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BIFUNCTOR THEOREM AND STRICTIFICATION TENSOR
PRODUCT FOR DOUBLE CATEGORIES WITH LAX DOUBLE
FUNCTORS

BOJANA FEMIC

ABSTRACT. We introduce a candidate for the inner hom for the category of double
categories and lax double functors, and characterize a lax double functor into it obtaining
a lax double quasi-functor. The latter consists of a pair of lax double functors with four
2-cells resembling distributive laws. We extend this characterization to a double category
isomorphism. We show that instead of a Gray monoidal product we obtain a product
that in a sense strictifies lax double quasi-functors. We explain why laxity of double
functors hinders our candidate for the inner hom from making the category of double
categories and lax double functors a closed and enriched category over 2-categories (or
double categories). We prove a bifunctor theorem by which certain type of lax double
quasi-functors give rise to lax double functors on the Cartesian product. We extend
this theorem to a double functor between double categories and show how it restricts to
a double equivalence. The (un)currying double functors are studied. We prove that a
lax double functor from the trivial double category is a monad in the codomain double
category, and show that our above double functor recovers the specification in that
double category of the composition natural transformation on the monad functor.

1. Introduction

In recent years the importance of double categories, and more generally of internal cat-
egories, has been increasingly recognized in the literature. It was observed by various
authors ([Shulman, 2008, Shulman, 2010, Douglas, 2009, Fiore, Gambino, Kock, 2011])
that it is often more convenient to work in the internal i.e. double-categorical setting,
than in the bicategorical one. In Mod-type bicategories the 1-cells are (also) “objects”
but of different nature than the 0-cells, and they do not present real maps between 0-cells,
so the latter are missing in the picture. This also happens in the 2-category Mnd(K) of
monads in a 2-category K, a fact which gave rise to the introduction of the (pseudo) dou-
ble category of monads in a (pseudo) double category in [Fiore, Gambino, Kock, 2011].
Namely, it is known that various algebraic structures can be expressed as monads in suit-
able bicategories, but that the corresponding morphisms are not morphisms of monads,
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considered as 1-cells in Mnd(K) (up to weakening of 2-categories). Rather than being real
morphisms of monads, 1-cells in Mnd(K) are distributive laws between them. In order
to include morphisms of monads, vertical 1-cells among monads are introduced in [Fiore,
Gambino, Kock, 2011] as well as the corresponding (pseudo) double category.

For pseudo double categories the Strictification Theorem is proved in [Grandis, Paré,
1999, Section 7.5]. One has that the category of pseudo double categories and pseudo
double functors is equivalent to the category Dbl of double categories and strict double
functors. However, the lax double functors cannot be “strictified”, so the category of
double categories and lax double functors Dbl is properly more general than Dbl,,.
Apart from the Cartesian monoidal product known in the literature for both categories,
a Gray-type monoidal product ® was introduced in [Bohm, 2020] for Dbly. In [Femid,
2021] we have described the monoidal category structure of A® B for double categories A
and B. In the present paper we show that although one can construct natural candidates
A ® B and [A,B] for the tensor product, respectively inner hom, for the category Dbl,,
it turns out that A ® B does not satisfy the expected universal property, and that [A, B]
is not a bifunctor. Instead of a Gray-type monoidal product for Dbl,, we prove that
A ® B satisfies a universal property by which lax double functors A — [B, C] bijectively
correspond to strict double functors A ® B — C.

Recent results on 2-categories of [Faul, Manuell, Siqueira, 2021] naturally inspired us
to study the analogous properties in double categories. Namely, in loc. cit. conditions were
studied for two families of lax functors with a common codomain 2-category to collate
into a lax bifunctor, i.e. a lax functor on the Cartesian product 2-category. (This question
corresponds to a 2-category analogue of the first proposition in [Mac Lane, 1971], page
37.) The authors proved a version of a bifunctor theorem for lax functors, which even
extends to a 2-functor K': Dist(A,B,C) — Lax,,(A x B,C) into the corresponding 2-
category of bifunctors. The 2-functor K is proved to restrict to a 2-equivalence on certain
sub-2-categories.

We noticed that the conditions found by the authors to fulfill the above-mentioned
goal are the weak (lax) version of the 2-categorical part of the data of a cubical double
functor, that we introduced in [Femié¢, 2021, Definition 2.2]. Namely, starting from the
Gray-type closed monoidal structure on the category (Dbly,®) constructed in [Bohm,
2020], we characterized in [Femi¢, 2021, Proposition 2.1] a strict double functor F': A
— [B, C] with codomain the inner-hom object. We obtained that F' corresponds to two
families of double functors with codomain C, satisfying a longer list of conditions. The
latter pair of families we called a cubical double functor, in analogy with [Gordon, Power,
Street, 1995, Section 4.2].

Our above-mentioned observation led us to conjecture that weakening our character-
ization in [Femié¢, 2021, Proposition 2.1] to double categories and laz double functors,
would lead to a double functor into the corresponding double category of lax double bi-
functors, generalizing the above 2-functor K to a double-categorical setting. Establishing
this is one of the main goals of the present paper, and we achieve it in Section 4 (con-
cretely, we construct the double functor F in Proposition 5.6), where we also identify a
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double equivalence functor which is a restriction of F (Theorem 5.7). We present this
and the rest of our results in more details in the continuation.

We start by introducing the double category Laxp,,(A,B) of lax double functors of
double categories A — B, horizontal oplax transformations as lh-cells (horizontal 1-
cells), vertical lax transformations as 1v-cells (vertical 1-cells), and modifications. It is
a generalization of inner homs in Dbly from [Bohm, 2020, Section 2.2] to lax double
functors. In Section 3 we explore [A,B]: = Lax,(A,B) as a candidate for inner hom
in Dbl;, and we show why it fails to be one. We then characterize a lax double functor
F: A — [B,C] as a pair of two families of lax double functors into C, satisfying a list
of properties, that we call a laz double quasi-functor. We use this characterization to
describe a double category A ® B in Subsection 3.6. We finish Section 3 by showing why
laxity of double functors prevents — ® — from being a monoidal product and also Dbl;,
from being a category enriched over 2-categories (and then also over double categories).

In Section 4 we introduce the double category ¢- Laxp,,(A x B, C) of lax double quasi-
functors, horizontal oplax transformations as 1h-cells, vertical lax transformations as 1v-
cells, and modifications. In this double-categorical context, the 1h-cells in g- Laxpq,(A x
B, C) have four defining axioms HOT{ — HOT}, whereas in the analogous 2-categorical
situation, the 1-cells of the 2-category Dist(A, B,C) for 2-categories A, B,C from [Faul,
Manuell, Siqueira, 2021] have a single axiom, corresponding to our HOTY, called a Yang—
Baxter equation therein. (The 2-category Dist(A, B,C), in turn, is a lax version on 0-cells
and an oplax version on 1-cells of the 2-category ¢-Fun(A x B,C) from [Gray, 1974,
Section 1.4]. Namely, the 0-cells in Dist(.A, B,C) are pairs of families of lax functors of
2-categories together with their distributive law, whereas the 0-cells in g-Fun(Ax B, C) are
“quasi-functors of two variables” defined in terms of pairs of families of strict 2-functors.
Morphisms of distributive laws of lax functors, i.e. 1-cells in Dist(.A, B, C) are oplax natural
transformations, while the 1-cells in ¢-Fun(A x B,C) are quasi-natural transformations,
which are lax (see 1.4.1 and 1.3.3 of [Gray, 1974]).) In Subsection 4.8 we prove that the
double categories ¢- Laxj,,(A x B, C) and Laxp,(A, [B, C]) are isomorphic.

The objective in Section 5 is to find a description of lax double quasi-functors in
terms of ordinary lax double functors on the Cartesian product A x B. In order to
obtain this description we find it necessary to require that the vertical lax transforma-
tions in [B, C] be strict, in which case we obtain a double category [B, C]**. Concretely,
it is on the isomorphic counterpart ¢-Laxy, (A x B,C) of Laxu,(A, [B,C]*) (in the
isomorphism from the previous paragraph) that we managed to construct the double
functor F: ¢-Laxj, (A x B,C) — Laxp.,(A x B,C) in Proposition 5.6. Restricting to
certain double subcategories we obtain a double equivalence F': ¢- Lax‘;gp“(A x B,C)
— Langp(A x B,C) in Theorem 5.7. In terms of pseudo double functors it comes down
to a double equivalence F”: ¢-Psj;, (A x B, C) — Pspp(A x B, C).

The double category isomorphism from Section 4, the double functor F above and
the double equivalences F' and F” are generalizations to double categories of the cor-
responding results in [Faul, Manuell, Siqueira, 2021]. In Section 6 we give applications
of these results in three different contexts. In (13) we obtain a double-categorical ver-
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sion Laxpe, (A, [B, C]*) — Laxpep(A x B, C) of the “uncurrying” 2-functor J from [Faul,
Manuell, Siqueira, 2021, Section 4] and establish a “currying” functor, i.e. a 2-equivalence
]Lax}igp(A x B,C) ~ Laxj,, (A, [B, C]*"™) in a double-categorical setting.

In Subsection 6.2 we establish a universal property of A® B which extends to a double
category isomorphism. The universal property that A @ B satisfies is that for every lax
double quasi-functor H: A x B — C there is a unique strict double functor H: A ® B
— C such that H = HJ, where J: A x B — A ® B is a naturally obtained lax double
quasi-functor.

The final subsection is devoted to applications to monads in double categories. We
show that a monad in a double category D, as defined in [Fiore, Gambino, Kock, 2011,
Definition 2.4], is a lax double functor * — D from the trivial double category. Moreover,
we obtain isomorphisms of double categories Laxp,,(*,D) = Mnd(ID) and ¢- Lax,p,(* x
*,D) = Mnd(Mnd(D)). We argue that a version of our double functor F from above,
q- Laxpop (x X %, D) — Laxp,(*, D), corresponds via the above isomorphisms to the natural
transformation Comp: MndMnd — Mnd evaluated at the double category . Some
prospects of further research are indicated.

The reader is assumed to be familiar with the notion of double categories; for the
reference we recommend [Grandis, Paré, 1999, Grandis, 2019]. All double categories in
this paper will be strict.

2. The double category Laxpq,(A,B) and more

The double category Laxp, (A, B) consists of lax double functors A — B, horizontal oplax
transformations as 1h-cells, vertical lax transformations as 1v-cells, and modifications with
respect to the two types of transformations as 2-cells. For the reader’s convenience we
give the explicit definitions of all these notions in this section. Moreover, we will give the
definitions of the notions that we will be using in Section 3.

Let us first fix the notation in a double category . Objects we denote by A, B, ...,
horizontal 1-cells we will call for brevity 1h-cells and denote them by f, ', g,... (and by
(K,k),(K',K'),(L,1),... in the Cartesian product of double categories A x B), vertical
1-cells we will call 1v-cells and denote by u,v, U, ..., and squares we will call just 2-cells
and denote them by w,(,.... We denote the horizontal identity 1-cell by 14, vertical
identity 1-cell by 14 for an object A € I, horizontal identity 2-cell 14 on the 1h-cell 14,
horizontal identity 2-cell on a 1v-cell u by Id“, and vertical identity 2-cell on a 1h-cell
f by Id; (with subindexes we denote those identity 1- and 2-cells which come from the
horizontal 2-category lying in D). For a (vertically) globular 2-cell a, that is, one whose
1v-cells are identities, we will write a: f = ¢ as in bicategories. The composition of
1h-cells as well as the horizontal composition of 2-cells we will denote by juxtaposition,
while the composition of 1v-cells as well the vertical composition of 2-cells we will denote
by fractions 7. When combining horizontal and vertical composition of 2-cells we will also
use the notation: [«|f]:= fa for the horizontal composition.
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When dealing with pseudodouble categories, we use the convention that the horizontal
direction is weak and the vertical one strict. For this reason our lax double functors will
be lax in the horizontal direction. We stress this fact only in the definition that follows,

and will not repeat it afterwards.

2.1. DEFINITION. A (horizontally) lax double functor F': C — D between double cate-
gories is given by: 1) the data: images on objects, 1h-, 1v- and 2-cells of C, globular
2-cells: compositor Fyp: F(g)F(f) = F(g9f) and unitor Fa: 1pay = F(14) in D, and 2)
rules (in D):

e (functoriality in vertical morphisms)

(Ix.f.v1) 553/)) = F(%), (Ix.f.v2) F(14) =17,
e (functoriality in squares)
(Ix.f.s1) F(%) = % (Ix.f.s2) F(Idy) = Idpy);

e (coherence with compositors and unitors)

[Fyrlldrmy)  [Tdps)| Fig

Ix.f. =
(bx.f-cmp) Fhgs Fhg,s
[Falldp] _ Hdpp|FB],
e (naturality of the compositor)
ra) T pp) P9 ey F(a) T ppy) F9 e
u| [Pl w = Fos -
(xfonat)y P rpy B pey - pay——EYD pe),

= Fg/f' = U F(ﬁa) w
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e (naturality of the unitor)

F(A) —=— F(A) F(A) —=— F(A)
F(w) Fw = -

(Ix.f.u-nat) Py —=r(r)y =  FaEply
= [fw = Fu) | |[FU)| | Fu)
FanyE34) p gy panyE4) p g

where u,u’ are composable 1v-cells, w,( wvertically composable 2-cells, o, horizontally
composable 2-cells, and f, g, h composable 1h-cells.

A pseudodouble functor is a lax double functor whose compositor and unitor 2-cells
are tnvertible.

We now define horizontal oplax and vertical lax transformations between lax double
functors and their modifications, and their respective compositions.

2.2. DEFINITION. A horizontal oplax transformation « between lax double functors F,G: A
— B consists of the following:

1. for every O-cell A in A a 1h-cell a(A): F(A) — G(A) in B,

2. for every 1v-cellu: A — A" in A a 2-cell in B:

so that the following are satisfied:
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o (coherence with compositors for 6, ): for any composable 1h-cells f and g in A the
2-cell by 45 satisfies:

(h.o.t.-1)
Fea) EY pay £9), pey r3)F9) . piey O, g
{— Fgf \— =
F(gf) a(C) - l_
F(A) F(C) G(O) PA) F(f) P(B) a(B) o(B) G(g) o)
- -
a(A) Glof) = s =
F(A) G(4) G(C)
_ _
a e
(coherence with unitors for 0, ): for any object A € A
F(A) —=~ F(A) Fa) A oo
_ { { o | | =
(h0.6.-2) M Wr Doy — ra e =-cn)
=J - - |-
F(a)2 G(A) Glla) G(A) G(A)@)G(A)

e (coherence with vertical composition and identity for a®): for any composable 1v-
cells w and v in A:

u

(h.o.t.-3) av = % and (h.o.t.-4) ot = Idaay;
e (oplax naturality of 2-cells): for every 2-cell in A A L. B the following identity
U l [a] l v
A T’ B
in B must hold:
(h.o.t.-5)
Fa) 2 pgy 2B Fa) 29 pgy B g
F)| [F@)] Fo) G(v) = Ot =
= Sag = F(u) a"]  GQlu) |Gla) G(v)
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A horizontal strict transformation is a horizontal oplaz transformation for which the 2-
cells dq ¢ in item 3 are identities.

The lax version of the above definition we will need in Corollary 3.5. A horizontal
lax transformation o between lax double functors F,G: A — B differs from its oplax
counterpart in that the globular 2-cells 0, s for any lh-cell f in A goes in the other
direction, namely

and the axioms (h.o.t.-1)-(h.o.t.-5) are accordingly changed by the analogous axioms that
we will refer to as to (h.l.t.-1)-(h.1.t.-5). Indeed, note that only the three axioms (h.o.t.-
1), (h.o.t.-2) and (h.o.t.-5) are changed into (h.l.t.-1), (h.l.t.-2) and (h.l.t.-5).

The above two definitions are “oplax, respectively lax, and horizontal” versions of a
“strong vertical transformation” from [Grandis, Paré, 1999, Section 7.4] for strict (rather
then pseudo) double categories. Similarly, the following is a horizontal version of a “strong
modification” from loc. cit. with H and K being identities.

The composition of 1h-cells in Laxy,, (A, B), that is of horizontal oplax transformations
a and [ acting between lax double functors F,G, H: A — B, is given by the vertical
composition of transformations, which we make explicit here:

2.3. LEMMA. Vertical composition of two horizontal oplax transformations F = G 2 g
between lax functors F,G, H: A — B, denoted by %, s given by:

1. for every 0-cell A in A a 1h-cell in B:

(3)A) = (F(4) 2 G(4) %5 H (),
2. for every 1v-cellu: A — A’ in A a 2-cell in B:
Fea) 2 A gy LA g

G =rw| L ew M mw
F(A) a4 G(A) RGN H(A)

3. for every 1h-cell f: A — B in A a 2-cell in B:
a(B)

F(A) F(B) G(B)
| an oy |
:{ 507 \:
L) B (VA
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PROOF. In [Femié¢, 2021, Lemma 3.7] we proved that the vertical composition of two
horizontal pseudonatural transformations between double pseudo functors is given in the
same way as in the statement of the present lemma. For the purpose of the present setting,
for horizontal oplaz transformations between laz functors, we have checked that the same
holds, in the exactly same way: the proof does not rely on the nature of the coherence
2-cells of the transformations, nor of the double functors in question. [

Since the vertical composition of horizontal oplax transformations is defined in terms
of the horizontal composition in B, it is strictly associative. From here one also sees that
Laxpe,(A,B) as a to-be-constructed double category is strict.

2.4. DEFINITION. A vertical lax transformation «q between lax double functors F,G: A
— B consists of:

1. a 1v-cell ag(A): F(A) — G(A) in B for every 0-cell A in A;
2. for every 1h-cell f: A — B in A a 2-cell in B:

Fa) LY pepy

ao(A{ (@0)s] | 4o(B)

)
c()-CY). cip)

3. for every 1v-cellu: A — A" in A a 2-cell in B:

which need to satisfy:

e (coherence with compositors for (ag)s): for any composable 1h-cells f and g in A:

r(a) 0. ppy FO. pe ra) LI pi) 9 gy
ao(A) | [(a0)s] ag(B) a(C) - -

wit-1) - MYam ey - R Flof) )
= = ap(4)  [(@0)er|  ao(0)

G(A) Glaf) elte) G(A) Glof) elte)
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(coherence with unitors for (ag)s): for any object A in A:

T 833

F(A) — F(4) F(A) —=~ F(A)
ﬂ {z aO(A)J 140 JaO(A)
(v.L.t.-2) F(A)F&“)F(A) — G(A) =~ G(A
aal4) | [0l ]| ao(1) -| |-
G(A)Gm)G(A) G(A)Gm)CI(A)

(v.1.t.-3) af =
G(u)J ao(A)J o F(u)
G(A) = G(A) F(A)
G(u) Jao(j)
G(A) G(A)

(coherence with vertical identity for ®): for any object A in A:

(v.Lt.-4) al’ = 1d%@
e (lax naturality of 2-cells): for every 2-cell in A A N B the following identity
ul [a] lv
A—5—B
in B must hold:
FA)—=— )Y e F) 29 ppy = (B
a(A) Fw| [F@] |Fo) a(A) ao(B) F(v)
wilt-s) e[ ry"rm 0 ey W [w] ri)
Glu) | a(d)| @] ay(B) )| 9@ | 6) aB)
ali o Glg) - o Glg) - ~
(4) G(A)—G(B) G(4) G(B) —=—G(B).

The oplax version of the vertical transformations we will need in Corollary 3.5. A
vertical oplax transformation differs from its lax counterpart in that the (horizontally)
globular 2-cell af for any 1lv-cell © in A goes in the other direction, and the axioms

(v.l.t.-3) and (v.l.t.-5) are accordingly changed. Namely:
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2.5. DEFINITION. A vertical oplax transformation ag between lax double functors F,G: A
— B consists of:
1. a 1v-cell ag(A): F(A) — G(A) in B for every 0-cell A in A;

2. for every 1h-cell f: A — B in A a 2-cell in B:

Fay EY. g
)

QO(AJ (o) { o(B)

() -SY). 6(m)

3. for every 1v-cellu: A — A" in A a 2-cell in B:

which need to satisfy:

e (coherence with composition for (ap).): for any composable 1h-cells f and g in A:

ra) T pig) P9 e ria) P pim) 9 ey
an(A) (ao0)s| ao(B) |(@0)g| | an(C) - Fyf _

(v.o.t.-1) G(A) () G(B) Gl9) G =  F(A) F(gf) (o)
= Glos = ao(A) (@] ag(C)

Gl G Gl Gl ol

F(A) == F(A) F(A) —= F(A)

J | a(4) | 197 g
(v.0.6.-2) rf Ry~ Ga=-c(a
aO(A)l (a0, laO(A) :l l:
G 014) G 0
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e (coherence with composition for af): for any composable 1v-cells u and v in A:

F(A) —=— F(A)
F(u) ag(A)
(v.0.t.-3) af = F(A) ——— F(A) |%] G(A)
F(u) ao(A) G(u)
F(A G(A) G(A)
oo(d| 9 o)
G(A) —— G(4)

(coherence with identity for o®): for any object A in A:

(v.o.t.-4) a(l)A = Iq*o
e (lax naturality of 2-cells): for every 2-cell in A Ai’ B the following identity
ul [a] lv
A—5B
in B must hold:
) P pp) = pp) F()—=—r) Y pp)
Fu) F(v) ao(B) F(u) a(A) ao(B)
voit-s)  FA-Dpp [ o = rh) [ o ha(p
() (B |G ol ) C(u) G()
o)) -CY. ¢(p—=—a(p) G(A) ——ah) S9N a (B,

The definition of vertical composition of two vertical lax transformations of lax double
functors, that we give in the next lemma, is the same — up to the orientation of the
coherence 2-cells — as that in [Femié, 2021, Lemma 3.8] for vertical pseudonatural trans-
formations of double pseudofunctors. Precisely as in the proof of Lemma 2.3, the proof
of well-definedness is direct and does not depend on the coherence structures of double
functors and their transformations.

2.6. LEMMA. Vertical composition of two wvertical lax transformations ay: F = G: A
— B and By: G = H: A — B between lax double functors, denoted by 32, is given by:

«Q
Bo’

e for every O-cell A in A a 1v-cell on the left below, and for every 1h-cell f: A — B
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wmn A a 2-cell on the right below, both in B:

FA) r(a) 2L pp)
o) ao(4) ao(B)

Gw= e (D= aw e
Bo(A) Bo(A) | [Bols] | po(B)

H(A) H(A) H(f) H(B)

F(A) =~ F(4)
ap(A) g J F(u)
(%)U - F(A)y—=F(A)  F(A)
0

F(A")  G(A) = G(A)

H(u) 50(121)
G(A") —— G(A")

Analogously to Lemma 2.6, vertical composition of two vertical oplax transformations
is given so that the (horizontally) globular 2-cell (%)“ accordingly changes.
We finally define 2-cells for the double category Laxp,(A,B).

2.7. DEFINITION. A modification © between two horizontal oplax transformations o and
B and two vertical lax transformations cg and By depicted below on the left, where the lax
double functors F,G,F' G act between A — B, is given by a collection of 2-cells in B
depicted below on the right:

g Fla) 29 g a (1)
| | 5o a(4) | | Bo(4)
F’TG’ F (A)MG(A)

which satisfy the following rules:



BIFUNCTOR THEOREM AND STRICTIFICATION TENSOR PRODUCT 837
(m.ho-v1.-1) for every Th-cell f, we have
Fa) 2. F(B)ﬂc:(m ra) 2 sy 2B gy
ap(A) (@0)s| ap(B Bo(B) = O, f -
picay ZUL pop) A8 ( ) c(B) ra) -2 gy Y (p)
= ao(4) Bol4) [Bo)s] | go(B)
i) . g CY aip) i) D a4 CY aip)
and
(m.ho-v1.-2) for every fv-cell u, we have
FA) —=— F(4) -2 ga) Fa) 2. Gy = qa
ao(4) P(u) G(u) o(4) f(4) |G
F'(A) Fa) . 6 Py P iy [8] aa
| a(d) ol A) F'(u) G | A
(4 —=—r(d) 2 o) P ey p—ry )

The horizontal composition of 2-cells in Laxp,, (A, B) is induced on components by the
horizontal composition of the corresponding 2-cells:

[6]6(A) =

The vertical composition of modifications is induced on components by the vertical
composition of the corresponding 2-cells:

A){

F(4) 545

It is clear that the associativity and unitality of 2-cells in both horizontal and vertical
direction hold strictly.
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Taking, so to say, a horizontal and a vertical restriction of modifications in Defini-
tion 2.7, we obtain the definitions of:

e modifications between horizontal oplax transformations given by families of (verti-

cally globular) 2-cells
F(A) — G(A) (2)

and axioms (m.ho.-1) and (m.ho.-2) obtained from (m.ho-vl.-1) and (m.ho-v1.-2)
by ignoring the 2-cells (ay)y, (Bo) s, af and G, and

modifications between vertical lax transformations given by families of (horizontally
globular) 2-cells B
F(A) —=—G(A) (3)

a(4) | | Bo(4)

F/(A) ——~ G'(A

and axioms (m.vl.-1) and (m.vl.-2) obtained from (m.ho-vl.-1) and (m.ho-v1.-2)
by ignoring the 2-cells d4, ¢, 05,f, " and 5%,

The above two types of modifications will be used in Subsection 4.5.

The modifications in Laxp,,(A, B) we will refer to as “modifications with respect to
horizontally oplax and vertically lax transformations”. This is the motive for the abbre-
viations “m.ho-vl.” in their axioms. Apart from them we will consider:

2.8. DEFINITION. Let a: F — G,p: F' — G’ be horizontal lax transformations, and
ag: F— F' By: G — G’ vertical oplax transformations. A modification with respect to
horizontally lax and vertically oplax transformations «, 3, g, So has the (same) form ©
and is given by a collection of 2-cells © o in B of the same form as in (1) which satisfy
the rules:

(m.hl-vo.-1) for every 1h-cell f, we have

and

F(A) ol4) G(A) ) G(B) F(A) a(4) G(A) G(f) G(B)
= = a(A) BolA) | Bo)s| | Bo(B)
ry P gy B almy a2 e g
ao(A4) ao\w) Bo(B) = =
piay V) piigy BB g piay EY) pygy BB, gy
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(m.hl-vo.-2) for every 1v-cell u, we have

F) 2D gy = ¢ FA) —=— pa)-“A, a
F(a) G | Al F) | ao() BolA)
Fay U olny 3] ala) — Fa) [a8] pray LA gl
w(@| 01 s ew w(d| ) &(w)
ol A 1 R N
(A) G (A) —=—G'(A) F/(A) F'(A) G'(A).

Observe that analogously to the double category Laxy,, (A, B), lax double functors as
0-cells, horizontal lax transformations as 1h-cells, vertical oplaz transformations as 1v-cells
and modifications from Definition 2.8 form another double category Laxj, (A, B).

3. Candidates for inner hom and lax Gray-type monoidal product in Dbl;,,
and lax double quasi-functors

Let Dbl;, denote the category of double categories and lax double functors. For the
purpose of exploring the existence and properties of an inner hom in Dbl;,., we will denote
[A,B] : = Lax,, (A, B) for two double categories A, B.

Observe that the double category [A,B] is analogous to one in [Béhm, 2020, Sec-
tion 2.2]. The double category [A,B] from [Bohm, 2020, Section 2.2] consists of the fol-
lowing: 0O-cells are strict double functors, 1h-cells are horizontal pseudo-transformations,
1v-cells are vertical pseudo-transformations and 2-cells are modifications among the lat-
ter two. It is the strictness of double functors that allows [—,—] to be a bifunctor
(Dblg)P x Dbl — Dbly, where Dbl is the category of double categories and strict
double functors. Furthermore, the author constructs a Gray-type monoidal product
— ® —: Dblgy X Dbly — Dbly, so that there is an adjunction (— @ D, [D, —]) for ev-
ery double category D and (Dbly, ®) is a closed monoidal category.

In contrast to the case where the double functors are strict or pseudo, our double
category [A,B] will not induce a bifunctor [—, —]: (Dbl,)? x Dbl — Dblj,,. We will
explain this in Subsection 3.1. As can be appreciated from the previous section, all the
cells in our double category [A,B] are more general than in [Bohm, 2020, Section 2.2].
However, the price we pay is that we loose closedness for Dbl,,.

After Subsection 3.1 we will characterize a lax double functor F': A — [B,C] for
another double category C in terms of a bifunctor from the Cartesian product A x B
— C of double categories. Setting C = A x B and reading off the structure of the image
double category F'(A)(B) for a specific lax double functor F': A — [B, A x B], which
would play the role of the unit of the adjunction (— xB = [B, —]) if such an adjunction
existed, we will obtain a full description of a new structure on the underlying double
category A x B. The obtained structure we will denote by A ® B. In this paper we do
not investigate if ® provides a monoidal tensor product for the category Dbl,.. We will
however prove a universal property that it satisfies in Subsection 6.2.
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3.1. WHy [A,B] 1s NOT AN INNER HOM. The double category [A,B] does not induce
a functor [—, —]: (Dbl;;)? x Dbl, — Dbl;,, and so it cannot play the role of the inner
hom in Dblj,,. The point is that at the level of morphisms, given lax double functors F': A
— A" and G: B — B’, what should be a lax double functor [F,G]: [A",B] — [A,B']
cannot be defined on 1h-cells. Namely, the components of their images should be naturally
defined in an analogous way as it has been done in similar constructions, that is, as Gz
in [Béhm, 2020, Section 2.3] (strict double functor case), or as 0p(q), in [Femic, 2021,
Lemma 3.4] (double pseudofunctor case). Namely, [F, G] on a lh-cell, that is a horizontal
oplax transformation a: H — H’, should give another horizontal oplax transformation
[F,G](a) = G(a(F(—))). Its 2-cell component at a lh-cell f in A should be defined via

P E D) Gor) GH'F(B)

| |

GHE(A) SN o) e
GHF(A) GHE(]) GHF(B)M»GH’F(B)

= Gorm), i —

_ e _
GHF(A) —=~GHF(A) il CILA GH'F(B) —=~ GH'F(B)

G G| [P \:

GHF(A) ——~GHF(A) G(H/F(f)aF(A))

GH'F(B) —=~ GH'F(B)

G71

= H'F(f),ara) =

GHF(A) Gora, GH’F(A)M» GH'F(B),

which makes sense only if G is both lax and colax. In conclusion, in order to be able
to define a functor [—, —] and have [A,B] as an inner hom for some category of double
categories, 0-cells of the latter should be double functors which are strict or pseudo in
the horizontal direction. This is not the case in our context, i.e. for Dbl;,,, and we can
abandon the idea to get closedness of Dbl in the expected way.

We record that the category Dbly, is not enriched over double categories (or 2-categories)
for the following reason. The composition on the hom-category [A, B] = Laxp, (A, B) for
Dbl should naturally be induced by the composition of lax double functors (0-cells in
the hom-categories), horizontal composition of horizontal oplax and vertical lax transfor-
mations and of modifications. However, one can only define the horizontal composition
of horizontal oplax transformations if the functors have both lax and colax structure.
(See e.g. [Femié¢, 2021, Lemma 3.5] where we proved horizontal composition of horizontal
oplax transformations for pseudo double functors; one uses dp(q),r defined similarly as in
Subsection 3.1, for which both lax and colax double functor structure is needed.)
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3.2. GENERATING LAX DOUBLE QUASI-FUNCTORS. Having in mind the definition of a
lax double functor and of [B, C], when writing out the list of the data and relations that

determine a lax double functor F: A — [B, C], one gets the following characterization
of it:

3.3. PROPOSITION. A laz double functor F: A — [B, C] of double categories consists of
the following:
1. lax double functors

(—,A):B—C and (B,—):A—C

such that (—, A)|p = (B, —)|a = (B, A), for objects A € A, B € B,
2. 2-cells
(K, A) (B, K)

(B,A)—— (B', A) (B, A"

— (k, K) l —
(B K) (k, A

(B, A) ——

(B7A)<B’4K;)

(u, K)

(2114)£§i552(21,4q (za,i)ffiiil(zy,ﬁ)

(B,A) —— (B, 4)

(B,A")—— (B, A")

(B, A" (B, A) M (B', A)

(u, A) (u, A" (B,U) (k,U)| | (B,U)

(u, A) (B,U)

(B, 4)

(B, 4)

in C for every 1h-cells A 5 A and B L B and 1v-cells A5 A and B - B which
satisfy:

e ((15K))

(B, A) =~ (B, ) B-E) 5 41
I!III!!IJ ‘!ggg! lz B4 5 a4y =5
B. A

(B, (B,A") = JIdBK—J —;A/)B‘ {:
l: l: (B, ) B8 (5 a1 A

At 3 Lo 2, )
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o ((k.14)) B 4y = (5 a)
B.A) = B, A" DB, 1) lId:’le (Z:I)A =
:l (B,—)4] J: \Id<k,A>H: _ (TA)<J(B/,AS ’ A)(zf/,A)
B, 1A (k,A) — (k, 1A) —
B, AP 4 (B', A)
(B,ASB’—l»A B,A)M(B',A)

where the 2-cells (—, A)p and (B, —)a come from laxity of the lax double functors (—, A)

and (B, —)
o ((u,14)) 3 3
(B,A) —=+ (B, A) (B, A) —=+ (B, A)
(u, A) (u, A) = B4 =
(B,A)— (B,A) = (B,A)(%)(B,A)
—| [B. 4] |= (w,A) | [(@1)] | (u,4)
B4/ 25 a) B4/ 25 )
e ((13,U))
(B,A) —=~ (B, A) (B, A) —=~ (B, A)
—| =5 | = (B,U) (B,U)
(B,A)(M)(B,A) _ (B, A) ——~ (B, A)
(B,U)| |(s0)| | (B,U) =| (= A)s| |=
(B, A)(M)(B, A) (B, A)(%)(B, A)
. (1%, K)) (% K)=1Idpr)y and e ((k,1)) (k, 1) = Id.a)
. ((12,U)) (1B U) = I1dBY) and e  ((u,14)) (u, 14) = I1d™A)
((K'k,K))
(B/7A) (k/7A> (B//7A)(BN7K) (B//7A/) ,
(8,4) A (g 4y WAL (g g
= (K, K) — ’ ) )
(B7A) (k7A) (B/7A) (BI7K) (B/7A/) (k,7A,) (B//7A/) = ((;::)Ak’)k = (B” K)
_ ¥ _ - @A A R )
(B7A) (B7K) (B.‘A/) (k7 Al) (B/7Al)(kl7Al) (B//,A/) = (B K) (k/lk7K)(k,k A,) l_
_ A _ (B,4) 22 (g an ’ (B", A")
(B,A/) (klk7A/) (B//7 A//)

where (—, A)py is the 2-cell from the lazity of (—, A)



BIFUNCTOR THEOREM AND STRICTIFICATION TENSOR PRODUCT

843

(k. K'K))
B/7K Y BI?K, 1AM /
(B’7A)(—2(B7A)(—»)(B7A) (RA)M(B,’A)(B?K) (B, A
\ N - (&R -
(kA) ’ (Bvi,K) 1AM ! 'K’
(B, A) (B, A) (B, A") — (B7A)(B;,K)(37A,) (k, A) (B’,A’)(B’K)(B’,A”)
= (k, K'K) = — (k,K') l:
B4y BEE) gy A gl B, 4B 5"y B g B AD B g
_ B s l_
(BA) (BvK/K) (B7A”)
where (B, =)k is the 2-cell from the lazity of (B, —)
e ((uv,K'K))
(B, A) (B, K) (B, A’)(M)(B, A”) (B, A) (B, K) (B, A’)(B’ K/)(B, A"
= [Boex - (wA) | (@ I)] a0 FD] |, )
(B, A) (B, K'K) (B,A") = (B, A) (B.K) (B, A')(B’—»m (B", A)
() (u, K'K) way = -
R (B,K'K) _ ) (B,K'K) _
(B, A) (B, A" (B, A) (B, A"
e ((KkU))
(B7A) (k’A) (BI7A)(k;I’ ) (BII,A) (B’A) (k.?A) (B/’A)(k/7A) (BN7A)
B,0)| &) p|uy|F.U)] | (B U) = (= Awr -
ey E ey - TNy
= (= A = (B,U) ('K, U) (B".U)
. (K'k, A) , . (K'k, A) ,
(B, A) (B, A) (B, A (B, A)
o (5K) (K =08 awd e (Y)Y =D
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o ((u,77)

(B,U) (u, A)
(u, %) — (B, A) ———(B,A) |(w.U) (B A)
(B,U") (u, A) (B,U)
(B, A) (B,A) —=— (B, 4)
wAY|  |[wU)| (B U
(B, A)——— (B, 4
e ((:U)) -
(B,A) — (B, A)
(B,U) (1, A)
(EnU): B, A) | U) (B, A)—=— (B, A)
! oy e
(B,A) —(B, A) (B, A)
@, 4| WO (B, U)
(B, A)—=—B", A)
o ((k,K)-l-nat)
(8, 4) A () B (8, 4) A () BE)
= (k,K) = (u, A)| | (W@, A)| (v,|A) |, K)| | (v A)
B0 BB gy B gy &4 B B (B K) (B, A)
(u, A | |, K) | (u Ay |[(w, A)] (v, A) = (I, K) =
LR UCE Ny .0 85 5y E2 (5
o ((k K)-r-nat)
B,4) B g ) B B, 4) EA g ) B ) g
= (k, K) = B, |00 [(B.O] |(B,v)
B4\ BE) g any FA g _ (B, A) (k 4) w4y BB g 1
(B,U)| |(B,0) (%,V) (& V)| |(B,V) = (k,L) =
.4 P g B2 g .4 P g EAL ) 4
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e ((u,U)-l-nat)

(B, 4) —=— (B,4) "4 (1 4 B, 4) B A (5 4= (4
(B.U) (u, 4) (v, ) Bv)| (&) |Bv) e
[N R AT B o TR G e [0 00
wAd| (B (B,0) (A |@A] |4 (B,0)
B =540 s 4 P A G
e ((u,U)-r-nat)
(B,A) —— (B, A)(B—’K)> (B, A" (B, A) (M(B, Ay—— (B,A)
B A (u, A o) [BO] [Byv)
(B, A)|(wU)|(B, 4) (B, K) (B, A) — (B, A) (B, L) (B, A (w. V) (B, A
wd| B (BO] By A (@D @iy B
- Y. (B,L) ' v (B,L) 7. Y
(BvA)4><BvA) (BvA) (BvA) ( 7A) = (BvA)
for any 2-cells
B—t . p A5y
u) voand g| [ |v (4)
BB R

i B, respectively A.

PROOF. The images of the four types of cells in A, which we typically denote as A, K, U, ¢,
by the lax double functor F: A — [B, C] are being denoted by F(z) = (—, ), for any
of such cells z in A. Then one first sees that (—, A): B — C is a lax double functor.
That (B, —): A — C is a lax double functor follows from the eight axioms for F as a lax
double functor in the following way. Axioms (Ix.f.vl) and (Ix.f.v2) for F are equalities of
vertical lax transformations (v.1.t.). When evaluated at B (this corresponds to the part 1
of (—,U), respectively of (—,14), being a v.1.t.), they yield axioms (Ix.f.v1) and (Ix.f.v2)
for a lax double functor (B, —). The remaining six axioms of F as a lax double functor
are equalities of modifications in [B, C], and as such we only may evaluate them at B.
It is evaluating them at B that we cover the remaining six axioms for (B, —) to be a lax
double functor (B, —). The origin of the four 2-cells and each of the axioms obtained in
part 2 of this proposition are summarized in Table 1.
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New axiom Origin from F: A — [B,C]
2-cell (k, K) part 3 of (—, K) being a h.o.t.
2-cell (u, K) part 2 of (—, K) being a h.o.t.
2-cell (k,U) part 2 of (—,U) being a v.Lt.
2-cell (u,U) part 3 of (—,U) being a v.Lt.
(1p, K)) (h.0.t.-2) of (—, K)
((k,14)) (m.ho-vl.-1) of unitor Fu: Id(_ 4y = (—, 14)
(18, K)) (h.o.t.-4) of (—, K)
((u,14)) (m.ho-vl.-2) of unitor Fu: Id(_ 4y = (—, 14)
(1p,0)) (v.l.t.-2) of (—,U)
((k,14)) (Ix.f.v2) of F (is an equality of v.L.t.) evaluated at &
(12,0)) (v.lt-4) of (—,U)
((u, 14)) (Ix.f.v2) of F (is an equality of v.1.t.) evaluated at u
((K'k, K)) (h.o.t.-1) of (=, K)
((k, K'K))  (m.ho-vl.-1) of compositor Frg: (—, L)(—, K) = (—, LK)
(&, K)) (h.0.t.-3) of (—, K)
((u, K'K))  (m.ho-vl.-2) of compositor Fri: (—, L)(—, K) = (-, LK)
(K'E,U)) (v.l.t.-1) of (—,U)
((k, &) (Ix.f.vl) of F (is an equality of v.L.t.) evaluated at k
((u, %)) (Ix.f.vl) of F (is an equality of v.1.t.) evaluated at u
((5.0)) (v.l.t.-3) of (—,U)
((k, K)-l-nat) (h.o.t.-5) of (—, K)
((k, K)-r-nat) (m.ho-vl.-1) of (—,()
((u, U)-l-nat) (v.l.t.-5) of (—,U)
((u,U)-r-nat) (m.ho-vl.-2) of (—,()

Table 1: Generation of a lax double quasi-functor A x B — C

In analogy to [Gray, 1974, Definition 1.4.1] we set:

3.4. DEFINITION. A lax double quasi-functor H: A x B — C consists of:
1. two families of lax double functors

(—,A):B—C and (B,—-):A—C
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such that H(A7_) = (_7A)7H(_>B) = (Ba _) and (_aA)|B = (B’ _)|A = (B’A)7
for objects A€ A, B € B, and

2. four families of 2-cells (k, K), (u, K), (k,U), (u,U) in C for 1h-cells K of A and k
of B, and 1v-cells U of A and u of B,

satisfying the conditions listed in part 2 of Proposition 3.5.

From the data in the above proposition we may draw several consequences.

3.5. COROLLARY. For any 1h-cell K: A — A’, 1v-cellU: A — A and 2-cell ¢ in A, and
for any 1h-cell k: B — B’, 1v-cell u: B — B and 2-cell w in B, the following hold:

1L (= K): (=, A4) — (=, 4") is a horizontal oplax transformation, (—,U): (-, A) —

(—, A) is a vertical lax transformation, and (—,() is a modification with respect to
horizontally oplax and vertically lax transformations, and

2. (k,=): (B,—) — (B',—) is a horizontal lax transformation, (u,—): (B,—) —
(B, —) is a vertical oplax transformation, and (w,—) is a modification with respect
to horizontally lax and vertically oplax transformations.

PRroOOF. Part 1 highlights the meta-results from the above proposition: (—, K), (—,U),
(—, ) are images of F.

That (k,—) is a horizontal lax transformation follows from ((k, K'K)), ((k,14)),
((k, ), ((k: 11)), ((k, K)-r-nat) of Proposition 3.3.

That (u,—) is a vertical oplax transformation follows from ((u, K'K)), ((u,14)),
((u, 7)), ((u,11)), ((u, U)-r-nat).

That (w, —) is a modification in the sense of Definition 2.8 follows from ((k, K')-l-nat)
and ((u, U)-l-nat). =

3.6. A CANDIDATE FOR A LAX GRAY-TYPE MONOIDAL PRODUCT. We may now describe
A ® B by reading off the structure of the image double category F(A)(B) for a specific
lax double functor F': A — [B, A x B], which would play the role of the unit of the
adjunction (—xB - [B, —]) if such an adjunction existed, using the definition of a lax
double functor. Namely, the result of F(A)(B) are pairs (y,x) living in the Cartesian
product A x B for any 0-, 1h-, 1v- or 2-cells z of A and y of B. By setting z @ y:= (y, x)
we come to the following definition. (Recall that a double category can be seen as a
category internal to the category of categories. In this viewpoint, we denote the source
and target, composition and unit functors by s, t, ¢, i, respectively.)

3.7. DEFINITION. Let A @ B be generated as a double category by the following data:
objects: A® B for objects A € A, B € B;

lh-cells: ARk, K ® B, where k is a 1h-cell in B and K a 1h-cell in A;

Tv-cells: A @ u,U ® B and vertical compositions of such obeying the following rules:

ARu U U® B U
=A®—, ——=—0DB, Axl?=19"
A®u ®u" U'® B U’® ®

—-1'®B
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where u,u’ are 1v-cells of B and U, U’ 1v-cells of A;
2-cells: AQw,(® B:

ARE K®B

A B2 Ae B A B222 A @B
A®u AQw| |A®w U®B V®B
- AR - - L®B -~
A B2 yg B iAo 22 ien

where w and ¢ are as in (4), four (vertically) globular 2-cells from the laxity of double
functors (—, A) and (B, —):

Ao k) Aok) “S" Aewk), (KeB)(KeB) 2 (K'KyeB (5)

(—®B)a

(Ag)BA@)lB, 1A®B = 1A®B

lags
which satisfy associativity and unitality laws, and where k, k' are 1h-cells of B and K, K’
1h-cells of A, and four types of 2-cells coming from the 2-cells of point 2 in Proposition 3.3:
a vertically globular 2-cell K @ k: (A’ @ k)(K ® B) = (K ® B')(A® k), a horizontally
globular 2-cell U @u: % = % (so0 that 1*® 1P = 1445), and 2-cells K @u and U @k,
subject to the rules induced by the rules of point 2 in Proposition 3.3 and the following
ones:

! !
A®BA®kA®B,A®k A B A®BMA®B’M»A®B”
ARQu A®WA%UA®W/ AQw = (A® —)wi =
/ - /
Ao B2 4o p A9 Ao —  awB A® Kk A® B
7 R S o
_ Aol _ N Aol N
A® B @l A B" A®B © U AR B"
! !
AeBREB 4o OB g Ao @By OB g B
= SR = ves| [€®B] vlenl®B| |vren
A® B KKoB A" ® B — A@BMA'(@BMA”@B
U® B (C®B U"® B = (—®B)rL —
~ L'L®B ~ - L'L® B _
AeB ® i@ B AeB ® i@ B
w_ A®w (¢ (®B

= 2 ®B=
W' A®w” C/® C/®B’
AR Id, = Idage, Idg®B =ldkes, AId*=1d%" 1dY®@B =1d"%¢%.
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The source and target functors s,t on A @ B are defined as in A x B, the composition
functor ¢ is defined by horizontal juxtaposition of the corresponding 2-cells, and the unit
functor i is defined on generators as follows:

i(A® B) = lagp, i(A®v) =1 @v(=Id**") and i(U® B) =U ® 18(= 1d"®?).

Since A®B is defined by generators and relations on A x B, it is clear that there is a lax
double quasi-functor J: AxB — A®B given by J(—, B)(z) = 2® B, J(A,—)(y) = A®y
for cells z in A and y in B and with unique 2-cells K ® k, K ® u,U ® k and U ® u in
A ® B, where the usual notation is used. It turns out that the universal property that
A ® B satisfies is the following: for every lax double quasi-functor H: A x B — C there
is a unique strict double functor H: A ® B — C such that H = H.J. Moreover, in
Subsection 6.2 we will prove a double category isomorphism:

¢- Laxpop(A x B, C) 2 Dbly,,(A ® B, C).

Although we do not investigate in the paper if ® provides a monoidal tensor product on
Dbl;,., we observe the following. Clearly, the only kind of “isomorphism” between double
categories (A®B)®C and A® (B® C) must be (an invertible) pseudo double functor. On
the other hand, for two lax double functors F': A — B and G: C — D in order to define
FRG: AQC — B®D we need to define in particular how F'® G acts on 1h-cells of type
(ARK)(K®C): A C = A ® (', and similar. It is not clear how to do that without
taking F' ® G to be a strict or pseudo double functor. These two observations are in
accordance with the strictification result (15) that we get in Subsection 6.2, in particular,
that lax double functors A — [B, C] correspond to strict double functors A ® B — C.

4. The double categories Laxpqy(A, [B,C]) and ¢-Laxp.,(A x B,C) are

isomorphic

Observe that a pair of families of lax functors of 2-categories together with their distribu-
tive law, which is given by a family of 2-cells o, for 1-cells f, g, defined in [Faul, Manuell,
Siqueira, 2021, Definition 3.1] present a lax version of “quasi-functors of two variables” of
|Gray, 1974, Definition 1.4.1]. Namely, o, from the former precisely corresponds to 7y,
of the latter, only the functors in [Gray, 1974] are strict 2-functors. The single condition
QF23 of the latter is equivalent to the two conditions (D5) and (D6) of the former. In
|Garner, Gurski, 2009, Gordon, Power, Street, 1995] the 2-cells ¢, of a quasi-functor of
two variables were considered to be invertible. Such a quasi-functor of two variables in
these references was called “cubical functor”. In Proposition 2.1 and Definition 2.2 of
[Femi¢, 2021] we generalized cubical functors to strict double categories and called them
cubical double functors.

In Proposition 3.3 and Definition 3.4 above we generalized cubical double functors to
the lax case. (Observe that the corresponding 2-cell mentioned in the above paragraph is
not invertible, so we do not work here in a cubical setting, and follow Gray’s terminology.)
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Thus our Proposition 3.3 is a generalization to the double-categorical setting of [Faul,
Manuell, Siqueira, 2021, Lemma 4.1].

Morphisms of distributive laws of lax functors from [Faul, Manuell, Siqueira, 2021,
Definition 4.3] are the oplax version of quasi-natural transformations from [Gray, 1974,
Definition 1.4.1], which are lax (see 1.4.1 and 1.3.3 of [Gray, 1974]). In this section we will
first introduce the notions corresponding to horizontal oplax and vertical lax transforma-
tions and their modifications in the lax double quasi-functor setting, and then prove that
the latter are in 1-1 correspondence with the horizontal oplax and vertical lax transfor-
mations between lax double functors of the form A — [B, C] and their modifications.

4.1. THE DOUBLE CATEGORY ¢- Laxy.,(AxB, C) . By ¢- Lax,, (A xB, C) we will denote
the double category consisting of lax double quasi-functors, horizontal oplax transforma-
tions of lax double quasi-functors as lh-cells, vertical lax transformations as 1v-cells and
modifications among the latter two. We define its 1- and 2-cells below.

4.2. DEFINITION. A horizontal oplax transformation 6: (—,—); = (—, —)2 between lax
double quasi-functors (—, —)1,(—,—)2: A x B — C is given by: for each A € A a hori-
zontal oplax transformation 04: (—, A); = (—, A)y and for each B € B a horizontal oplax
transformation 08 : (B, —); = (B, —)a, both of lax double functors, such that 04 = 0%

and such that

.
Hom Bl 0, oy, 3 EA B,
- - - (k. K); =
B A EA B T Ee x5 B ) B0 5 O,
:l " . _ . ™ l:
8,41 5 (3 0,5 5 ) B Kl a3 BNy, B g A,
\— 5 5z _ \_ 7 _
(8. 4, B, B Gy, (L), A (5 ), B2 5
for every 1h-cells K: A — A" and k: B — B/,
(HOT?)
(B, A); (B,K) ](B Ay % (B, A'), (B, A) (B, K ](B A % (B, A"
(u, A)y | | K) (U\A/)l (u, Ay = 0% =
LT % (B, A'), _ B A, 5 4, B 5
= 68 = (w, A | 102 (u s |, K)o | (u, A),
By e (5, Bk ), Boan 5 (B Bk 5

for every 1h-cell K: A — A" and 1v-cellu: B — B,
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(HOT)

5. 4B ), Y ), 5. 4B ), Y (),
(B,U), | | U) (%’,U)1 (B, U), = 03! =

(BaA)l(wl(B/w‘i)ng/' (B, A), = (B, A R (B, A)s k.4, (B, A)s
= s lz B.U:| 9] (B, U% (k,U)2| | (B,U),
(B, A), 5. (B’A)QMZ (B, A)s (B, A)x 5. (Bw‘i)zMZ (B, A),

for every 1v-cellU: A — A and 1h-cell k: B — B', and

(HOT})

(B,A); —— (B, A); 0% (B, A), (B,A)lié»(B,A)g —— (B, A)
(B,U) (u, A)y | |0 (u, A)z BU);| ] (B,U): (u, A)z
9 - WY B A SN SNSRI | 98

iy Bun| B, wdn| B wd, B0
(B2 —= (5. Ay P (B, (B2~ B Ay e (B,
for every 1v-cells U: A — A and u: B — B.
4.3. DEFINITION. A vertical lax transformation 6y: (—, —)1 = (—, —)2 between laz double

quasi-functors (—, —)1,(—, —)2: A X B — C is given by: for each A € A a vertical lax
transformation 03': (—, A)y = (—, A)y and for each B € B a vertical lax transformation

08 : (B, =) = (B, —)a, both of lax double functors, such that (05)p = (08)a and such
that

(Vi)
(B, A)1 — (B, A) (B, A)1 = (B,A)1 (B, A)1 — (B, A
O)s | [(0)"] | (u, A 0)s | (B,UL| (B,Uh (w,0);] | (A
(B.A)s —~(B,A)y (B, A)—— (B,A)r = (B.A)2  (B,Ay——(B,A) (B, A)
(B,U)2 (A | (08)s| [6)7] [(B,U)  (B.U)2| |[(65)7] | (65)x (u, A (B,U):
(B, A)s (B,A)y = (B,A): (B, A) (B, A)y = (B, A)2 (B, A)—~(B,A)
(w Ay | (D] | (B0, |(B.U): | (6])5 (w Ay | ("] 65
(B,A)y—= (B,A); (B,A)y— (B, A), =

for every 1v-cells U: A — A and u: B — B;
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(VLT)
(B,A); —— (B, A 1(2{.1(3 A (B, A) (B, K) ](B A, (B, A"
(68)5 (w, Ay | [ K] | (u, ), 6s | L0Dx] | (62), (u, A'),
(B, A),| (65)" (37,4)1@%3,,4/)1 — (B,A)Q(B’K) B, A )" | (B, A7),
(1, A) Oa| O] | 6P ()| (@] @Ay, @,
(B, 4), —=—(B, 4, 25 ), IRt — Y
for every 1h-cell K: A — A" and 1v-cell u: B — B,
(VLTY)
(B,A); — (B, A), (k A (B A')q (B, A); —* (k A (B’ A) (B, A)
(05) B.U): | [k UL] |(B,0) 0| O] | 02, (B',U),
(B, A),| (05)" (B,A)lwl(y,zi)l — (B,A)Q(’“’—A)"i(B',A)2 )" (B, A),
(B.U), @95 O] | od) B BV [0, | 6h)s
. 2, —=—p. 4,5 ), i, BN 3y, (),
for every 1v-cellU: A — A and 1h-cell k: B — B', and
(VLT])
(B, 0, ) B ED gy ), B, 4,2, A><B"K>1<B' o),
- (k. K)s \= (0)5 e%m l(ez?’)m
B A2 ) EN gy, - B W”( a2l ),
05| Ok @5 (G0 \(%")B/ = (k, K)s =
(8, 0, 205 A2 (5, (8, 4, 2 E0p A

for every 1h-cells K: A — A" and k: B — B'.

4.4. DEFINITION. Let horizontal oplax transformations 6,6 and vertical lax transforma-
tions 6y, 0, acting between lax double quasi-functors Hy, Ho, H3, Hy: A x B — C be given
as in the left diagram below. Denote by (—, A);: B — C,(B,—);: A — C,i = 1,2,3,4
the pairs of lax double functors corresponding to Hy, Ho, Hs, Hy, respectively. A modi-

fication © (on the left below) is given by a pair of modifications 74,78 acting between
transformations among lax double functors:

A B
e H, (= A) 25 (=, 4), (B, ) P (B.-), (6)
b | |0 o | o 05| o2
Hy —5~ Hy (= A)s s (= A (B, —)s 7E (B, —)4
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such that 7 = 7% for every A € A, B € B.

The composition of 1- and 2-cells in ¢- Laxp,, (A x B, C) is given in the analogous way
as in Laxp, (A, [B, C]).

4.5. THE 1-1 CORRESPONDENCE BETWEEN 1H- AND 1V-CELLS. We proceed to show
that the double categories Laxp, (A, [B, C]) and ¢- Lax,, (A xB, C) are isomorphic. From
Proposition 3.3 and Definition 3.4 we know that we have a 1-1 correspondence between
their corresponding 0-cells.

Let F,G: A — [B,C] be two lax double functors and take a horizontal oplax trans-
formation a: FF = G. Set (—,—); and (—, —), for the two lax double quasi-functors
obtained from F' and G, respectively. Evaluating at a 0O-cell A € A we get a(A4): F(A)
— G(A) a lh-cell in [B, C] of the form (—, A); — (—, A)s. This 1h-cell is a horizontal
oplax transformation between lax double functors, so we have the following cells in C: a
lh-cell a(A)p: (B, A)1 — (B, A),, a globular 2-cell a(A) = daa)k, and a 2-cell a(A),,
for a O-cell B, a lh-cell k: B — B’, and a 1v-cell u: B — B in B. The 2-cells a(A);, and
a(A), in C satisfy the five axioms from Definition 2.2.

On the other hand, evaluating the horizontal oplax transformation a: F' = G at a
lh-cell K: A — A’ in A, one obtains a globular 2-cell ax = 6,k (;(’i(,))l = (3‘7(122 in
[B, C], which, by the horizontal restriction of Definition 2.7, is a modification between
(the vertical composition of) horizontal oplax transformations of lax double functors. It
has a free slot for O-cells in B, so that after evaluation at some B € B it yields a globular
2-cell ag(B) in C. Finally, evaluating o at a 1v-cell U: A — A in A, one obtains a 2-cell
Qg

(= A — (= A)2 (7)

in [B, C] (thus a modification in the sense of Definition 2.7) with a free slot for 0-cells in
B (after evaluation at B € B it yields a 2-cell ay(B) in C).

The families of 2-cells ax and oy in [B, C] from the horizontal oplax transformation
a: F = G satisfy the five axioms from Definition 2.2. FEvaluating these five axioms
at B € B one obtains five axioms for families of 2-cell ax(B) and ay(B) in C. The
latter axioms mean that a(—)p: F(—)(B) = G(—)(B), obtained by reading a: F = G
described above the other way around, that is, evaluating at a 0-cell B € B and leaving a
free slot for cells from A, is a horizontal oplax transformation between lax double functors
(B,—)1 — (B, —)2 which act between A — C. Namely, set o(K)p = 0a(—),.x:= ar(B)
and o(U)p:= ay(B), for a 1h-cell K: A — A’ and 1v-cell U: A — A in A.

Now, we may set 6 : = a(A) and 7 : = a(—) p for two horizontal oplax transformations
between lax double functors. We do have that #4 = 65, it remains to check the other four
conditions in order for the pairs (84,67) for A € A, B € B to make a horizontal oplax
transformation 6: (—, —); = (—, —)2 between lax double quasi-functors.
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4.6. PROPOSITION. Let F,G: A — [B,C] be two lax double functors with the corre-
sponding lax double quasi-functors (—, —)1,(—,—)2: A X B — C. For every A € A and
BeBleta(A): F(A) — G(A) and a(—)p : F(—)(B) — G(—)(B) be horizontal oplax
transformations between lax double functors. The following are equivalent:

1. ag: (7(754(/))1 = (f‘fﬁ))Q is a modification on the vertical composition of horizontal oplax

BK)I 3

(Oéﬁgi, recall (2)) for every 1h-cell K: A — A’ in A, and ay of the form (7) is a

modification in the sense of Definition 2.7 for every 1v-cell U: A — A in A;

transformations of lax double functors (with components (k)p = Oa(—)p.K :

2. the pairs (04,07): = (a(A),a(=)p) for A € A,B € B form a horizontal oplax

transformation 0: (—, —); = (—, —)2 between lax double quasi-functors.

PRrROOF. In Corollary 3.5 we saw that (—, K);,i = 1,2 are horizontal oplax transforma-
tions. From Lemma 2.3 we have that the composite transformations [ A ))1]k and [( ;3 |k
evaluated at a lh-cell k: B — B’ have the following form:

Pcimn = .4, B2 ), 2B (),
| |
8,4, BB any, B g S
N |-
(.4, "z . A/)Qw (B, A),
and
Ok = (g, 2, B A ), Ay,
- -
84 2 (3, 20, B i, 0 PRl ),

-| -
(8.4, B0 (), B 2 (1 ),

Now the first modification condition (m.ho.-1) for ak reads:

(B7A)1 (k’A)l(B/./A)l(B/’K)l (B’7A/)1 (B’vA)l(B/’K)l(BCA) (l(A/) (B/7A/)
\: (s(*«,K)l,k = = 6“(—))3/7}( \Z
B APl a0, A gy Dy, 5, R ), D () B

:\ 50‘(14/%;c = - \: 5a(A),k =
(B,A)]<M1(B,A/)l OC(A’)B (B,A,)QM (B,,A/)Q (B,A)l Mﬂi (BA)QM' (B/,A)Q(M2(B/,A,)
\_ Oa(-)s.K = _\ [0 x00] \_
(B 4), "8 (g an, PR g, (8,41, B 1% (g4, EA) 51
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Recall from Corollary 3.5 that d_ k), » = (k, K); for i = 1,2 and that we are setting
64: = a(A) and #%: = a(—)p, thus da(A) e = 0t and Sa(=)p, K = 6Z. We have that the
above modification condition is precisely (HOTY).

By Lemma 2.3 we have:

3.0\ BN a2z gy,

~—

— K ;
(aéA’))l lu = (u, A (uf ), [2(4)] (u, A)s
0 (BE)y st a(A)y T
(B, ) =B, A2 (B A),
and ) B K
(8,4 A2 5, )L (),
a(A) = (A | |o@) (u,%)2 (, K)o | | (u, A
— K),"
(=, K)2 B a0, Wz 5 A)( K g,
for a 1v-cell u: B — B. Now the second modification condition (m.ho.-2) for o reads:
(B, A) (B, ](B A’ *(A)p (B, A", (B,A)(B K)](B A o) (B, A",
(w, A)y | | K| A7), [ 2(ADu] | (u, 4, = Oa(-)p,K -
B B e e 5y, (8, 4, W25 4), B2 (5 ),
- - (A | [0 () [ K] |, 4,
a(A)p (B, K)o ", o)y v (B K)y T
(B, A)y —= (B, A);——(B, A); (B, Ay —* (B, A)s—> (B, A)s
Setting 65 = a(A), and 6% = 6,(_), k this is precisely (HOTY).
The two modification conditions (m.ho-vl.-1) and (m.ho-vl.-2) for ay; are:
(B, 4, A, ), A (g, ), 8. 4 A, ), XA (),
B, U), | |FUn] (B, v),|ovB)]| (B,U), = _
A e e, - 3, W, R ),
= = (B,U), | |av(B)|(B,U), | (k,U)2| |(B,U),
(B fl)lo@‘? (B 21)2@3 (B, A), (B, A), C@’f (B A)Q@Z (B, A),
and
(B, A); —— (B,A)lw»(B,A)2 (B, A) A (B, A)y——=— (B, A),
(B,U), (u, Ay | |(A)u| | (u,A)s (B, U) ozU~(B) (B,U), (u, A)y
(B, A),| (v, Ul (B,A)IM?(B,A)2 — (B, A), a(A)B(B,A)Q (w,U)2| (B, A),
@A Bon| B By @A @ @A, (B
~ s — {~~Oé(le)é~~ ~~0[(121)]§~~ ~ .
(B, A), (B, A)r (B, A)y (B,A); —* (B, A)s——=(B, A),
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which by additional identifications 2 = a(A), and 08 = ay(B) are (HOTY) and (HOTY).
]

Now we have that a: F' = G yields 0: (—, —); = (—, —)2. Before seeing the converse,
let us summarize our above findings:

4.7. PROPOSITION. A horizontal oplax transformation a: F = G between lax double
functors F,G: A — [B, C] consists of the following data:

e « horizontal oplax transformation a(A): F(A) — G(A) between lax double functors
for every A € A;

e a (globular) modification o : (;(’i(,))l = (f(ﬁ))z for every 1h-cell K: A — A';

e a modification ay (of the form (7)) for every 1v-cell U: A — A;

so that ax and ay obey five axioms, which (after evaluation at B € B) yield that
a(=)p: F(=)(B) — G(—)(B) is a horizontal oplax transformation between lax double
functors for every B € B (by setting a(K)p: = ax(B) and a(U)p: = ay(B)). (Both
modifications above are meant in the sense of Definition 2.7.)

Now, assuming that 6: (—, —); = (—, —), given by pairs (04,07) for A€ A,B € Bisa
horizontal oplax transformation between lax double quasi-functors, whose corresponding
lax double functors are F,G: A — [B,C], we define a horizontal oplax transformation
a: F = G as follows. For A € A, set a(A):= 64; for a 1h-cell K: A — A’ let the desired
globular modification ax be given by components ay (B):= 6%, and for a 1v-cell U: A —
A let the desired modification ay be given by components ay(B):= 08. Since moreover
a(A)p = 04 = 05, we have that a(—)p: = 67 is a horizontal oplax transformation of
lax double functors with a(K)g: = 62 = ax(B) and a(U)p: = 0F = ay(B). Now by
Proposition 4.6, ax and ay are modifications. By Proposition 4.7 we have that a: F = G
is indeed a horizontal oplax transformation between lax double functors.

The two assignments of horizontal oplax transformations are clearly inverse to each
other.

The 1-1 correspondence between 1v-cells works completely analogously as for 1h-cells.
(This time modifications (ag)" of the type (2) are used instead of a in the analogous
place in the above two propositions.)

4.8. THE 1-1 CORRESPONDENCE BETWEEN 2-CELLS. A modification © in Laxy,(A, [B, C]),
i.e. a modification between two horizontally oplax and two vertically lax transformations,
is given by 2-cells
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in [B,C] with free slots in B € B which satisfy axioms (m.ho-vl.-1) and (m.ho-v1.-2).
Evaluating the latter two axioms at a fixed B € B, and considering the slot occupied by
0-, 1h- and 1v-cells in A as variable, these two axioms mean that one has a modification

(@,)Bi

o] [83] |

F'(A) — G'(A).
W, d
We now identify 74 = ©4 and 78 = (©_)p and recall the identifications from Subsec-
tion 4.5: 04 = a(A),0% = a(—)p and 04 = B(A),0'7 = 3(—)p, and similarly for the
vertical lax transformations: 05 = ag(A), 08 = ap(—)p, and 65 = Bo(A),0F = Bo(—)s.
Then we clearly have 75 = 7% and hence that 7 and 77 constitute a modification 7 of

horizontal oplax transformations 6 = (64,6%) scs and 6 = (04, 0'P) gcs and vertical lax
BEB BEB
transformations 0y = (63", 02) aca and 0 = (65, 0(8) aca between lax double quasi-functors
BEB BeB

(recall the last two squares in (6)).

Reading the above characterization of a modification © and how we obtained the
modification 7 in the reversed order, one finds the converse assignment, and it is clear
that these two assignments are inverse to each other.

It is directly seen that the assignments defined in Subsection 4.5 and this subsec-
tion determine a strict double functor between double categories Laxp,, (A, [B, C]) and
¢- Laxjq, (A x B, C). To see that it is compatible with compositions, viewing Proposi-
tion 4.7 may be helpful. We conclude that there is an isomorphism of double categories

q- Laxpop(A X B, C) = Lax,, (A, [B, C]). (8)

5. A double functor from ¢-Laxj, (A x B, C) to Laxp.,(A x B, C)

We define [B, C]* to be the full double subcategory of [B,C] in which the vertical lax
transformations are strict. The corresponding full double subcategory of ¢- Laxpq,(A X
B, C) isomorphic to Laxse,(A, [B, C])* in (8) we denote by ¢-Laxj, (A x B,C). It differs
from ¢- Laxpe,(A x B, C) only in 0-cells, so that the 2-cells (u, U) of its lax double quasi-
functors are trivial.

We can prove that there is a double functor from ¢-Lax, (A x B,C) (and thus also
from Laxp, (A, [B, C]*")) to the double category Laxy,,(A x B, C), consisting of lax double
functors on the Cartesian product of double categories, and their corresponding horizontal
oplax and vertical lax transformations and modifications. We will denote it by

F: g-Laxj’ (A x B,C) — Laxp,,(A x B, C). 9)

hop

Moreover, restricting to certain double subcategories of ¢- Lax;, (AxB, C) and Laxp,, (A X

B, C) we obtain a double equivalence of double categories. For this purpose we will con-
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struct a tuple (F', G, K, A) of double equivalence functors and horizontal strict transfor-
mations k: Id = GF' and \: F'G = Id. The results that we obtain will generalize
Theorems 4.10 and 5.3 of [Faul, Manuell, Siqueira, 2021] to the context of double cate-
gories.

5.1. THE DOUBLE FUNCTOR F ON 0-CELLS. Let us show that a lax double quasi-functor
H: A xB — C, with lax double functors H(A,—) = (—,A) and H(—,B) = (B, —),
whose 2-cells (u, U) are identities determines a lax double functor P: A x B — C on the
Cartesian product.

Instead of typing the whole proof, we will indicate the list of its steps. For that purpose
recall the notation [«a|8] = Sa for the horizontal composition of 2-cells o (first) and
(second) from the end of the second paragraph of Section 3.

We set:

P(A,B) = H(A, B),
P(K,k) = H(A’ k)H(K, B) = (k, A’)(B K), for K: A— A" and k: B — B/,

P(U,u) = ( for Iv-cells U: A — A,u: B — B, and
Plag)i= (5.0 a0 () (10)
(B,U) (B’?‘) ,(k:, o] (B
5, A2 B4 ()
. i (B, A) L
(U,A)~ ) ( 7K) ) ~U7A/) ] (li7A)
(B Az (B, A’)m (B, A)

for 2-cells a in A and £ in B as in (11)
For the lax structure v g)(1.9): . P(f',¢)P(f,q9) = P(f'f,dg) and P Lpap) =
P(1da,p)) of P we set
(k,A") (B, K)
| |-
(hK)ie (B (BE (kA (kA

:l (B, “)xix l:(—,A”)k/k l:
(B,K'K) (K'k, A

and

where (& = (B, —)a and 14 = (—, A)p of H.
The hexagonal law (Ix.f.cmp) for v and the unital laws (Ix.f.u) can be formulated in
the underlying horizontal 2-category, where they amount to the same data as in [Faul,
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Manuell, Siqueira, 2021, Theorem 3.2]. The same holds for preservation of the identity
2-cell on a lh-cell (Ix.f.s2). We will discuss vertical naturality of : with respect to 1v-
cells (Ix.f.u-nat), the naturality of v with respect to 2-cells (Ix.f.c-nat), and the vertical
functoriality of P with respect to 2-cells (Ix.f.s1). P is strictly compatible with vertical
composition of 1v-cells and vertical identities on objects, rules (Ix.f.v1) and (Ix.f.v2), since
(B,—) and (—, A) are strict in the vertical direction.

For (Ix.f.c-nat) we take two 2-cells o, @’ in A and two 2-cells 8, 8’ in B:

A K A K’ A B k B K B
U{ [a] i~U’ QU” and “L L“/ lu,, (11)
A IR A R A B P B o "
and we should prove the equality:
(B,A/)M(B,,A/)(B/’Kl) (B/,A”)
_ (k, K) _
(B7 A) (B7 K) (B’ A/)(M)(B7 A//) (k7 A//) (B/./A//) (k/7 A”) (B//,A//)
(B7 A) (B7 K/K) (B7 A//) (k/k7 A”) (B//7A//)
(B,U) Uy |WkUT (B",U")
. (B,K'K) . (K'k, A" -

(B, A") (B, A" (B", A"
(U,A) (uvf(lf() (U7A”) (/8/6:14”) (U//,A”)
4 BRR) (i A7) e
(B7 A) (B7 A//) (B//,A//)

(B7 A) (B7 K) (B7A/) (k/‘7 A,) B/’A/) (B/7K,) (B/./A//) (k/7A”) (B//’A//)

(B./ U (B, /) B, U//) —
(B,U) (B, Oz) (k‘, U/) m (k U ) (B",U")
(37;1()84’[9(3’;1/ (k’A,) (~B/7A/)M (B'LA”)M)’(B”,A”)

B (u7[~() (u7A/) Eu/,A’) ~(u/,A”) (ﬂ/,z‘i”) .
(u,A) — (6714/) (u’,K’) — (u ,A )
(B AN P8, ) e (B A) e (B, A0 )

| A O gy ’
- . & -
(37121) (B7K)(B7A/) (B’K,) (B7A//) (k’A”) (B/’A// (kl’A//) (BU,AN)
—l (37_)}(1( J— (_7AH)kk {—
(B,/I) (B7K/K) (37/1//) (klk7A//) (B//’A//)
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In order to show that the left hand-side equals the right one, apply the following rules: 1)
naturality of the laxity of (B, —) in &/a and ((K'k,U)); 2) ((k, K)-r-nat), ((u, K'K)) and
naturality of (—, A”) in §'f3, and 3) ((k, K)-l-nat).

L{’AVB) 1P(U,u)

For (Ix.f.u-nat) we should prove the equality: PAG) = P which translates into:
(4,B)

(B,A) — (B,A) — (B, A) (B, A) = (B, A)
:l (B7_A‘:(_5A)B‘ = (BvU)lN l(~B>U)
T T T

(B’U)l EBBJL) ﬁB’?N (BO) _ (54 - (B.A)
(8, 4) ’HAEB, “—(B.4) = ||B,-)a]|=| ()] | =
e U - u A ~ ~ ~ ., N ~ ~

(u,A)~J~( 71A)~ ~(1, )~ (~u,A) (B, 8~’1A()B A)(lB’A)(B,A)
(B, A)= SB,A\ (B, A)

which is true by: 1) vertical naturality of (B, —) and ((u,14)), and 2) by ((15,U)) and
vertical naturality of (—, A)p.

For (Ix.f.s1) one takes two vertically composable pairs of 2-cells:

A—B .
Ul [@] % - Ul l
A/;»A/ / /
a % | v
A" 4.K " A// B" K" B//

and one immediately sees that P(<, g) P(aa 22 by ((u,U)-l-nat) and ((u, U)-r-nat).
Thus we obtain functoriality of P.

5.2. REMARK. The requirement that the 2-cells (u, U) be identities is needed in the above
proof to show that P is strictly functorial with respect to 1v- and 2-cells. To prove the
naturality of ~, it is sufficient to assume merely invertibility of (u, U).

This finishes the proof that we have a lax double functor P: A x B — C.

Observe that if (4 and (P are invertible, then so is :© and also Y(1a.9)(fi1y)- Lhis
is exactly the same as in [Faul, Manuell, Siqueira, 2021, Lemma 5.2]. When ¢’s are
invertible the lax double functor in question is called unitary, whereas the lax double
functor P: A x B — C is called decomposable when 71, )11, is invertible in loc.cit..

We will prove later that the full double subcategory ¢- Laxfl’:p“(A xB, C) of ¢- Laxhop(A X
B, C) consisting of unitary lax double quasi-functors (in the sense that both (—, A) and
(B, —) are unitary) is double equivalent to the full double subcategory ]Laxhop(A x B, C)
of Laxpe,(A x B, C) consisting of the unitary and decomposable lax double functors. Let

F': g-Lax;o"(A x B,C) — Lax!® (A x B, C). (12)

hop hop
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denote the corresponding restriction of F from (9), and let G denote a to-be-defined
quasi-inverse double functor for F’.

5.3. A QUASI-INVERSE G OF JF’' AND TRANSFORMATIONS k, A ON 0-CELLS. We will
first show that a wnitary and decomposable lax double functor P: A x B — C with
the structures v and ' determines a lax double quasi-functor H: A x B — C. Let
P(Ak): = P(14,k), P(A,u): = P(14,u), P(A,3): = P(I4, 3), where I4 is the identity
2-cell for the object A, and k,u, as usual, and similarly for P(—, B). It follows that
P(14,15) = P(A,15) = P(14, B).

Now set (—, A) = P(A,—) and (B,~) = P(—,B) and 13 = §: = t[, 5. Then
(k' A)(k, A) = P(14,K')P(14,k) and similarly for (B, —), and we may define

(= Ak =Yaa 0k and (B, =)gk = YK/ 15)(K 1s)-

We get that (—, A) and (B, —) are unitary lax double functors.
Observe the form of the 2-cell:

P(K k)

P(U,u) JJ P(V,v)

P(K, k)

and notice then whenever either of the two 1h-cells or either of the two 1v-cells in P(—, —)
above is an identity, the form of P(—, —) becomes (B, ) i.e. (x, A) for the corresponding
1h- or 1v-cell z. Then we may further define

(k,A) (B, f)
(k7 K) -= VK 1p)(L k)
=| e 1
(B,K) (k,A)
(U, K) _ (U,A) l P(IdK7Idu) l (u7A/) and (k7 U) = (B7 U) l l <B/ U)
CB.K) kA

Since P is strict in the vertical direction, we have BU) _ (w4

() = (Bo) S0 We may define a 2-cell

(u,U) (in the desired form) to be the identity. For the same reason the rules ((7, K)),

((k, %)) and ((u,U)-l-nat), ((u,U)-r-nat) hold. The rules ((u, K'K)) and ((k'k,U)) hold
by laxity of P.

Since P as a lax functor when evaluated at an identity 2-cell equals the identity, the

following rules hold true: ((172, K)), ((u,14)), (15,U)) and ((k, 14)). The rules ((17,U))

and ((u, 1)) hold since we defined (u,U) to be the identity.
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Observe that the naturality of v with respect to 2-cells Idg from A and S from B
reads:

(%, A) (B, K) (%, 4) (B, K)

(B, A) (B, A)—=/(B', A) (B, A) = (B, A) (B, A)
= = P14 w) | P4, B) [P(14, v)| PUdk, 1d°) || p(147 )
P(A, B) P(K, k) P(A', B — (B, A) (k, 4) (B, A) (B, K) (B, A"
PAW) Pide)] |y - -
N P(K, k) s . P(K,k) 5
P(A,B) P(A'B) P(A, B) P(A'B)

Then applying this naturality of VKL p) (Lask) and Y 1 k) (K1) One obtains that the rule
((k, K)-I-nat) holds. Analogously, the naturahty of v Wlth respect to 2-cells a from A and
Id; from B are used to prove the rule ((k, K)-r-nat).

All the remaining rules from Proposition 3.3 concern only the horizontal structures and
are already shown to hold in [Faul, Manuell, Siqueira, 2021, Theorem 5.3]. We conclude
that the unitary and decomposable lax double functor P: A x B — C indeed determines
a unitary lax double quasi-functor H: A x B — C. Thus G, with G(P) = H, is well
defined on 0-cells.

Let us now start to define two horizontal strict transformations: «: Id = GF' and
A F'G = Id. We will show that they are isomorphisms. This will yield that ' in (12)
is a double equivalence, as announced.

Let H be a lax double quasi-functor and F'(H) = P. Observe that GF'(H | x)) =
P(K,B) = (B,K)(1p, A4"), and similarly GF'(H|x,a)) = P(A,k) = (B,14)(k, A). For a
fixed A € A we proceed to define a horizontal oplax transformation y“ (and similarly and
independently for a fixed B € B a horizontal oplax transformation x?). We set x*4(B) =
XB = 1(p,a); for a globular 2-cell x;*: x*(B')(k, A) = GF(k, A)x*(B) which is actually

Xi: (k,A) = (B,14)(k, A), we set xi': = [f]1dp.a), and (x)*: = (u,14) = 1d™4
by ((u,14)), with notations as usual. We obtain that (—, A) is naturally isomorphic to
P(A, —) if /& is invertible, through the horizontal oplax transformation y“. To prove the
property (h.o.t.-5) of Definition 2.2 in this double-categorical setting the interchange law
is used. Analogously, one proves a natural isomorphism (B, —) = P(—, B) through xZ,
if 144 is invertible. Thus when H is unitary (i.e. :* and (” are invertible), y* and x? are
isomorphisms. It is easily seen that y3 = x5.

Observe further that GF'(k, K) is a 2-cell whose source and target 1h-cells are both
composites of four 1lh-cells, and not of two 1h-cells as in the case of (k,K). To ex-
press GF'(k, K), one uses that 7( My = M@ |t "|¢B/| 1d(x,41)] by [Faul, Manuell,
Siqueira, 2021, Lemma 5.2]. Moreover GF'(u, K) and GF'(k,U) are 2-cells whose source
and target lh-cells are compositions of two lh-cells, and not a single 1h-cell as in the
case of (u, K) and (k,U), respectively. It is easily seen and it is proved in [Faul, Manuell,
Siqueira, 2021, Theorem 5.3] that x* and x? obey (HOT}). The axioms (HOT)-(HOT})
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for x4 and x? hold almost trivially: x:!, x5 are identities, and in properties (HOT}) and
(HOTY) use the interchange law to move the 2-cells ¢g.

In this way we have defined a 0-component £” at a 0-cell H in ¢- Lax;j, (A x B, C) of
k: Id = GF', which will be a horizontal strict transformation.

To define the 0-component of a horizontal strict transformation A\: F'G = Id, we see
that F'G(P)(A, B) = P(A, B) for a unitary decomposable double lax functor P: A x B

— C, so we may set A’ to be the identity between O-cells. Similarly, as F'G(P)(U,u) =
(BU) _ PUEY)
(u,A) P(u,14)
F'G(P)K,k) = (k,A')(B,K) = P(14,k)P(K,1p), then we set A\* on a lh-cell (K, k)
to be Y,k k1) P(la, k)P(K,15) = P(K, k). Such defined A" is indeed a horizontal
oplax transformation of double lax functors: properties (h.o.t.-1) and (h.o.t.-2) are proved
in [Faul, Manuell, Siqueira, 2021, Theorem 5.3|, properties (h.o.t.-3) and (h.o.t.-4) hold
since 1v-components of AT are identities, and (h.o.t.-5) holds by naturality of +.

In the next two subsections we will finalize the proof that x and A are horizontal strict
transformations. Observe from above that restricting to the full double subcategories
¢-Lax;, (A xB,C) and Langp(A x B, C) we indeed obtain a double equivalence. Namely,
in these double subcategories & is an isomorphism since so are x*’s and x?’s, and \ is an
isomorphism since the 0-component of A is defined to be (1, x)(x,1,) on 1h-cells (K, k).

= P(U,u) we may set A" to be the identity also between 1v-cells. However,

5.4. (F,G,k,A) ON 1H- AND 1V-CELLS. We first give the definitions of F and G on
1h-cells.

To define F on 1lh-cells, let a horizontal oplax transformation between lax double
quasi-functors (—, —)1, (—, —)2 with images P, P’ be given via a pair of families 04,67 A €
A, B € B of horizontal oplax transformations. We define ¥: P = P’ by X(A, B): = 64,

9B)U (15 x), 164'] _
YU = ((9,4))“ = W. The properties (h.o.t.-1) and (h.o.t.-

2) of Definition 2.2 for ¥ are proved in [Faul, Manuell, Siqueira, 2021, Theorem 5.3]. The
properties (h.0.t.-3) and (h.o.t.-4) follow by the same properties for 68 and 64, (HOTY)

and since by assumption the vertically globular 2-cells (u, V)1, (u, V) are identities. (This
includes the proof for ¥ 14 15y = Idsa,p).)

To prove the property (h.o.t.-5) of Definition 2.2 for 3 one uses: property ((u,U)-1-
nat) of (—, —); and property (h.o.t.-5) for #4', then simultaneously (HOTy) and (HOTY),
and finally property (h.o.t.-5) for 8% and ((u,U)-l-nat) of (=, —);. Then ¥: P = P’ is
indeed a horizontal oplax transformation of lax double functors.

By inspecting F (%) and % on (A, B), (U,u) and (K, k) and the action of F on the
identity one sees that F is a strict double functor.

For G, let P,P': A x B — C be unitary and decomposable lax double functors and
¥: P = P’ a horizontal oplax transformation between them. Then G(X) is a horizontal
oplax transformation between lax double quasi-functors given by the families of §4: =
Y(A,—),08:=%(—,B) for A€ A, B € B. It is clearly #4 = 65 and the condition (HOT})
is proved to hold in [Faul, Manuell, Siqueira, 2021, Theorem 5.3]. Conditions (HOT}) and
(HOTY) hold by the property (h.o.t.-5) of ¥ from Definition 2.2 with a = (Idg,1d") and

and 62,(K,k) = Z(K,k)3



864 BOJANA FEMIC

a = (1dY,1d},), respectively, while (HOTY) holds by the property (h.o.t.-3) thereof: both
sides in (HOTY') equal ¥(y. It is directly computed that G is a strict double functor.

We now define F and G on 1v-cells.
Given a vertical lax transformation 6y between lax double quasi-functors (—, —); and
(—, —)3 with images P, P, with a pair of families 63!, 08, A € A, B € B of vertical lax trans-

formations, we define $o: P = P by So(A, B):= (#2)5 = (88) 4, 5™ = [%[%Zg’?]
0

and (Zo)xr): = [(08)kx|(05")1]. Analogously as in the case for 1h-cells it is proved that

Yo: P = P is a vertical lax transformation between lax double functors.

For P,P: A xB — C and Xy: P = P a vertical lax transformation we define G(3)
as a vertical lax transformation given by the families: 65': = ¥o(A, =), 08 : = Xo(—, B) for
A € A, B € B. The proof is analogous as in the case for lh-cells and as before we have
GF (0B, (0F)4)e = ((64) 5, (08) 4)s, where o stands for the indexing over A € A, B € B.

Let us now study «: Id = GF’ at a lh-cell component, a horizontal oplax trans-
formation between lax double quasi-functors given by a family (04,07),A € A, B € B.
To prove that x is a horizontal strict transformation, on one hand, we should show the
identity k" o (64,08) = GF'(04,07) o k. (Then the axioms (h.o.t.-1) and (h.o.t.-2)
hold trivially.) This means that both x4 0 4 = GF'(94) o x* (with abuse of notation by
writing GF'(#4) which is easily understood) and the analogous identity for B must hold.
We check only the first identity. At a O-component B we have that x4 is the identity and

A
it is easily seen that 04 = GF'(64). At a lh-component k: GF'(67)) = %?i—m and
Ty ,

observe that by the property (h.o.t.-4) of Definition 2.2 we have that 67, is the identity.
Recall that the x4’s are identities by construction, so the compositions in the identity
X o0 = GF'(07}) o x4 make sense, and the identity is shown to hold by the interchange
law. Finally, at a lv-component u we have that Y7 is the identity, on one hand, and

B
observe that GF'(07)) = %—uf, on the other. But HfA is the identity, so we get indeed
XA 002 =GF'(0)) o x?, as desired.

On the other hand, we should define x: Id = GF" at a 1v-cell component and check
that the axioms (h.o.t.-3) — (h.o.t.-5) hold. To define x: Id = GF" at a 1v-cell component
0y = (63',08), we should define a modification among four lax double quasi-functors (on

the left below), which is given by two modifications of four lax double functors, as shown:

i 5" gFm) (A X (- ), (B, - X (B, ),
0| [a"] |9F(00) of | s |aFe) 0| 1w | gFep)
F]ﬁg}‘/(ﬁ) (_7‘4)3?4'(_7"4)3 (Bv_)?)?g’(B?_)?)

where (k%)5 = (k% )4 for every A € A, B € B. When evaluating the latter two to-
be-defined modifications at O-cells B € B, respectively A € A, we see that by construc-
tion the 1h-cells appearing in the obtained 2-cells (k% )5 = (k% )4 are identities: 4 =
X3 = L4y and X3 = X4 = 1(p.4),- Moreover, we also have that GF'((65')5, (05)a)e =
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(05, (08) 4)e. Then we may set, (k%) 5: = 1“7 and (K90) 42 = 144 | which actually
are the same 2-cell for every A € A, B € B.

We next verify that this 2-cell obeys the axioms (m.ho-vl.-1) and (m.ho-vl.-2). As we
showed above that  at a lh-cell component gives an identity (globular) 2-cell (recall the
fact responsible for x being a horizontal strict transformation), in the axiom (m.ho-vl.-1)
the 2-cells corresponding to d, 5 and ©4 (and similarly for B) there are now identities,
so the axiom trivially holds. As for the axiom (m.ho-vl.-2), the 2-cells corresponding to
o and (* there are now (x4)* and (¥4), which are by definition Id®*) and Id®"s
respectively. Then we again have that the axiom holds.

This terminates the definition of x at a 1v-cell component 6.

It remains to check that the axioms (h.o.t.-3) - (h.o.t.-5) hold for x as a horizontal strict
transformation. As k at a 1v-cell component is given by identity 2-cells in both variables,
(K%)= (k%) = 1d“)7 | and as we saw further above x at a lh-cell component is
also given by identity 2-cells in both variables, these three remaining axioms are trivially
fulfilled (although we still have not defined F and G’ on 2-cells, i.e. on the respective
modifications).

To prove that A is a horizontal strict transformation, to the proof in [Faul, Manuell,
Siqueira, 2021, Theorem 5.3] we need to add: 1) the check that A&U) o F'G(Xww) =

YU © )\fU’u), for an oplax transformation of double lax functors 3: P = P’, 2) define

a modification A* corresponding to A at a lv-vell component Y, and 3) verify the
axioms (h.0.t.-3) - (h.o.t.-5) for A to be a horizontal strict transformation. We leave the
points 2) and 3) to the reader. To finish 1), recall that the 1v-components of A\ are
identities, so it remains to check that F'G(X(y)) = Y, holds. We find: F'G(X ) =

B

ggw’“’;% = g(((lj;B)) = Y(U,u), the latter identity holding by the property (h.o.t.-3) of
(U,u))u U

Y being a horizontal oplax transformation of double lax functors. Thus we proved the

desired equality.

5.5. F AND G ON 2-CELLS. We start by defining F on modifications. Let a modification
7 = (7%, 78) sca,pes in ¢-Lax;, (A x B,C) be given, recall (6). We define F(7) by
F(1)ap):= 7§ = 75. It is directly checked that this is a modification in Laxy,(AxB, C).

Conversely, given a modification © in Laxp.,(A x B, C) between horizontal oplax and
vertical lax transformations of lax double functors, define 74: = O(A, —) and 78: =
O(—, B). It is directly seen that they give modifications in the sense of Definition 2.7,
and it is clear that 74 = 7%, so we obtain a modification G(O) = (74, 78) 4cs pen of
horizontal oplax and vertical lax transformations of lax double quasi-functors.

To summarize, in this section we have proved the following results:

5.6. PROPOSITION. With notations as at the beginning of Section 5 there is a double
functor

F: g-Laxit (A x B,C) — Laxpoy(A x B, C).
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5.7. THEOREM. With notations as explained above (12), the double functor F restricts
to a double equivalence functor

F':q-Lax{“(A x B,C) — Lax}? (A x B, C)

hop hop
with quasi-inverse G.

This theorem is a double-categorical version of [Faul, Manuell, Siqueira, 2021, Theo-
rem 5.3]. We can straighten a bit its formulation by passing to pseudo (quasi-) functors,
as they are lax unitary (quasi-) functors with all 7’s invertible. The notation Lax changes
then to Ps, the upper index u becomes superfluous, but also d in the right hand-side.
Moreover, observe that in the O-cells of ¢-Ps;. (A x B, C) in the left, the 2-cells (k, K) of
quasi pseudofunctors are invertible. Then the double equivalence functor F’ restricts to
a double equivalence

F': q-Ps;t (A xB,C) — Pspop(A x B, C).

hop

Observe that by [Faul, Manuell, Siqueira, 2021, Proposition 6.2] if the 2-cells (k, K) of a
lax unitary quasi-functor are invertible, as it is the case in pseudo quasi-functors, then
the properties ((15, X)) and ((k,14)) in Proposition 3.3 are redundant. Namely, in the
underlying horizontal 2-category of A ® B one can perform the computation carried out
in the proof of [Faul, Manuell, Siqueira, 2021, Proposition 6.2] and pull the result back
to the double category. It comes down to a series of “tricks”: starting from the left-hand
side of ((1p, K)), 1) add an identity 2-cell in the form of the right unity axiom of the lax
functor structure of (—, A’) to the right and below of the 2-cell (15, K), 2) between the

added unitor and compositor 2-cells add (1(’13;?{; = Id, 3) apply ((K'k, K)), 4) use the

unity axiom of the lax functor structure of (—, A), and finally use 5)

(pK)~'
(f&K) = Id.

6. Applications

After proving our main results in Sections 3 and 4 we dedicate this last section to some
specific cases. We will also prove the universal property of A ® B and discuss monads in
double categories.

6.1. “(UN)CURRYING” FUNCTOR. At the beginning of Section 5 we commented that the
double category isomorphism (8) restricts to a double category isomorphism ¢- Laxj, (A x

B, C) = Laxuep(A, [B, C]*). Composing this with F we obtain a double functor:
Laxpep(A, [B, C]*) — Laxp,(A x B, C), (13)

which is a double-categorical version of the “uncurrying” double functor J at the end of
Section 4 of [Faul, Manuell, Siqueira, 2021]. (J was implicitly constructed in [Nikoli¢,
2019].)

In (12) we moreover restricted to unitary lax double (quasi) functors. On the left-
hand side therein (and in the last theorem above) unitarity of a lax double quasi-functor
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H refers to the unitarity of both (—, A) and (B, —) lax double functors comprising H.
In the isomorphism ¢- Laxj,, (A x B, C) = Lax,.,(A, [B, C]*) unitarity of (—, A) corre-
sponds to the unitarity of 0-cells in [B, C]*, while unitarity of (B, —) corresponds to the
unitarity of O-cells in Laxy,,(A, [B, C]*). Then the isomorphism ¢- Laxj, (A x B,C) =
Laxpop(A, [B, C]*") restricts further to a double category isomorphism

q- Laxzzp“(A x B,C) = Lax}fop(A, [B, C]*"™), (14)
where [B, C]**"* denotes the double category of 0: unitary lax double functors B — C, 1h:
horizontal oplax transformations, 1v: vertical strict transformations, and 2: modifications,
and where Laxj,, (A, [B, C[*") is the double category of 0: unitary lax double functors
A — [B,C]**™, 1h: horizontal oplax transformations between them, 1v: vertical strict
transformations and modifications between the latter two. Joining (14) and Theorem 5.7
yields

ud
Laxp,,

(A x B,C) ~ Lax;,, (A, [B, CJ**™),
which presents a setting in which the uncurrying double functor (13) restricts to a double

category equivalence, i.e. in which a “currying” functor exists.

6.2. THE UNIVERSAL PROPERTY OF ®. At the end of Subsection 3.6 we announced a
universal property of A ® B by which it strictifies lax double quasi-functors. We prove it
here and upgrade it to an isomorphism of double categories.

6.3. PROPOSITION. There is an isomorphism of double categories
q-Laxpep(A x B, C) = Dbly,, (A ® B, C),

where the right hand-side is the double category of strict double functors, horizontal oplax
transformations as 1h-cells, vertical lax transformations as 1v-cells, and modifications.

PROOF. For H € ¢-Laxjo,(A x B,C) define H: A@B — Cby HA®vy):= H(A,y) =
(y,A) and H(z ® B):= H(x,B) = (B, z) for all four types of cells z in A and y in B.
Extend H to a strict double functor (in particular, H(1,gp) = lua,s) = 1(p,a) and
define H((A® —)g):= (=, A)p, H(A® —)pi): = (—, A)p, and similarly for the other
entry, as well as for the 2-cells K ® k, K ® u,U ® k and U ® u.

Conversely, given G € Dbly,,(A ® B, C), define (-, A): B — C by (y,A4): = G(A®
y), and by the two globular 2-cells: (—,A),,: G(ARK)G(A® k) = G(A®K)(A®
k)) A G(A® K'k) and (=, A)p: = G(A ® —)p, and analogously for (B, —): A
— C. Then it is easily and directly proved that (—, A) and (B, —) are lax double functors.
Define the 2-cells (k, K), (u, K), (k,U) and (u,U) in the obvious way, then the laws from
Proposition 3.3 for (—, A) and (B, —) to make a lax double quasi-functor pass mutatis
mutandi from the defining relations of A ® B, since G is a strict double functor.

Given a horizontal oplax transformation 6 = (04, 0%) 4c4 per between lax double quasi-

functors H = H' we define a horizontal oplax transformation ¥: H = H’ by setting
Y(A® B) =04 =08 Sagr = 0, Skep = 08 and Yag, = 07}, Spep = 05. To check the
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property (h.o.t.-5) of Definition 2.2 for 3, one should check it for ten types of 2-cells a in
A®B: for a being A®w or ( ® B the property (h.o.t.-5) for ¥ holds since #4 respectively
6P is a horizontal oplax transformation, while for a being K ® k, K ® u,U ® k and
U ®u the property (h.o.t.-5) for X holds by the properties (HOT})-(HOT}), respectively,
and for 2-cells of the type (5) it holds by (HOTY). The properties (h.o.t.-1)-(h.o.t.-4)
of Definition 2.2 for ¥ hold by the same properties for 84 and 6%. For the converse,
provided a horizontal oplax transformation of strict double functors ¥: G = @’, define
¢ = (€1, (P) aca.er in the obvious (converse) way.

The definition and correspondence on vertical lax transformations is analogous as for
horizontal oplax ones. Given a vertical lax transformation 6y = (04, 0F) aca e between
lax double quasi-functors H = Hy, one constructs a vertical lax transformation ¥o: H =
H, on strict double functors A @ B — C.

Given a modification 7 = (74, 78) 4cp pep as in (6), we define a modification a

&

2o

-~

D)

S x

g

=,
z/

by O(A® B) = 74 = 75. It is immediate to see that © is well defined. For the converse,
formulate the obvious (converse) definition.

On all the four levels of cells it is clear that one has a 1-1 correspondence, so that one
obtains an isomorphism of double categories, as claimed. [

Joining the isomorphism from the above proposition and (8) we obtain that there is
an isomorphism of double categories

Dblyop(A @ B, C) 2 Laxpo(A, [B, C]). (15)

This is a strictification result for lax double functors A — [B, C].

Forgetting the vertical direction in the above double category isomorphism, i.e. re-
stricting to the horizontal 2-categories of A, B, C, we recover [Nikoli¢, 2019, Proposi-
tion 2.9] (more precisely (78) in Corollary 2.12 of loc. cit., as we work with horizontal
oplax transformations rather than their lax counterparts). Namely, the underlying hori-
zontal 2-category of our tensor product A®B is precisely the author’s AX.,,,B constructed
in Section 2.8 for 2-categories A and B seen as the horizontal 2-categories of A and B,

respectively: H(A @ B) = H(A) K., H(B).

6.4. REMARK. The reader may have noticed that the order of A and B in (15) is the
same on both sides, whereas it appears swapped in (78) of [Nikoli¢, 2019, Corollary 2.12].
However, our result is in accordance with Gray’s [Gray, 1974, Theorem 1.4.14] for the oplax
version of transformations, while the order in Proposition 2.9 and (143) in Section 4.1 of
[Nikoli¢, 2019] appears swapped with respect to Gray’s [Gray, 1974, Theorem 1.4.9] in the
lax case.
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By the 1-1 correspondence at the level of 0-cells in the double category isomorphism
(15) we conclude that there is an isomorphism of sets

Dbl (A ®B,C) = Dbl (A, [B,C]),
where Dbl is the category of double categories and strict double functors.

6.5. MONADS IN DOUBLE CATEGORIES. Many authors had observed that although var-
ious algebraic structures appear as monads in suitable bicategories, the corresponding
morphisms are not morphisms of monads, considered as 1-cells in the bicategory Mnd(B)
of monads in a bicategory B from [Street, 1972]. A very well-known example is the bicat-
egory B = Span(C) of spans over a category C with pullbacks, introduced in [Bénabou,
1967]. It is immediate to see that monads in Span(C) are categories internal to C. (As a
matter of fact, in [Bénabou, 1967, Section 5.4.3| categories internal to C are defined this
way.) However, although monads in Span(C) are internal categories in C, morphisms of
monads in Span(C) are not morphisms in Cat(C), the category of internal categories to
C.

To remediate this inconsistency, in [Fiore, Gambino, Kock, 2011, Example 2.1] a pseu-
dodouble category Span(C) of spans in C was introduced whose horizontal bicategory is
precisely the bicategory Span(C). Moreover, in [Fiore, Gambino, Kock, 2011, Defini-
tion 2.4] the authors introduced a pseudodouble category Mnd(D) of monads in a pseu-
dodouble category D, so that when D = Span(C), the vertical 1-cells in Mnd(Span(C)) are
morphisms of internal categories to C (see [Fiore, Gambino, Kock, 2011, Example 2.6]).
The construction of Mnd(ID) enhanced also other examples of the described inconsistency
for bicategories B that could be upgraded into a double category D(5).

This explains why the authors defined a monad in a double category ID as a monad in
the horizontal 2-category H(D) of D. On the other hand, Bénabou observed in [Bénabou,
1967] that a lax functor * — K from the trivial 2-category to a 2-category K is nothing
but a monad in IC: the lax functor structure corresponds to the multiplication and the
unit of the monad. It is straightforwardly seen that the analogous holds for monads in
a double category D: the only new thing now is that we have the identity 1v-cell on
the unique 0-cell, which is strictly preserved by a lax double functor, so no new data is
obtained. Let now * denote the trivial double category, then we may write:

6.6. PROPOSITION. A lax double functor x — D is a monad in D.

Moreover, a 0-cell in g-Laxpq,(* x *,) is then given by two monads in D, and the
only surviving 2-cell (and laws) in the characterization Proposition 3.3 is the one of type
(k, K) = (id,,id,) and the rules ((15, K)), ((k,14)), ((K'k, K)) and ((k, K'K)), which
correspond to monad-monad distributive laws.

So far we have proved the 1-1 correspondence at the levels of 0-cells in the proposition
below. Since lh-cells in Mnd(ID) correspond to horizontal laz transformations between
lax double quasi-functors from the trivial double category, we are led to the double cate-
gory Laxj,(*,D) from the end of Section 2 (and correspondingly to the double category
q-Lax},(x x *, D), with the obvious meaning). To the axioms for cells in Laxj,(x, D)
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we will refer by the same labels as for those in Lax},(*,D), to avoid introduction of ad-
ditional notation. This said, observe that one can consider two distinct versions of the
double category Mnd(D), depending on whether the distributive laws in its 1h-cells are
taken as lax or oplax.

6.7. PROPOSITION. The following two pairs of double categories are isomorphic:
Lax;,(x,D) = Mnd(D)

and
q-Laxj, (x x *,D) = Mnd(Mnd(D)).

PROOF. For a 1h-cell § in Laxj,(x,D) we find the following. It is (0) = Idg,w) (by
(h.o.t.-4)). Additionally, since the only 2-cell in the double category * is the trivial one,
the axioms (h.o.t.-3) and (h.o.t.-5) hold trivially. On the other hand, (#);q4, is a non-trivial
2-cell such that (h.o.t.-1) and (h.o.t.-2) mean that a lh-cell 6 in Lax},,(*,D) (given thus
only by (0);4,) is a monad-monad distributive law, i.e. a 1h-cell in Mnd (D).

For a 1v-cell §, in Lax},(, D) the situation is similar. One has (6y)"% = 1™ (by
(v.l.t.-4)). The only non-trivial laws now are (v.l.t.-1) and (v.1.t.-2). They involve a non-
trivial 2-cell (6p);q, and they precisely mean that a lv-cell 6y in Laxj,(x,D) (given thus
by (0p)ia,) is a 1v-cell in Mnd(D).

0(x)

For a modification in Lax}, (*,D), which is given by a 2-cell ~ F(A) ——G(A4) by
b+ | ()
F/(A) — G'(A)

0()
triviality of (#)'® and (6)" the axiom (m.ho-vl.-2) is trivial. The other axiom (m.ho-
vl.-1) is the only possible identity relating O, ()4, and (6p)q,, and it precisely means
that ©, is a 2-cell in Mnd(D).

The inspection for ¢-Laxj, (x X %,D) goes similarly. A 1lh-cell there is now a pair of
1h-cells in Laxj,, (*, D) which relate according to (HOTY), as the other axioms are trivial
now. These data precisely define a 1h-cell in Mnd(Mnd(D)). The situation for 1v-cells is
symmetric, now the only non-trivial axiom is (V' LTY).

A modification in ¢- Lax},,(* x %, D) is given by a pair of modifications in Lax},, (x, D)

0! 6?
A A’ A A’
o) o %) 0
A 7 A A 7 A
which satisfy: 7! = 72. This means that the 2-cell 7} = 72 obeys two identities: one

T
relating 7}, (0');4. and (6}):4., and another relating 72, (6%);4, and (63);4,. This gives a

*

a
2-cell in Mnd(Mnd(D)). n
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Recall that Mnd is an endofunctor on the category 2-Cat of 2-categories and 2-functors
(it sends a 2-category K to the 2-category Mnd(K)), and that there is a natural transfor-
mation Comp: MndMnd — Mnd, which evaluated at K sends a distributive law in IC to
the induced composite monad, [Street, 1972].

Analogously, we can see Mnd as an endofunctor on the category Dbl,; of double cate-
gories and strict double functors by the construction from [Fiore, Gambino, Kock, 2011].
Moreover, we can consider a natural transformation Comp: MndMnd — Mnd, which
evaluated at D sends a distributive law in D to the induced composite monad in D.

In the present setting, being A = B = %, note that we can write the double functor
F from (9) as F: ¢-Laxpe,(* X *,D) — Laxpe,(*,D). Then one has that the following
diagram commutes

¢- Laxy,ep(* x %, D) v Laxpop(*, D)

r_vl lg

Mn;(Mnd(D)) Comp®) Mnd(D). (16)

Moreover, it indicates that the general double functor F can be seen as a sort of generaliza-
tion of the double functor Comp(D). Either of the two horizontal arrows in this diagram
corresponds to the double categorification of Beck’s result, that given a monad-monad dis-
tributive law between monads 7" and S on a category (given by a natural transformation
¢: ST = TS), TS is a monad. In terms of our double functor F, the 2-cell ¢: ST = T'S
corresponds to the 2-cell v(q, id,)(id. id,) from Subsection 5.1.

To further develop applications to monads, there are some prospects, along the lines
mentioned in the 2-categorical setting at the end of [Faul, Manuell, Siqueira, 2021]. We
highlight the cases when I is the double category D-Mat of matrices in a category D
with coproducts (see [Cottrell, Fujii, Power, 2017]), and Span(C) of spans in a category
C with pullbacks, as at the beginning of this subsection. The vertical categories of the
double categories D- Mat and Span(C) seen as internal categories are then D- Cat, the
category of categories enriched over D, and Cat(C), the category of categories internal to
C, respectively. The double functor F in (16) then may yield some kind of product on
the categories D- Cat and Cat(C), under certain assumptions.
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