colimit. This relation was already
considered by Quillen himself in [10] and we think it will be meaningful for the work in
higher dimensions. Here we show that it is finer than the ad-hoc relation, a fact that
comes in handy to establish equality of 2-cells in Ho(«7), as we see in the next section.

Section 3. In this section we apply the construction of the homotopy 2-category in
Section 2 to develop a 2-dimensional version of Quillen’s localization of a model category
¢, (F, Cof, W), notation refers to 1.4. We set ¥ = W and we will consider the cases
o/ =€ and &/ = €., the full subcategory of fibrant-cofibrant objects.

In a first subsection 3.1 we work with €%.. As usual, we check that weak equivalences
between fibrant-cofibrant objects factor though a fibrant-cofibrant object as a section
followed by a retraction, both weak equivalences. Then using Theorem 2.3.5 we establish
that the 2-functor %, - Ho(€s.) is the 2-localization in a strict sense of €. at the
weak equivalences. For any 2-category &, precomposition with i establishes a 2-category
isomorphism

i* : Hom,(Ho(€}.), 2) — Hom,(Cse, 2)+
Note that €%. is not a model category.



540 DUBUC E. J., GIRABEL J.

There is another 2-category Hoy.(¢) C Ho(€'), the full 2-subcategory of Ho(%¢) whose
objects are the fibrant-cofibrant objects, which is coarser than Ho(%7%.) since for the latter
the ad-hoc relation may include 2-functors on 4%, which do not extend to €. We abound
on this in Remark 3.1.5.

In a second subsection 3.2 we recall Quillen’s cylinders, denoted here ¢-cylinders, as

W, where

d() dO
W, with Z = X, © = idx, that is X
d d

O O

z Z/ s id X/ s
o . (@) : o .

furthermore it is required that X IT X — W be a cofibration. Quillen’s left homotopies,
denoted here g-homotopies, are homotopies whose cylinder is a g-cylinder.

We show using the germ relation that in Ho(%}.) any 2-cell [H| can be given with
H a g-homotopy. On the other hand, we show how 2-cells determined by ¢-homotopies
compose vertically. In this way, the 2-category Ho(%}.) coincides with the 2-category
with 2-cells given by classes (not sequences) of g-homotopies. We comment that gen-
eral homotopies are necessary for the horizontal composition because the composite of a
g-homotopy H with an arrow [ on the right, H [, is given by a cylinder which is not any
more a g-cylinder, see Comment 3.2.7.

cylinders X

Taking the connected components in the hom-categories of our construction we derive
Quillen’s homotopy category of €.

In subsection 3.3 we set &7/ = € and develop its localization € — Ho(%}.). Our
main theorem is the following: For any 2-category &, precomposition with ¢ establishes
a 2-category pseudoequivalence

¢ : Homy,(Ho(€}.), V) — Hom,(€, D)+

We remark that we will need the fundamental theorem 2.2.5, not only the localization
theorem 2.3.5 as it was in the case &/ = %j.. We construct a fibrant and a cofibrant
replacement which, while they are defined on arrows, do not necessarily preserve compo-
sition. At this point we assume that the factorization axiom is functorial, a requirement
frequently used in the post-Quillen literature, and show that this yields a fibrant-cofibrant
replacement functor € — €. We take then the composition with €%, 5 Ho(€y.) and
prove that it establishes the localization ¢ = ir, € — Ho(€.) sought. We also re-
mark here that for the proof developed in subsection 3.3.7 it is necessary to count with a
fibrant-cofibrant replacement 2-functor Ho(¢') — Ho(%.) at the level of the homotopy
categories. In subsection 3.3.1 we construct such a 2 functor. With this, the proof goes
as follows: We show that ir = 71, so that ¢ = 74, and we prove that the 2-functor 7* of
precomposition with 7 is a pseudoequivalence of 2-categories. Since by Theorem 2.2.5 we
already know that this is the case for the 2-functor ¢*, the result follows.

Note that the 2-functor 7 is a simultaneous fibrant-cofibrant replacement, not a com-
position of a fibrant with a cofibrant replacement 2-functors, which do not necessarily
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exist. The reader should be aware also that since in subsection 3.3 we are assuming func-
torial factorization, the 2-categories Ho(%6%.) and Hos.(€¢) coincide, discarding a possible
inconsistency. This fact is not used to prove the theorem.

Appendix. In this appendix we complete the picture. We briefly describe what is
the situation of the problem of the 2-localization of a model category in the absence of
functorial factorizations. Complete definitions and proofs are developed in [DDS2] for
model bicategories. The interest in the particular case of model categories is twofold.
One is that it is much simpler, avoiding the difficulties, complications and new axioms
necessary to be able to deal with non invertible 2-cells. The other is that surprisingly the
resulting theory is different from the theory developed in section 3, and this difference
adds a new light on the functorial factorization axiom and its consequences.

The concepts dual to that of cylinder and homotopy become necessary, left fibrant
and right cofibrant homotopies play an essential role. Pseudofunctors are unavoidable,
the localizing arrow ¢ : € — Hos.(€) is a pseudofunctor, and the localization theorem
becomes: Precomposition with q establishes a 2-category pseudoequivalence

¢ : pHom,(Hos(€), 2) — pHom,(€¢, )+

for every 2-category ¥. Now the hom 2-categories are pHom,, that is the 2-category
whose objects are the pseudofunctors. More importantly, there are fibrant and cofibrant
replacements at the level of the homotopy 2-categories, which allow to obtain the fibrant-
cofibrant replacement as a composition. There is no pseudofunctor € — Ho(%.), now
the homotopy category is Hos.(€'), not Ho(€}.), which is a different 2-cate,gory in the
absence of functorial factorization.

1. Preliminaries

This section is necessary to recall some concepts that we will use explicitly later, and to
fix the notation and terminology.

1.1. 2-CATEGORIES.

1.1.1. NOTATION. A 2-category has objects X, arrows X L5 v and 2-cells f==y
(we will also say morphisms, maps, or 1-cells to refer to the arrows). The arrows and
2-cells are composed horizontally, which we simply denote as a juxtaposition, and the
2-cells are composed vertically, which we denote by o, the arrows are considered to be
identity 2-cells for vertical composition, we will denote both f and id; as appropriate in

the context. Thus, given f == ¢, we have ao f = a and go o = a.

1.1.2. REMARK. In the presence of vertical composition, to determine a horizontal com-
position of 2-cells it is enough to define a horizontal composition between 2-cells and
morphisms, which some authors call whiskering:
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f

—
Foreach X —t5Y Yo 27— W, suppose we have defined 2-cells r o and « .

g

If the following axioms hold

1. Foreach X — =Y —~7 Id,f = gId; = Id,;.

—
l ol T
2. For each X > Y Ug> Z >W, (Bl) o (ad) = (B o «),
g
k
(ra)o (rf) =r(Boa).
N AN
3. Foreach X Yo Y o Z, (da)o(df)=(dg)o(fa).
g [4 g/ >

then the horizontal composition of any composable pair o/, a, can be defined by
o' a=(ga)o(a'f)=(dg)o(f'a).
1.1.3. DEFINITION. A 2-functor F' : € — & between 2-categories sends objects of €

into objects of &, arrows of € into arrows of ¥ and 2-cells of € into 2-cells of 7,
preserving all the structure, vertical and horizontal compositions, and identities.

If G is another 2-functor between the same 2-categories, a pseudo-natural transfor-
mation 71 : F' = G consists of a family of arrows nx : FX — GX in 2, for each X in
¢, and for each arrow f: X — Y in € an invertible 2-cell ny : Gfnx = nyFf in 9

FX ™. 0Xx
Ffl L//nf le
FY — QY
ny

such that for each 2-cell o : f = g it is verified:

1. For each X in €, Niagy = Nx;

2. Given X 2>V 2~ 7 in €, we have n,F(f)oG(g)ns = ny¢, according to notation

1.1.1.
FX 2. GX FX X, GX
Ffl %nf le
FY ~QY — Fgf ¥ ng g Ggf
Y

n
Fgl ¥ ng LGg

Pz ——GZ
FZTGZ Nz
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3. For each 2-cella: f = g: X — Y in €, the equation

ng o (Ganx) = (nyFa) ony

holds:
FX—"X .GX FX—"™ .GXx
Fg ¥ ng Gf | G| Gyg = Fg|Falff vy Gf
FY GY FY GY
ny ny

A 2-natural transformation is a pseudonatural transformation such that ny is the identity
for every f, in which case the first two conditions are trivial and the third is the axiom of
2-naturalness.

Suppose now that 7,0 : F = G are pseudonatural transformations between 2-functors
F.G : ¥ = 2. A modification p: 17— o assigns to each object X of € a 2-cell
x 1 Tx = ox i 9D, such that for any arrow f: X — Y the equality

opo(Gfpux)=(uFf)ors

18 verified:
FX T T GX FX—2 - GX
i) //);f Gf = Ff Gf
FY ——GY FY  Tw QY
o

When 7, o are 2-natural, the above equality reduces to uy F f = Gf ux.

1.1.4. NOTATION. 2-natural (pseudonatural) transformations and modifications compose
vertically and horizontally (see, eg, [8] 1.2.4, p. 25). If € and Z are 2-categories, we
denote by Hom,, (¢, Z) the 2-category where the objects are 2-functors from ¢ into 2,
the arrows are the pseudonatural transformations and the 2-cells are the modifications,
and we denote Hom, (%, %) when we consider only the 2-natural transformations.

1.2. EQUIVALENCES.

1.2.1. DEFINITION. We say that an arrow f : X — Y in a 2-category is an equivalence
if there is an arrow g : Y — X (which is called quasi -inverse) and two invertible cells
n:idx = gf, €: fg=1idy.

The quasi-inverse g is determined up to an invertible 2-cell, and one can allways choose
g, n, € such that the triangular equations are verified (¢ f)o (fn) =ids (ge)o(ng) = id,.
Although any quasi-inverse is also an equivalence, we consider important to consider that
equivalences have a direction.

Recall the following non-trivial and fundamental fact:
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1.2.2. PROPOSITION. In the 2-category Cat a functor F : X N Y is an equivalence if
and only if it is fully faithful and essentially surjective.

If s: X — Y on a 2-category % is an equivalence, then it induces equivalences on
the categories of maps: For each object Z in ¥, the functor s* : €Y, Z] — €[X, Z]
given by the precomposition f — fs is an equivalence of categories, with quasi-inverse
t* given by any quasi-inverse t of s. In the same way it can be seen that the post-
composition s, : €[Z, X] — €[Z,Y] is an equivalence of categories. Furthermore, we
have the following

1.2.3. PROPOSITION. Given s : X — Y in a 2-category €, then s is an equivalence
if and only if s* : €Y, Z] — €[X,Z] is an equivalence for all Z in € if and only if
Sy 1 ClZ, X| — €[Z,Y] is an equivalence for all Z in €.

1.2.4. DEFINITION. A 2-functor F' : € — & is a pseudoequivalence of 2-categories if
there exist G : 9 — € and pseudo-natural transformations

which are equivalents in Homy(€,€) and in Hom,(2,2), respectively. The 2-functor
F would be a pseudoequivalence of 2-categories in the strict semse when n and 6 are
equivalences in Homy(€, %) and in Homy(2,2), respectively (notation 1.1.4).

The following fact is frequently used in the literature, for a detailed demonstration of
it see [6].
1.2.5. PROPOSITION. Letn: F = G : € — 2 be a pseudonatural transformation be-

tween 2-functors. Then n is an equivalence on Hom, (€, 2) if and only if each component
Nx 1S an equivalence on the 2-category &.

We note that the previous proposition does not hold for 2-natural transformations.
That is, a 2-natural transformation that is a pointwise equivalence is not necessarily an
equivalence on Homy(€', 7).

1.3. 2-LOCALIZATIONS. Adapting to 2-categories the definition in [9] for bi-categories we
have

1.3.1. DEFINITION. Let € be a 2-category and ¥ be a subclass of morphisms. The
2-localization of € at ¥ is a 2-category €[S together with a 2-functor q : € — €[X7!]
such that

1. q(s) is an equivalence for all s € ¥;
2. for every 2-category ¥, q induces a pseudoequivalence of 2-categories given by the
precomposition
¢ Homy (X7, 2) — Hom,(€,9),,

where Hom,(€¢, 7)+ consists of the 2-functors that send the elements of ¥ into
equivalences.

The 2-category €[~ 1] is characterised up to pseudoequivalences.
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1.4. MODEL CATEGORIES. The model categories were introduced by Quillen ([10]), the
definition that we will use is stronger than the original definition and it is the one that
Quillen also introduced with the name of closed model category.

1.4.1. DEFINITION. Let Z be a category. We say that a map f on 2 has the left-lifting
property with respect to a map g if every problem of the form

has a solution h, not necessarily unique, which makes both triangles commute. Equiva-
lently, we say that g has the right-lifting property with respect to f.

1.4.2. DEFINITION. Given f : X — Y, g : X' — Y’ in a category Z, then fis a
retract of g if there is a commutative diagram:

idx
o, T
X—X—X

110
Y —Y —=Y
\_/
idy

The following is a definition considered in [7], [3], and introduced by Quillen ([10]) in
a different but equivalent way,

1.4.3. DEFINITION. A model category is a category € provided with three classes of
morphisms F, Cof and W, which we call, respectively, Fibrations, Cofibrations and Weak
Equivalences, satisfying the following axioms.

MI1. € has finite limits and finite colimits.?

M2. If a cofibration is also a weak equivalence, then it has the left lifting property with
respect to any fibration.
If a fibration is also a weak equivalence, then it has the right-lifting property with

respect to any cofibration.

M3. If f is a retract of g and g is either a fibration, a cofibration, or a weak equivalence,
then so is f. Furthermore, the three classes are closed by composition and contain
the identities.

M}. Every map f in € can be factored s = pi, where p is a fibration and i a cofibration,
i two ways, one with p a weak equivalence, the other with i a weak equivalence.

2Nowadays many authors require the existence of all small limits and colimits.
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Ms. Let X L 5Y 2457 bein€. If any two of the three maps f, g and gf

are weak equivalences, then all three are (this axiom is often called the property of
“3 for 27).

1.4.4. Determination. Any two of the three distinguished classes of morphisms deter-
mane the third, that is, the model structure is determined by two of the three distinguished
classes F, Cof, W.

1.4.5. Duality. The axioms of the 1.4.3 definition are self-dual. Given a model category
€, the opposite category CP admits a model structure, where WP = W, FP = Cof,
(Cof )P = F.

We note that, by axiom M1, in a model category we always have an initial object and
a terminal object, denoted 0 and 1, respectively.

1.4.6. DEFINITION. An object X in a model category € is fibrant if X — 1 is a fibra-
tion, and cofibrant if 0 — X s a cofibration, a fibration or a cofibration are trivial if
they are also weak equivalences.

1.4.7. NoTATION. We will use the following notation:
i. -—o—- (weak equivalences)
ii. -——- (fibrations) -—o>- (trivial fibrations)
iii. ->——- (cofibrations) ->—o— (trivial cofibrations)

Let us recall the following results, whose proofs can be seen, for example, in [7].

1.4.8. Let € be a model category.

i. A map in € is a cofibration (trivial cofibration) if and only if it has the left-lifting
property with respect to all trivial fibration (fibration).

it. A morphism in € is a fibration (trivial fibration) if and only if it has the right-lifting
property with respect to every trivial cofibration (cofibration).

1.4.9. A map [ is a weak equivalence if and only if it admits a factorization f = pi,
where p is a trivial fibration and i is a trivial cofibration.

1.4.10. If € is a model category, then the classes of cofibrations and trivial cofibrations
are both pushout stable. Fibrations and trivial fibrations are both pullback-stable.

1.4.11.  While F (F N W) and Cof (coF N W ) are classes closed by pullbacks and
pushouts, respectively, it is not true that the class W of weak equivalences has any of
these properties.
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1.4.12. DEFINITION. A weak factorization system on a category 2 is a pair (L, R) of
distinguished classes of maps such that

1. Every map h in & can be factored as h = gf, with f € L and g € R.

2. L is precisely the class of maps that have the left-lifting property with respect to
every map of R.
R is the class of maps that have the right-rise property with respect to every map in

L.
If € is a model category, the classes (C N W, F) and (C,F N W) are both a weak

factorization system.

1.4.13. DEFINITION.

1. We say that a weak factorization system (L, R) is functorial if for each f there is
a chosen factorization (A¢,pr), A\f € L, pf € R, f = pso As, in such a way that every
time we have a commutative diagram like here below on the left, we have a map F(u,v)
making commutative the diagram on the right,

and such that F(u,v) depends functorialy on u and v, that is, if f = g then F(id,id) = id,
and F(uou',vov') = F(u,v) o F(u,v).

2. We say that the factorization is normal if for f € L, Ay = id, and for f € R,
Pr = 1d.

3. Exercise. The functorial factorization delivered by the small object argument in
cofibrantly generated categories is normal. Furthermore, given any f, it is initial in the

poset of the factorizations of f. We leave it to the reader to verify this by reviewing any
of the proofs of the small object argument in the literature.

1.4.14. REMARK. We denote %r ? the category whose objects are the morphisms of &
and an arrow from f to ¢ in ¢ is a pair (u,v) of maps of € such that gu = vf. Let

dom, codom : € — € be the functors that choose the domain arrow and the codomain
arrow respectively. The above definition tells us precisely that a system (£, R) is functorial

if there exists a functor F : ? — ¥ and natural transformations A : dom — F' and
p: F'— codom such that for all f in € we have

dom(f) codom(f) with \f € L, pr € R.

F(f)
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We say that (F, ), p) is a functorial realization for the weak factorization (£, R). See for
example [11].

2. The homotopy 2-category Ho(/)

In this section, we adapt to the context of 2-localization of 1-categories using 2-functors
the results on bilocalizations of bicategories using pseudofunctors developed in [1].

We construct the 2-localization of a category 7 at a class of morphisms ¥ containing
the identities. The novel aspect over [9] is that we do it using a notion of cylinders and
homotopies, so we will call the members of ¥ weak equivalences, and the 2-localization
the homotopy 2-category. We use a definition of cylinder more general and less rigid
than Quillen’s definition, and consequently we will obtain a more general definition of
homotopy.

Let us recall that the problem we want to solve consists of constructing a 2-category
Ho(o/) together with a 2-functor i : &/ — Ho(</) which has the universal property of
a 2-localization by Definition 1.3.1.

2.1. CONSTRUCTION OF Ho(/).

2.1.1. DEFINITION. A cylinder C' = (W, Z, dy, dy, s, ) for an object X in < is a config-

uration
do

X———=W,
dy o/
x /s
Z

where s € 2 and sdy = sdy = x.

A (left) homotopy H = (C,h) from f to g with cylinder C' = (W, Z,dy,dy, s,z) is an
arrow h : W —'Y satisfying hdy = f and hdy = g. We denote H : f~=g¢ .

f
/7\
X2 W Ty (1)
d1 /
T /s
A

Throughout this article (except in the appendix) we work only with left homotopies,
and thus omit to write the word ”left”.

We would like to take the homotopies as the 2-cells of a 2-category with the same
objects and arrows as A, but it turns out that the 2-category axioms do not hold. It is
necessary, therefore, to define an adequate equivalence relation between homotopies, so
that if we take the equivalence classes as 2-cells, then the 2-category axioms are verified. It
turns out that the 2-category thus obtained has invertible 2-cells, i.e. it is a (2, 1)-category
in contemporary terminology (see lemma 2.3.1).
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2.1.2. EQUIVALENCE CLASSES OF HOMOTOPIES. The equivalence relation that we are
looking for comes from the following observation:

2.1.3. REMARK. Let & be a 2-category and consider in & the diagram 1 now with s a
true equivalence. In this case s induces a fully faithful functor,

DX, W] > 921X, 7]

(see 1.2.2, 1.2.3), so that we get a unique 2-cell C : dy => d; such that sC = z.

Let o —£~ 9 be a 2-functor that sends the arrows of the class ¥ into equivalences,
and let H = (C, h) be a homotopy from f to g on o/ with cylinder C = (W, Z, dy, dy, s, x).
Applying F' to the diagram 1 above yields

Ff
ﬁ
FX—% —pw I py

o~

which is a commutative diagram in &. Since F's is an equivalence, there is a unique 2-cell
FC : Fdy = Fd, such that FsFC = Fz.

2.1.4. DEFINITION. Given a homotopy H = (C,h) on </ and a 2-functor F : of — P
which sends the class X into equivalences, we define a 2-cell FH in 9 as

FH:=FhFC:Ff = Fy,

where FC Fdy = Fd, is the unique 2-cell that satisfies FsFC = Fa.

2.1.5. DEFINITION. Let f,g : X — Y morphisms in &/ and H H : fa~~>gqg be

two homotopies. We say that H ~ H' if and only if FH = FH' for every 2-functor
F:of — 9 such that F(X) C Equiv(2), for every 2-category 2.

Note that this definition of equivalence is not intrinsic to <7, it is semantic in the
sense that it quantifies over 2-functors in the category of 2-categories.

It is clear that we can establish an equivalence relation between sequences of compos-
able homotopies. We define a 2-cell in Ho(%7) as the class [H,, ..., H;] of a finite sequence

of homotopies fy A fioo oot N fu s where: (H,, ..., Hy) ~ (K, ..., K) if and only
if for every 2-functor F' : o — 9, f\Hn 0...0 f[?l = F/’K\m 0...0 f[?l
Let us see that Ho(«?) is thus effectively a 2-category.
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2.1.6. VERTICAL COMPOSITION. Ho(2/)(X,Y) is a category for each pair of objects X,
Y in -
We define the vertical composition of 2-cells as the juxtaposition of the sequences.

[Hn, ...,Hl] o [Km, ...,Kl] = [Hn, ...,Hl, Km, ...,Kl].

The associativity is an immediate consequence of the associativity of the vertical com-
position in .
Note that the single-homotopy classes generate the 2-cells in Ho(7).

2.1.7. Identities for the vertical composition. Let f € [X,Y] and let
H : fa==f be a homotopy with cylinder C. By how the equivalence relation between
homotopy sequences is defined, it is clear that [H] will be the identity of f in Ho(<)(X,Y)
if and only zfﬁ =Ffin P(FX,FY) for all F € Hom (<, 2).

Thus, for example, either of the following two homotopies determines the vertical
identity for f:

f f
1dx 7
X x—1 2y x y My
idx 7
idx\* Fidx f\* #idy
X Y

2.1.8. HORIZONTAL COMPOSITION. Since we already have a vertical composition, if we
define the horizontal compositions [ [H] = [[;|[H] and [H]|r = [H][l,], the horizontal
composition of general 2-cells is obtained as follows, see Remark 1.1.2:

(H)[H] = [Hgo ['[H] = g'[H] o [H] f

as long as the equality (1) is verified.

/
Let X'—L> X"V ">V yH = (C,h) : fa~=>g a homotopy with cylinder
g

C = (W, Z,dy,di,s,x). We consider Hl = (Cl,h) :
fla~=gl and rH = (C,rh) :

rfa~~>rg where Cl = (W, Z, dol,d;l, s, xl) is a cylinder for X'

/
m
I VO N SV v
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It is clear that both Hl and rH are homotopies. In addition, we have the equations
F(HI) = FHFI, F(rH) = FrFH, 2)

since ]@ = FhF(Cl) and FS(FCFZ) (FSFC)FZ = zl, by the unlqueness of F(Cl)

in the definition 2.1.4 we have that F(Cl) = FCFI, and then F(Hl) = FHFI. The
second equation is obvious, since H and rH have the same cylinder. We define:

[H]l=[HI], r[H]=[rH]. (3)
Now, if H ~ H’, then
F(Hl) = FHFl = FHFl = FH'Fl = FH'Fl = F(H') .

This tells us that the composition with [ is well defined, and in the same way we see the
well definition of the composition with 7.
More generally, for any sequence [H,, ..., H;] of composable homotopies, we define:

[Hn, ...7H1] l = [Hnl7 ...,Hll], r [Hn7 ...,Hl] = [THn, ...,THl]

From the equations 2, and from the corresponding valid equation in &, it follows the
required equality (1), that is, the third axiom in the Remark 1.1.2. On the other hand,
we have by definition:

(K1) o ([H]1) = ([K1]) o ([HI]) = [KI, HI] = [K, H]l = ([K] o [H]) [,

[yl = [Ifl] = [1pa].

Thus all the axioms of 1.1.2 are checked, so the horizontal composition of 2-cells in Ho(.«7)
is determined and it is compatible with the vertical composition.

By virtue of the same equations (2) it follows that the horizontal composition is also
associative, and the identities in this case are, for each object X, the 2-cell [/;4, ], which

we write [Ix] to simplify the notation, Fly = idy.

2.2. THE FUNDAMENTAL PROPERTY OF Ho(«7). The 2-category Ho(</) thus obtained
comes equipped with a 2-functor i: &/ — Ho(&7) given by the inclusion, and although
in general it will not send weak equivalences into equivalences, it has the following
partial universal property.

2.2.1. PROPOSITION. Let i : o/ — Ho(</) be the inclusion, 2 be a 2-category, and
F o — 9 be a 2-functor that sends the elements of ¥ into equivalences. Then, there
exists a unique 2-functor F : Ho(o) — P such that FX = FX and Ff = Ff:

o = Ho(H)

Ve
Ve
7
F L7 AF

9
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PROOF. We define F in the 2-cells as follows:

F([H,,..,H])=FH,o..0FH,, in particular F([H]) = FH. (4)

In this way, by the very definition of the equivalence relation F is well defined and is
functorial for the vertical composition.

Since

FIF([H]) = FIFH = FIFH = F(H) = F([1H])

and, analogously, F([H])Fr = F([Hr]), from the definition in 2.1.8 it follows that F is
functorial with respect to horizontal composition.

We now want to see the uniqueness of F.
Let R: Ho(«/) — 2 be a 2-functor such that Ri = F. If H = (C, h) is a homotopy
on &/ with cylinder C = (W, Z,dy, dy, s,x), we write H = hHy where Hy = (C,idw).

do
X dZ /’S/

Since R([H]) = RhR([Ho]) = FhR(|Hy]) and F(H) = FH = FhFC, to check that R
equals F in [H], it suffices to see that R([Ho]) = FC.

We know that FC Fdy = Fd, is unique such that FsFC = Fz. On the other hand
FsR([Hy]) = RsR([Ho]) = R(s[Ho]) = R([sHo]) = RI, = Rx = Fx (since [sHy| = I,). It

S

follows R([Hy]) = FC. =

We will denote Hom,(</, %), and Homy(</,2),; to the subcategories of
Hom, (o7, 2) and Hom(</ , V), respectively, whose objects are the functors F' such that
F(X) C Equiv(2).

The last proposition tells us that the precomposition with

idyy

Wy oy

X

i* : Homg(Ho(<Z ), )+ — Homs(, D)+ (5)

determines a bijection between the objects, in particular, it is essentially surjective. Let
us see that it is also fully faithful.

2.2.2. LEMMA. Let 9 be a 2-category, F,G € Hom(</, D), and let
C: (W, Z,do,dl,S,Q?)

be a_cylinder for an object X € . If 0 : F' = G is a natural transformation, then
Ow FC = GCOx holds.
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FX GX
Ox
Fdy F:? Fd, Gdo é:? Gdy
FW GW
Ow

PROOF. Since GC Gdy = Gd, is the only 2-cell that satisfies GsGC = Gz, then
GC@X 1s the only one such that GS(GC’HX) = Guzfyx. Then, it is enough to see that
From the naturahty of 6 we obtam Gs@w = HZFS and 0zFx = Gx0x. Therefore,

2.2.3. PROPOSITION. If F,G : &/ — ) send the arrows of ¥ into equivalences and 6 :
F == G is a natural tmnsformatzon then there exists a unique 2-natural transformation

0: F — G such that 6i = 6.

PROOF. For each X in &7, we know that Fi = F and Gi = G. We define gx FX — GX
as QX = 0, and let us see that 0 satisfies the 2-naturalness conditions.

Let f,g: X — Y and [H] : f = g be a 2-cell in Ho(«/). We want to prove
the equality 6y F[H] = G[ 6. P H = (C’ h), from the naturalness of ¢ we have
Oy Fh = Ghfx, so HYFH = GthFC' Gh@WFC Also, GH@X = GhGC’@X From the
previous lemma we get HWF C=GCH x and then HYF H = GH# x, which by definition of
F,G and 6, is exactly what we wanted to see. n

As a consequence of the previous results, we obtain that the precomposition with i,
diagram 5, induces, for every 2-category Z, an equivalence of categories, which is in fact
an isomorphism.

Regarding the 2-categorical aspect, we have the following

2.2.4. LEMMA. Let F,G € Hom (<, D). Ifn, 0: F = G are natural transformations
and (2 — 0 a modification, then there is a unique fi : 1 — 6 such that i = p.

Proor. We define i : 7 —> 0 as ix = ux for every X. Let f,g: X — Y, and
let H be a_homotopy from f to g. We want to see that fiy F[H] = G[H|jix; that is,
,uyFH GH/LX Since 1 is a modification, 0y F'g = Ggux, and by the lemma 2.2.2 we
also have nWFC GC77X, then :

,uyle\: ,ungﬂyﬁ = Gg,uxonthfa = Gg,uXOGhnW]?E' = GguXOGhéBnX =
Ggpux o GHnx = GHpx. L
The arguments in the proofs of 2.2.1, 2.2.2, 2.2.3, and 2.2.4 follow mutatis mutandis

in terms of 2-functors and pseudonatural transformations. We then have the main result
of this section:
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2.2.5. THEOREM. The inclusion 2-functor i : o/ — Ho(/) induces 2-category isomor-
phisms
i* : Homg(Ho(</ ), )+ — Homs(, D)+

and

i* : Homy(Ho(e7), Z) 1 — Homy (o, D).

2.3. A CONDITION TO HAVE THE 2-LOCALIZATION. We see that from Theorem 2.2.5
it follows that as soon as the morphisms of ¥ are equivalences in Ho(/), the 2-functor
o — Ho(/) will be the 2-localization of &7 at ¥. We now turn to consider a condition
that assures us that this will be the case.

2.3.1. LEMMA. Every 2-cell in Ho(</) is invertible.

PROOF. Let H = (C, h) be a homotopy from f to g with cylinder C = (W, Z,dy, dy, s, x).
We define H~! = (C~', h), where C~! is the cylinder obtained from C by exchanging dj
and dy, so that H~! is a homotopy from ¢ to f. Let’s see that [H '] o [H] = [I;].

Let F': o/ — & be a 2-functor. We have f/b:\Fdo — Fd; and F/C?1 : Fdiy = Fd,
satisfying this equations F'sF'C'= Fz and FsFC~! = Fx. Then

FS(F/C?OJFE’) = FSF/’C?OFS@) =FroFx=Fu.
Since there is only one 2-cell from F'dy to Fdy satisfying this equality, it follows that
FC1oFC = idpg, = Fdy.
Thus,
FH o FH = FhFC-10 FhFC = FWFC—1 0 FC) = FhFd, = Ff;
that is, [H~', H] = [I;]. A similar account shows that [H, H™ '] = [I,], therefore [H] is

invertible and its inverse is [H]™! = [H1]. -

2.3.2. DEFINITION. A map f: X — Y is a section if it admits a left inverse; that is,
there exists g 1 Y — X that satisfies gf = idx. Dually, we say that f is a retraction if
it has a right inverse. We say that a map is split if it is a section or a retraction.

2.3.3. DEFINITION. We say that a class ¥ of arrows satisfies the property “2 for 17, if
gz’venXLYi)X such that g f =1idyx, then f € ¥ <— g€ X.

We note that the well-known “3 for 2” property (axiom M5 in Definition 1.4.3) implies
the “2 for 17 property.

2.3.4. PROPOSITION. If the class ¥ satisfies the “2 for 17 property, then weak equiva-
lences that are sections or retractions are equivalences in Ho(<f).
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PROOF. Let X -+ Y be a weak equivalence that is a section, with Y —— X a left inverse.
To see that it is an equivalence in Ho(2/) we have to show that there is an isomorphism
between idy and the composition s, but since in Ho(/) every 2-cell is invertible, we
only need to prove the existence of such a 2-cell, that is a homotopy sra~=>1idy .

Since rsr = r, the diagram

ST Y idy
\idy )z
T / T
X

is commutative and gives us a homotopy from s to idy. Note that the 2 for 1 hypothesis
on Y tells us that r is a weak equivalence, necessary fact to have a cylinder. Since the
case where s is a retraction is completely analogous, we can conclude the proof. [

Y Y

As the composition of equivalences is an equivalence, the Theorem 2.2.5 together with
the Proposition 2.3.4 give us (remember definition 1.3.1):

2.3.5. THEOREM. If the class ¥ satisfies the 72 for 17 property and ev-
ery weak equivalence is a composition of split weak equivalences, the inclusion
i:9 — Ho() is the 2-localization of </ at the class ¥. Furthermore, the 2-functors
i* : Homg(Ho(<7), 2) — Homs(o/, D)+ and i* : Hom,(Ho(</), P) — Hom,(<, D)4+

are both isomorphisms of 2-categories.

Homotopies (as in 2.1.1) were defined in [12, 3.2.3, 3.2.4] and used to define a con-
gruence between arrows rather than the 2-cells of a 2-category, and a quotient category
Ho(.A) is obtained. In view of [12, 3.2.6] it follows that the connected components of the
hom-categories of Ho(<7) are the arrows of Ho(A), so Ho(</) is a direct 2-dimensional
generalization of Ho(.A).

f
2.4. THE GERMS OF HOMOTOPIES. Fixing two objects and two arrows X _9_ Y we

consider for each cylinder C' for X the set Hpy(X,Y)(f, g)(C) of all homotopies f ~~=> ¢
with cylinder C'. This actually determine a contravariant set valued functor defined on
the category of cylinders for X, see 2.4.1 below. We call germ relation the equivalent
relation which computes the colimit set of this functor. A key property is that it is finer
than the ad-hoc relation used to define Ho().

We start by introducing the concept of cylinder map, and we will prove that if two
homotopies are connected by a zig-zag of maps between their cylinders, then they deter-
mine the same class, a fact that we will use many times to show the equality of 2-cells in

Ho().
2.4.1. DEFINITION. [Cylinder maps] Let
C=(W,Zdy,d,s,x),C" =W, Z dyd, s, z)

be two cylinders for X in /. A cylinder map C' — C’ consists of a pair of maps
oW —W'and : Z — Z' that make the following diagram commutative



556 DUBUC E. J., GIRABEL J.

dl
TN
X Z'

It s straightforward to check that they compose and form a category, and that
Hpy(X,Y)(f,9)(C) is a contravariant functor on the variable C'. n

2.4.2. DEFINITION. Given H = (C,h) and H' = (C’, h') two homotopies from f to g, we
say that H' > H if there exists a morphism of cylinders C’M C" such that h' o = h.

» 9 »
~Y

E

The germ relation
» 9

between homotopies is the equivalence relation generated by
> 7. So, H&A H' if they are connected by a zig-zag of cylinder maps.

Note that this definition of equivalence is syntactic in the sense that it is a condition
intrinsic to the 2-category <f .

2.4.3. LEMMA. If H, H' : f ~~=> ¢ are two homotopies on < such that H X H', then
[H] = [H'] in Ho().

PROOF. It suffices to prove the statement for the generators H' <> H. Let
C=(W,Z,dydy,s,x),C"' =W 2 dyd,, s ), H=(C,h),H = (C" 1),

(o)

be such that H' 2> H, and let C —— " a cylinder map such that k'¢) = h.
F

If 9 is a 2-category and & — & is a functor that sends weak
equivalences into equivalences, since FYF's = Fs'F¢, then we have
Fx—FqﬁFx—F@/)FsFC’ Fs’ngFC’ and ngFC’ Fdy, = Fd;. For uniqueness
of C” it results FoFC FC = F C” and then from the equation h¢ = h' we get
FH = Fh’FwFC FhFC = FH. ]

2.4.4. COMMENT. The germ relation would allow to define another homotopy 2-category.
We have verified that the vertical and horizontal compositions of classes of homotopies
can be defined, and that all the requirements to have a 2-category can be proved, except for
the compatibility axiom that relates both compositions. We believe that this compatibility
would not be valid, see more on this in Comment A.1.6.

3. Homotopy 2-categories of a model category.

We pass now to apply the results of Section 2 to develop a 2-dimensional version of
Quillen’s localizations of a model category €, (F, Cof, W), notation refers to 1.4. We
set X = W and we will consider the cases & = € and &/ = €., the full subcategory of
fibrant-cofibrant objects.



THE 2-LOCALIZATION OF A MODEL CATEGORY 557

3.1. THE 2-LOCALIZATION OF THE CATEGORY %y.. Using Theorem 2.3.5 we see that
for the 2-category Ho(%') to be the localization of € at the class W it is enough that
every weak equivalence be a composition of split weak equivalences. We will be able to
prove this if we restrict ourselves to the full subcategory &, of fibrant-cofibrant objects,
thus obtaining the 2-localization of €. at the weak equivalences. Note that €. is not a
model category.

We take the following proposition from [12, 3.1.19]:

3.1.1. PROPOSITION. Let s : X — Y be a weak equivalence on a model category €. If

X is fibrant and Y is cofibrant, s factors as a composition X 725 Y where i isa
section and p a retraction, both weak equivalences. If X and Y are fibrant-cofibrant, the
same happens with Z.

PRrROOF. Axiom M4 gives us a factorization s = pi, where p is a fibration, ¢ a cofibration
and one of the two is a weak equivalence. Since s is a weak equivalence, by M5 we obtain
that the three maps are weak equivalences.
Now, since X is a fibration, it follows that ¢ is a section: Indeed, since it is a trivial
cofibration and X — 1 is a fibration, the lifting property guarantees the existence of the
X X

dotted arrow in the commutative diagram zé p -7 ¢ , S0 7 has a left inverse. Dually, p

Z—1,
is a retraction thanks to Y being cofibrant. If X and Y are fibrant-cofibrant, it is clear
by axiom M3 that this is also the case for Z. [

From this proposition together with Proposition 2.3.4 we have

3.1.2. PROPOSITION. The inclusion i : €r. — Ho(C.) sends weak equivalences into
equivalences. [

Theorem 2.3.5 gives us:

3.1.3. THEOREM. The inclusion i : €r. — Ho(Cy.) is the 2-localization, in the strict
sense, of the subcategory €. at the class Wi, = W N €.
Furthermore, the 2-functors

i* : Homg(Ho(€.), P) — Homs(Cre, 7))+
and
i* : Hom,(Ho(€}.), P) — Homy,(€se, 2)+
are both 2-category isomorphisms. [

We remark that we shall see in 3.2.13 below that the 2-cells in Ho(€y.) are actually
given by single classical Quillen’s homotopies.

We denote Hoy.(€) the full sub-2-category whose objects are the fibrant and cofibrant
objects and whose 2-cells are classes of homotopies in Ho(%"). We also have:
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3.1.4. PROPOSITION. The restriction i : € D Cp. —> Hos(€) C Ho(€) sends weak
equivalences into equivalences. [

3.1.5. REMARK. The 2-category Hos.(¢) does not coincide with Ho(%}.) because
even in the case in which the cylinders can be taken in %, (as we will see
later 3.2.6) the equivalence relation (Definition 2.1.5) is less fine since it quan-
tifies only on 2-functors that admit an extension to C.  There is a 2-functor
J: Ho(€f.) — Hop(€) C Ho(€) which is the identity in objects and arrows, but in
the hom-categories Ho(€%.)(X, Y) — Hoys(€¢)(X, Y) would be neither full nor faith-
ful. However, it turns out to be full, see Remark 3.2.6, but possibly not faithful in
general. Assuming the normalised functorial factorization axiom, Definition 1.4.13, these
two categories coincide since then every 2-functor defined in €. extends to €.

3.2. QUILLEN’S HOMOTOPIES AS 2-CELLS. To construct the homotopy category of a
model category %, Quillen introduces a notion of cylinder and of left homotopy and
shows that these determine an equivalence relation between the morphisms of the full
subcategory of fibrant and cofibrant objects. Here we will see that the Quillen left ho-
motopies determine the 2-cells of a 2-category on those objects, which coincides with the
homotopy 2-category constructed in the subsection 3.1. Quillen left homotopies are in
particular left homotopies in the sense of the section 2, so we can use the results of that
section.

Homotopies such that the arrow s in their cylinders is a fibration play a relevant job,
so it is convenient to have the following definition:

3.2.1. DEFINITION. A cylinder as in definition 2.1.1 is fibrant when the arrow s is a
fibration. A fibrant homotopy is an homotopy with fibrant cylinder.

We denote by g-cylinder and left ¢-homotopy the cylinders and the left homotopies of
[10]. We recall their definition:

3.2.2. DEFINITION. A g-cylinder C' = (W, dy, dy, s) for an object X in € is a factorization
of the codiagonal

Vx
m
XX W X,

where (3‘;) 1s a cofibration and s is a weak equivalence. Thus in particular q-cylinders are
cylinders according to Definition 2.1.1

A left g-homotopy H = (C, h) from f to g is a homotopy according to Definition 2.1.1
whose cylinder is a g-cylinder, hdy = f and hdy = g.
()

XX 1% Y,

k /s/

X
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1. Note that by axiom M} any object X has at least one fibrant q-cylinder.
2. Note that when X is cofibrant, since cofibrations are stable by pushout and composition,
it follows that the object W in any q-cylinder is also cofibrant.

We work only with left ¢-homotopies, thus as before we will omit to write the word
"left”.

Our next task will be to show that for every homotopy H between arrows of &, there
is a g-homotopy H’ that determines the same 2-cell in Ho(%), and whose cylinder C” is
in €%., Lemma 3.2.5. In this proof we use Lemma 2.4.3. Note that we will need cylinder
maps in both directions. Before two lemmas of independent interest.

3.2.3. LEMMA. Given any two objects X, Y, f,g: X — Y, and H a fibrant homotopy
from f to g, there exists a fibrant g-homotopy H' such that H X H'.

PROOF. We thank M. Szyld who sent us the simple proof here. Let C' = (W, Z, dy, dy, s, x)
be the cylinder of H, and take any fibrant ¢-cylinder C" = (W', dj, d}, s") for X. We get
the following diagram, where ¢ is given by axiom M2.

XIIX=—7—72XI1IX
|~
Vx Mg/___t__>v$' (1)
X a A

This determines a fibrant ¢g-homotopy h' = ht from f to g which is in the same class as
H since (¢, x) is a cylinder map which establishes the germ relation. [

3.2.4. LEMMA. Let Y be a fibrant object, then for any homotopy H between arrows with
codomain Y, there exists a fibrant homotopy H' such that H & H'.

d
PROOF. Let f A gbe X - W —" -y . Consider a factorization of s given

w\«z/s/

by WA 3 Z ,and amap h' : W' — Y making the diagram commute W Ly,
N P o, T
iN Ay o
/ Ve
W W ——1
dg

W .y , which is a fibrant
\ S
x / s

A

homotopy from f to ¢ in the same class as H since (j,idz) is a cylinder map is a cylinder
map which establishes the germ relation. [

Taking dj, := jdy and d := jd; we have X
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3.2.5. LEMMA. Let f,g: X — Y with X and Y both fibrant and cofibrant, and let H
be a homotopy from f to g in €. Then there exists H', a q-homotopy in €. such that

[H] = [H'] in Ho(€). Moreover, actually H £ H' holds.

PROOF. Assuming only that X is cofibrant and Y fibrant we use the previous lemmas in
turn, and obtain the desired g-homotopy H’. It remains to see that W’ in the cylinder of
H' is inside @, for this we need that X be also fibrant. Indeed, W' is cofibrant by item

2.in Definition 3.2.2, and since W’ Y Xisa fibration, it follows that W’ is also fibrant.
Finally, Lemma 2.4.3 finishes the proof. [

3.2.6. REMARK. Note that this Lemma implies in particular that for the 2-functor
Ho(€r.) — Hoys(€) of the Remark 3.1.5, the functors between the hom-categories
Ho(Cre) (X, Y) — Hoys(€)(X, Y) are full.

3.2.7. COMMENT. We refer to 2.1.8.  The horizontal composition of classes of
q-homotopies with arrows on the right r[H| can be defined as r[H| = [rH| since if H
s a q-homotopy, so it is rH. It does not occur the same for arrows on the left. Lemma
3.2.5 tells us that when the objects are fibrant and cofibrant, the composite [H]l can be
defined as [H|l = [H'] where H' is a g-homotopy such that [Hl] = [H']. Quillen solves the
problem posed by the definition of the left g-homotopy [H]l in a different way. Enhanc-
ing Quillen’s argument to our 2-dimensionl context, take a right g-homotopy K such that
[H] = [K], see Proposition A.1.5. Then Kl is a right g-homotopy, which in turn has a
left q-homotopy H' such that [K1] = [H'], then define [H]l = [H'].

3.2.8. Vertical composition of g-homotopies.

To construct the homotopy category in [10] Quillen shows that the (left) homotopies
define an equivalence relation between the morphisms of the full subcategory of cofibrant
objects. To prove the transitivity (we refer to the notations above), given g-homotopies
s g s I, W N Y, W’ M, Y, he considers the ¢-cylinder C” determined by
the pushout W” of d; and df,, then the universal property of the pushout yields the

g-homotopy f U L, w" ",V that establishes the transitivity.

In the category of topological spaces, this pushout is precisely the cylinder that is
obtained by gluing the bottom of the first cylinder with the top of the second:
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We recall now Quillen’s development of these ideas with the necessary precision needed
to establish the vertical composition of arrows in the homotopy 2-category, Lemma 3.2.12.

3.2.9. LEMMA. [10] Ch., §1, Lemma 2 Let X be a cofibrant object and let
C = (W,dy,dy,s) be qg-cylinder for X, then dy and dy are trivial cofibrations.

This is used in the proof of the following:

3.2.10. LEMMA. [10], Ch.I, §1, Lemmas 3, 4)

Let f,g,1 : X — Y, and let H : [ ~~=~ g, H : g ~= [ two g-homotopies. If
X is cofibrant, then there is a g-homotopy H" : f ~~= [ as the result of the following
construction:

Let C = (W,dy,dy, s) and C' = (W', dj,d},s") be cylinders for H and H' respectively,
and let W" be the pushout of dy and df, with inclusions c, B as indicated in the diagram
6 below:

h
44 6
do \369 ( )
X & w" _h_, Y
dy V T
d - /(;,
h/

We define a cylinder
C"=W" dy,di,s"),dy = ady,d] = d\5,s"a=s,§"8=4¢
which is indeed a q-cylinder. Then, since hdy = g = h'dj, we have an arrow h”,
hW'a=h, h'g=~Hn

which determines a q-homotopy H" : [ ~~=> [ with cylinder C".
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3.2.11. REMARK. If X and Y are fibrant-cofibrant, in Lemma 3.2.10 we may assume
that the cylinder C" is inside €%.. To see that we may assume W” fibrant, we proceed as
in 3.2.4, and observe that if H is a g-homotopy, then H’ still is a ¢-homotopy. That W”
is cofibrant follows by Lemma 3.2.9 or 2.in Definition 3.2.2. n

3.2.12. LEMMA. Given f,g,l: X — Y in €y, and two composable g-homotopies inside
Cre, H: f ~= g and H' : g ~~=> 1, there exists a qg-homotopy H" : f ~= [ inside
Cre such that [H"] = [H', H] in Ho(%}.).

PRrROOF. Consider the homotopy H” = (C”, h") in Lemma 3.2.10 which by Remark 3.2.11

is inside €.. Let’s see that FH" = FH o FH for every 2-functor F': €5, — % which
sends weak equivalences into equivalences. Consider diagram 6. Since

FH' o FH = FWFC" o FRFC = FW' FBFC' o FW'FaFC = FI/'(FBFC' o FaFC),

it suffices to see that Fﬁf@’ o FaFC = FC”. From the equations s = s”a and s’ = s"3
it follows that

idpx = idpx oidpx = Fs"FBFC' o F§'"FaFC = Fs"(FBFC' o FaFC),

so that Fﬁﬁa’ o FaFC = FC". m

With what we have seen so far we can ensure that when we restrict ourselves to the
subcategory % there is a correspondence between the classes of g-homotopies and the
classes of finite sequences of composable g-homotopies, and this together with Lemma
3.2.5 give us the following proposition:

3.2.13. COROLLARY. The 2-category Ho(€y.) in Theorem 3.1.8 coincides with the one
whose 2-cells are the classes of q-homotopies.

3.2.14. Classic Quillen’s localization of €. .

In this item we will see how to obtain the homotopy category of €%, defined by Quillen
from the 2-category Ho(%.).

We will obtain Quillen’s localization by applying the functor of connected components
7o : 2-Cat — Clat. Recall that if & is a 2-category, for every pair of objects X, Y,
(m02)(X, Y) is the set of connected components of the category Z(X, Y). Remember
that g is the left adjoint of the functor d : C'at — 2-C'at which associates each category
Z with itself seen as a discrete 2-category. Abusing notation we have an obvious 2-functor
2 =% 7102 which is universal with respect to 2-functors of 2 with values in a 1-category.
We have: .

(1) The functor Hom(mo%D, Z) — Hom,(2,Z") is an isomorphism of categories.

The composition of my with i: @, — Ho(C%.) -, moHo(€s.), sends weak equiv-
alences into isomorphisms since i(WW) C EquivHo(%.), and, from the way in which 7
is defined in the 2-cells, it sends equivalences into isomorphisms. Then Theorem 3.1.3
together with (1) above show that the composite functor g4 is the Quillen localization.
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3.2.15. THEOREM. The functor defined by the composition €y, N moHo(Cy.) is the
localization of €. with respect to the class W. The precomposition

(moi)" = i*ny « Hom(moHo(6se), ') — Hom(Cre, )+

is a isomorphism of categories for every category 2 . n

Beyond the formality of the proof, we can understand how it works by looking at the
following diagram:

G Ho(Cpe) —2> moHo(}e),
\ ,/ -
F =
/ _ -
b

3.2.16. REMARK. Note than by Remark 3.2.6 the hom categories of the 2-categories
Hoso(€¢) and Ho(€}.) have the same connected components.

3.3. THE 2-LOCALIZATION OF THE CATEGORY %. We want to define a functor
¢ — 6. and take the composition with i : €. — Ho(€.). We will prove that this
2-functor, which we will call ¢ : € — Ho(%}.), is the 2-localization of the category &
with respect to the class W, which is our main goal . For this we will consider the full
subcategories ¢y and €. of fibrant and cofibrant objects respectively, and two assignments
R:€¢ — ¢y and ) : € — 6. which can be constructed from the model category axioms
in Definition 1.4.3, but it is clear on inspection of the construction that these assignments
are not necessarily functorial.

We adopt here an ad hoc solution to this problem by requiring that the factorization of
the axiom M4 be functorial, a requirement frequently used in the post-Quillen literature.
Assuming that the model structure of ¥ admits a functorial factorization, the arrows

%—Q><€C—R>C€fc will effectively determine a functor which together with what we
saw in subsection 3.1 for the subcategory %7%., will allow us to conclude the localization
theorem. We remark that also the fundamental theorem 2.2.5 in subsection 2.2 will be
necessary.

3.3.1. FIBRANT AND COFIBRANT REPLACEMENTS. From now on we will work on a
model category % in which the factorizations of axiom M4 are normal functorial in the
sense of Definition 1.4.13.

3.3.2. DEFINITION. Let 6. C € be the subcategory of cofibrant objects. We define a
functor Q : € — € that takes its values in the subcategory 6. and such that if X is
already cofibrant, QX = X and px = idx, and such that if f is a weak equivalence, so is
Qf. We do this as follows:

Let F — & be the functor of the normal functorial realisation associated with
the factorization, we set QX = F(0 — X) and Qf = F(idy, f). Then by the functoriality
of F' it follows that Q) is also a functor:
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0 0 0 0 0
T [ —
QX —idox— QX and ) QY Q7
Qf Qg
PX$ éPX bx by %pz
XY X——Y—F—7Z

By axiom M5, if f is a weak equivalence, then so is Qf.

Dually, we also obtain a functor R : € — € with RX a fibrant object, and a
trivial cofibration vx : X — RX, this time factoring the morphism X — 1, and for
f: X —Y,an arrow Rf : RX — RY satisfying Rfvx = vy f. Also, if X is already
fibrant, RX = X and vy = idyx, and if  is a weak equivalence, then so is Rf.

3.3.3. REMARK. The functors ) and R are known as cofibrant replacement and
fibrant replacement, respectively, and determine by composition a functor RQ) : € — €
with values in the subcategory &%.. n

3.3.4. REMARK. We have natural transformations p : () = Id and v : Id = R defined
by px and vy, respectively. From the definitions of () and R in the morphisms we have
the naturality equations for p and v. Combining both, we have

VX

go<p=Q£RQ,and for each X € €, X <<~ QX —> RQX ,

where px and vgx are weak equivalences. [

3.3.5. PROPOSITION. We have the following commutative diagram whose construction
we explain step by step in the proof below:

R

Ce

Q
q
Ho(C.) |ii

/ _
J
RO

Ho(€)

€

Ho(€)

PROOF.

1. Restricting R to the subcategory %, and precomposing with ) we have a functor
r: % — € , where "j7 denotes the full inclusion 6. C ¥. Note that r is the
correstriction of the composition R, and that rj = id.

2. We define ¢ : € — Ho(%}.) to be the composition, g =i’ r.
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3. From Definition 3.3.2 and Proposition 3.1.2 we know that ¢ sends weak equiva-
lences into equivalences, then from Proposition 2.2.1 there exists a unique 2-functor 7
such that 74 =g =1'r.

4. We consider the restriction ¢ 7 of 7, and again by Proposition 3.1.2 we know that
17 sends weak equivalences into equivalences, and from Theorem 3.1.3 we get a unique
2-functor j such that ji' =i j. Precomposing with i’ we compute7ji' =7ij =4'rj =7,
then Theorem 3.1.3 gives us 7 j = id.

5. Finally we have a 2-functor RQ = j 7 wich satisfies RQ i = i RQ. ]

3.3.6. REMARK. We remark that there are not 2-functors Q and R of cofibrant and
fibrant replacement defined on the homotopy category Ho(%), R() is not a composite
RoQ.

3.3.7. THE 2-LOCALIZATION THEOREM. We want to see that the functor
q: C — HO(%fC)

determines the 2-localization of ¥ at the weak equivalences, that is, that we have a
2-category pseudoequivalence

¢ : Homy,(Ho(s.), Z) — Hom,(€, D)+

for every 2-category Z.

Since ¢ = Ti, to prove that ¢ is a pseudoequivalence it would be
enough to see that 7™ : Hom,(Ho(€.),2) — Homy(Ho(€),7); as well as
i* : Homy(Ho(€), 7). — Hom,(€, )+ are both 2-category pseudoequivalences.

Concerning i, we already saw in Theorem 2.2.5 that in fact it is an isomorphism. Now:

3.3.8. THEOREM. The 2-functors

S

Hom,(Ho(6}.), 2) Hom,(Ho(€), 2)+

determine a 2-category pseudoequivalence.

PROOF. We have j 7 = (Fj)* = id* = id (Proposition 3.3.5, item 4), then it only remains
to establish an equivalence of 75 = (5 7)* with id.

Let F': Ho(%¢) — 2 be such that it sends weak equivalences into equivalences. Ap-
plying the 2-functor ¢ — Ho(%) followed by F in the Remark 3.3.4, we have 2-natural

transformations fi L2 FiQ) g)FiRQ . We know that for each object X in &, both vy
and py are weak equivalences (Remark 3.3.4), so (Flip)x and (FivQ)x are equivalences
in 2. Let (Fip)’ be a pseudonatural quasi-inverse of Fip obtained by Proposition 1.2.5.
We define np : Fi = FiRQ as the composition Fiv@ o (Fip)’. But iRQ = RQi and
RQ = j 7 (Proposition 3.3.5, item 5), then we have g : Fi = F j 7i. Finally Theorem
2.2.5 gives us an equivalence ngp : F == Fj7 =7*] (F) in Hom,(Ho(%), 2),
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In turn, if n were pseudonatural in the variable F', then it would be the equivalence
sought, since by the above, each component 7z is so. Let’s see that 7 is indeed pseudo-
natural.

In the objects of Hom,(Ho(€), Z)+, we have n already defined. Now, given an arrow
in Hom,(Ho(€),Z)., that is a pseudonatural transformation o : F' = G, we want to
define an invertible modification 7, : 7 j (0) 0 np — ng oo :

F=—=775(F)

0“ Y o ﬂF*T (o)

G=——==T") (G)
For each X in & we have the following diagram that allows us to define 7, pointwise,
recall 7 5 (F) = Fj 7 and 3.3.5, 5.:
(nr)x

. F'ipx) . F(ivgx)

FiX —— FiQX

Y ol

0iX (inx)

' (4 G(iv

(n6)x

The 2-cell 0y, in the right square is the inverse of the pseudo-natural structure of o.
In the left square we denote F'(ipx), G'(ipx) the quasi-inverses of F(p;x), G(pix). We
have id =% G'(ipx) G(ipx) and F(ipx) F'(ipx) L. id. The 2-cell Olipy) 18 defined by the
following composition:

. a0 . ) . Dogpx) U
0,Qx F/(ZPX) = G/(WX) G(ZPX)Uz‘QX F'(ZPX) =

G'(ipx) oix Flipx) F'lipx) —=25s G'(ipx) oix

Composing this pasting diagram the desired modification is obtained. n
This finishes the proof of the localization theorem:

3.3.9. THEOREM. Given a model category €, the 2-functor q : € — Ho(€}.) in Proposi-
tion 3.5.5, item 2., is the 2-localization of € at the class VW, that is, it sends the elements of
W into equivalences, and the 2-functor ¢* : Homy,(Ho(€%.), Z) — Hom,(€, D) of pre-
composition with q, is a 2-category pseudoequivalence (see 1.2.4) for every 2-category 9.

It is important to recall that although it is not necessary for the proof, in this theorem
Ho(Cs.) = Hoys(€) since we are assuming functorial factorization, see 3.1.5.
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3.3.10. Local smallness. We finish by observing that in Corollary A.1.5 in the appendix
it is established that the hom categories of the homotopy 2-categories in the 2-localizations
are locally small.

3.3.11. Classic Quillen’s localization of ¥.

Applying the functor of connected components my we conclude a result analogous to
that of the item 3.2.14. More precisely, what we have is that the composition

cg i) HO(%fc) ﬂ) WoHO(Cng)

is the localization of the category % with the class W of weak equivalence, in the sense
that its precomposition induces an equivalence of categories. So it is not exactly Quillen’s
localization which establishes an isomorphism, but it is equivalent to it. From Theorem
3.3.9 as we did in the item 3.2.14 to obtain Theorem 3.2.15, and observing certain details,
we now obtain

3.3.12. THEOREM. The functor defined by the composition € —> ToHo(€%.) is the lo-
calization of € with respect to the class VW in the sense that it sends weak equivalences
into isomorphisms, and the precomposition

(m0q)* = i*my : Hom(myHo(Ce), ) — Hom(€, X+

s an equivalence of categories, for every category 2. ]

A. Without functorial factorization

In this appendix we assume that the reader is familiar with the concept of pseudofunctor.
The 2-localization obtained assuming functorial factorization differs with the one we will
describe in this appendix using the original Quillen’s factorization axiom. The homotopy
category will be Hoy.(€), not Ho(%.), which is a different 2-category in the absence of
functorial factorization, see 3.1.5. The localising arrow is a pseudofunctor, not a 2-functor,
and more fundamentally, there are fibrant and cofibrant replacement on the homotopy
2-category, which allow to obtain the fibrant-cofibrant replacements as a composition,
while in the treatment with functorial factorization there is no fibrant or cofibrant re-
placement 2-functors on the homotopy 2-category, only a fibrant-cofibrant simultaneous
replacement.

We refer to the definition 3.3.2 and consider the following diagrams:

Q(gf)
M Qf Qg
OX TiHox QX 0X QY 0z (7)
LPX ipx ipx ipy %Pz
idx
X i X x—1 .y 9 . 7

S~
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Clearly, the functoriality of ) would follow if px and pz were monomorphisms, but this
is not the case. However, in the homotopy category the equalities in the lower part of
the diagrams actually lift to homotopies idgx ~==> Q(idx), Qg Qf ~= Q(gf) in the
upper part, yielding 2-cells that determine a pseudofunctor structure for ). Moreover, it
extends to a pseudofunctor defined in the homotopy 2-category, fact which is necessary
to perform the composition with the dual fibrant replacement pseudofunctor.

We briefly describe now how this is done, complete definitions and proofs are developed
in [2] for model bicategories. The particular case of model categories merits to be treated
apart because it is much simpler, avoiding the difficulties and complications necessary to
be able to deal with non invertible 2-cells, which actually give rise to a different theory.

Without functorial factorzation pseudofunctors become unavoidable, and we need
Theorem 2.2.5 for the hom 2-categories whose objects are now pseudofunctors. It is
immediate to observe that the construction of Ho(«7), 2.1.7, 2.1.8, as well as the proofs
in 2.2.1, 2.2.2, 2.2.3 and 2.2.4, can be done literally word by word by requiring that the
cylinders (Definition 2.1.1), have the arrow W -+ Z in a subcategory F C ¥ contain-
ing the identities. A 2-category Ho'(&/) C Ho(&/) is thus determined. On the other
hand, Theorem 2.2.5 generalizes (but not easily) to the hom 2-category pHom,, which has
pseudofunctors as objects, for a proof we refer the reader to [1, 3.38, 3.40] . We have the
following generalisation of Theorem 2.2.5:

A.0.1. THEOREM. The inclusion 2-functor i : o — Hol (&) induces a 2-category
isomorphism i* : pHom,,(Ho! (), 2)y — pHom, (o, D). =

Note that regardless of F, the subscript ”+" still indicates the 2-functors that send
the whole class ¥ into equivalences.

We set @ = ¢ and let F be the class of trivial fibrations so that Ho/(%) is the
2-category with 2-cells determined by the fibrant (left) homotopies.

The concepts dual to that of cylinder and homotopy are also necessary, and fibrant
homotopies and their duals now play an essential role. It is necessary to establish several
facts about them, which we do now.

A.1. RIGHT HOMOTOPIES. Path objects and right homotopies are cylinders and homo-
topies in the dual model category. As with left homotopies, we get a more general version
of Quillen’s right homotopies. A homotopy 2-category can also be obtained by taking
as 2-cells the classes of finite sequences of right homotopies. We say that two right ho-
motopies K and K’ are in the same class if and only if FK = FK’ for every 2-functor
F : ¥ — 2 such that F(W) C Equiv(2), for every 2-category 2. We define the
vertical and horizontal compositions as we did before, thus building a 2-category that we
call Ho(%)" to distinguish it from Ho(%') which in this section we will denote Ho(%')".

Considering the inclusion i : € — Ho(%)", the precomposition also gives us an
isomorphism as in Theorem 2.2.5, but this does not mean that both categories are iso-
morphic, since the 2-functor i in neither of the two cases sends weak equivalences into
equivalences.
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On the other hand, a right homotopy K = (P, k) and a left homotopy H = (C, h) are
related if FK = FH for all F: % — 9 that sends weak equivalences into equivalences.
Although Ho(%€)" and Ho(%)! do not have to coincide, the following result will allow
us to establish that both categories coincide when the objects are fibrant and cofibrant,
/HO(CKfc)T = HO(%fc)l'

Now we explicitly precise this concepts and considerations in the case of g-homotopies:
A.1.1. DEFINITION. A g-path object P = (V, 8y, 01,0) for an object Y is a factorization
of the diagonal

Ay
YmeY,

with (8o, 01) a fibration and o a weak equivalence. When o is a cofibration, we say that the
path object is cofibrant. By axiom M/ every object Y has at least one cofibrant path-object.

A.1.2. DEFINITION. A right q¢-homotopy K fa~=g¢g with q-path-object
P = (V,dy,01,0) (for Y) is a morphism k : X — V satisfying ook = f and
(51]{3 =4dg.

(60,01) VXV

‘\UO\Y /A:

A.1.3. PROPOSITION. Let f,g: X — Y, H=(C,h): f~a~=g be a g-homotopy with
cylinder C = (W, Z,dy, dy, s, ), and let P = (V,dy,01,0) be a path-object of Y (which we
can choose cofibrant). If X is cofibrant, then there is a right g-homotopy K : f~~=>g¢
with path-object P such that [K] = [H].

do

dp and d; are trivial cofibrations, so there is a morphism k' : W — V that making
commutative the following diagram

Xty

Y

PROOF. H is of the form X 4% h Y, and by Lemma 3.2.9 both

x— .y
_ 7
do{ s L(mn

-7 (fsh)

w Y xY
Defining k£ = k'dy, we obtain the right g-homotopy K we were looking for:
5
pg— V.
) g g
N y id

Given F : ¢ — &, it is not immediate but also not difficult to prove that FH =FK.
This then tells us that [K] = [H], concluding the proof. "
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Note that for fibrant-cofibrant objects any fibrant cylinder or cofibrant path object is
necessarily inside %7%., it follows:

A.1.4. REMARK. In A.1.3 when X and Y are fibrant-cofibrant all the objects involved
are fibrant-cofibrant. [

From the previous proposition together with its dual version, it follows that when
the objects are fibrant and cofibrant, the classes of right g-homotopies correspond to the
classes of left g-homotopies, so that Hos.(€) are the same 2-category in either version.
Considering its remark, the same holds for Ho(%%..).

Furthermore we obtain for free that the hom-categories of the 2-categories Hoy (%)
and Ho(%}.) are locally small.

A.1.5. COROLLARY. Let X, Y be fibrant and cofibrant, and let f,g : X — Y be mor-
phisms in €. Then Hos(€)[X,Y][f, 9] and Ho(C;.)[X,Y][f, g] are sets.

Proor. Fix any cylinder C, by applying the proposition and its dual one after the other
it follows that for all the 2-cells [H] : f = g we can choose a homotopy H with C' as its
cylinder. -

A.1.6. COMMENT. Considering Lemma 3.2.5 we assume in Comment 2./.4 that the ho-
motopies are g-homotopies. Quillen also defines an equivalence relation between homo-
topies (see [10] Ch.1§2), and we have verified that the relation between homotopies defined
by Quillen is just our germ relation under a different formulation. He also defines a ”cor-

respondence” relation between left homotopies H and right homotopies K, H LK. It can

be easily seen that if H % K then [H] = [K] (compare with Lemma 2.4.3). On the other
hand by its very definition the right homotopy K constructed in Proposition A.1.3 is such

that H S K. In this way Lemma 1 in [10] Ch.I §2 corresponds to our Proposition A.1.3.
Quillen shows that classes of homotopies can be composed vertically and horizontally, but
it does mnot mention the compatibility between both compositions, which suggests that this
compatibility would not be valid. See more on this relation between homotopies in an
appendiz in [1].

A.2. SOME PROPERTIES ON FIBRANT HOMOTOPIES. By inspecting the proof of item 2)
in Lemma 3.2.5 it is clear that we also have a proof of the following:

A.2.1. PROPOSITION. Given any two objects X, Y, f,g: X — Y, and H a fibrant
homotopy from f to g, there exists a fibrant g-homotopy H' such that [H] = [H'].

A.2.2. PROPOSITION. Let X 25 Y be a trivial fibration, and p f g pg be a 2-cell in
Ho(€)(Z,Y) with H a g-homotopy, H = (C, h). Then there ezists a unique 2-cell f L g
in Ho(€)(Z,Y) with H' a g-homotopy (with same cylinder as H) such that [H] = p[H'].
Note that if H is fibrant, so is H'.
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PROOF.
(1)
VA VA J X
/1
(%) e r
W Z h Y

That [H] = p[H'] follows immediately by 3.2.7, see (3) in Definition 2.1.8. For the
uniqueness, if p[H| = p[K] then Fp FH = Fp FK, and since Fp is an equivalence, it
follows FH = FK, thus [H| = [K]. n

The need of the fibrant homotopies is precisely to allow the use of Proposition A.2.2, for
which the 2-cells considered have to be determined by g-homotopies, which by Proposition
A.2.1 is the case for fibrant homotopies, but not for the general 2-cell of Ho(%).

A.3. FIBRANT AND COFIBRANT REPLACEMENT PSEUDOFUNCTORS. We refer to
Definition 3.3.2 and note that the definition of ) on objects and arrows does not use
the functoriality of the factorization. In fact, for each X in ¥, we factor 0 — X ob-
taining a cofibrant object QX and a trivial fibration px : QX — X. If X is already
cofibrant, we choose QX = X and px = idyx. Given f: X — Y, Qf : QX — QY is
defined satisfying the equation py@Qf = fpx as we see in the diagram

0 QY
7
I Qf ipy
QX _pg(_». X T Y

As before, by axiom M5, if f is a weak equivalence, then so is Q) f.
It remains then to define () on the homotopies and to define the pseudofunctor struc-
ture.

We found convenient to say that a 2-cell determined by a fibrant homotopy is a fibrant
2-cell.

1. Definition of @) on a fibrant 2-cell [H],

QF
QX Q QY
f
Given X uH] Y we have a diagram Lp Yoy ip v
g X um Y

g

[H] px is a fibrant 2-cell and so by Proposition A.2.2 there is a unique [H'] such that
py [H'] = [H]px. We set Q[H] = [H']. By this definition Q[H] is a fibrant 2-cell
characterised by the equation

pv QUH) = [H] px. )
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2. Definition of the pseudofunctor structure for @,
Similarly, considering the equality in the lower part of the diagrams in 7 as fibrant

2-cells, we obtain fibrant 2-cells idgx X Qidx), Qg Qf fﬁ; Q(g f) characterised by the
equations,

px §x = px; Pz g =9 f px (9)
Using the characterisations 8, 9 it readily follow all the equations required for the pseud-
ofunctor axioms. [

In what follows we will work with both left fibrant and right cofibrant homotopies,
for clarity we will indicate with a superscript "¢ f”, "r¢” which are the 2-cells of the
homotopy 2-category being considered.

From 1. and 2. above we have:

A.3.1. PropPOSITION. (Cofibrant replacement) There is a pseudofunctor
Ho'l (€) & Ho' (€)
together with a 2-natural transformation Q == id, such that for all X, QX is cofibrant
and px 1s a trivial fibration. If X is already cofibrant, QX = X and px = idx.
The dual statement takes the form:

A.3.2. ProprosITION. (Fibrant replacement) There is a pseudofunctor
Ho™(€) -5 Ho™(¥)

together with a 2-natural transformation id => R, such that for all X, RX is fibrant and
vx 18 a trivial cofibration. If X is already fibrant, RX = X and vx = idx.

Composition of the fibrant with the cofibrant replacements. We can apply
the fibrant replacement after the cofibrant one and obtain a fibrant-cofibrant replacement
as follows:

f
Let X “9_Y, f 14 g be a 2-cell in Ho (€), then Qf UH] Qg has cofibrant
domain QX, thus by Proposition A.1.3 it can be considered as a 2-cell in Ho™(%),

thus we can apply the pseudofunctor R, obtaining RQ f Rg] RQg, which has a fibrant
codomain RQY, and in turn by the dual of Proposition A.1.3 it can be reconsidered as a
2-cell in Ho'/ (€). In this way the pseudofunctors ) and R determine by composition a
pseudofunctor Ho'/ (¢') — Ho'’(€’). We have:

A.3.3. PrROPOSITION. [Fibrant-cofibrant replacement] There exist a pseudofunctor
Ho (€) 9 Ho' (€) which is the composition of R after Q, and 2-natural transfor-
mations id <= Q N RQ such that px is a trivial fibration and (v@Q)x is a trivial
cofibration for each X. All the (RQ)X are fibrant-cofibrant objects, and if X is already
fibrant-cofibrant, then (RQ)X = X, px =idx and (vQ)x =idgx. If f is a weak equiva-
lence so is (RQ)f. =
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A.4. THE 2-LOCALIZATION THEOREM. Now we can return safely to the previous sim-

pler notation, we drop the superscript ¢ assuming the homotopies are left homotopies,
Ho(€) = Ho'(€), also by Lemma 3.2.5, and Proposition A.1.3 and its dual, for fibrant-
cofibrant objects, we have Hos.(€) = "Hofc’;(%) = ’Hoff;(‘f)

Let j be the full inclusion Hoy.(%) 2 Hof (€), it is clear that RQ) factors

RQ

4 . Y
Ho! (€) —>Hos(€) —L—Ho! (€) , RQ = jr.

We define g as the composition € —— Ho! (€) —» Hos.(€). Asin the subsection 3.3.7 we
now want to see that the pseudofunctor ¢ : € — Ho.(¢) determines the 2-localization
of € at the weak equivalences, that is, that we have a 2-category pseudoequivalence

¢ : pHom,(Hos(€), 2) — pHom,(€¢, )+

for every 2-category Z.

*

Since ¢ = ri, to prove that ¢* is a pseudoequivalence it will be
enough to see that r* : pHom,(Hosw((€),2) — pHom,(Ho!(€),2), and
i* : pHom,(Ho! (€¢), 2)+ — pHom, (€, %), are both 2-category pseudoequivalences.
Concerning ¢*, Theorem A.0.1 already tells us that it is indeed an isomorphism. Having
at our disposal the pseudofunctors ) and R, the proof of the theorem corresponding to
Theorem 3.3.8 is much simpler.

A.4.1. THEOREM. The 2-functors

pHom,(Hos (%), 2) pHom,(Ho! (€), D)

determine a 2-category pseudoequivalence.

PROOF. We already have j*r* = (r j)* = id* = id, then we only have to see
id~r* "= (jr)" = (RQ)".

Let id &= Q* L9 (RQ)" the pseudo-natural transformations induced by those of the
Proposition A.3.3. To see that they induce the sought equivalence, Proposition 1.2.5 tells

us that it is enough to see that for each Ho/(%) L5 2 that sends weak equivalences
into equivalences, and for every X in ¥, it suffices to show that ((p*)r)x = F(px) and
(vQ)")r)x = F(vgx) are equivalences, which follows precisely from the Propositions
A.3.1 and A.3.2 and the hypothesis made on F. [
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