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GRAY-CATEGORIES MODEL ALGEBRAIC TRICATEGORIES

GIOVANNI FERRER

ABSTRACT. Lack described a Quillen model structure on the category GrayCat of
Gray-categories and Gray-functors, for which the weak equivalences are the weak 3-
equivalences. Restricted to Gray-groupoids, the resulting homotopy category is equiv-
alent to the homotopy category of 3-types. In this note, we adapt the technique of
Gurski, Johnson, and Osorno to show the localization of GrayCat at the weak equiva-
lences is equivalent to the category of algebraic tricategories and pseudo-natural equiva-
lence classes of weak 3-functors. This finishes establishing the homotopy hypothesis for
algebraic trigroupoids.
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1. Introduction

Let 2Cat be the category of strict 2-categories and strict 2-functors. The symmetric
monoidal category Gray is the category 2Cat equipped with the Gray monoidal structure
[Gurski, 2013]. A Gray-category is then a category enriched in Gray in the sense of [Kelly,
2005]. We denote the 1-category of Gray-categories and Gray-functors by GrayCat. A more
explicit definition of Gray-category can be found in Appendix A.

We now discuss the model category structure on GrayCat from [Lack, 2011].

1.1. DEFINITION. A Gray-functor F: A — B between Gray-categories is called:

e a weak equivalence if it is a weak 3-equivalence of A and B as weak 3-categories,
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e ¢ fibration if it is a fibration on each hom-2-category and satisfies a so-called
biadjoint-biequivalence-lifting property (from which one sees all Gray-categories are
fibrant),

e in particular, a trivial fibration if it is surjective on objects, full at all levels, and
faithful at the top level,

e q cofibration if it has the left lifting property against trivial fibrations. More specifi-
cally, F': A — B is a cofibration if and only if for every trivial fibration F': A" — B’
and Gray-functors a: A — A" and b: B — B’ such that the following square com-
mutes,

there exists a Gray-functor lift £ : B — A’ such that the two triangles commute.

1.2. DEFINITION. We denote by W the collection of weak equivalences in GrayCat. The
category GrayCatW 1] is the localization of GrayCat at the weak equivalences, which is de-
termined (up to unique isomorphism) by the following universal property [Gabriel Zisman,
1967]:

e [For any functor F : GrayCat — D of categories which maps weak equivalences to
isomorphisms, F uniquely factors through GrayCat[W™!], i.e., there exists a unique
®: GrayCatW™1] — D such that the following diagram commutes on the nose:

GrayCat Ls D

.
.
s 7
l e
.

GrayCatW™!]

1.3. REMARK. In [Gabriel Zisman, 1967], an explicit construction is provided in which
an object of GrayCat[W™!] is simply a Gray-category and a morphism from A — B in
GrayCat[W™!] is a “zigzag”, i.e. a finite chain of Gray-categories and Gray-functors

A& x, Dyox, &2 x, B x, B

where the <— and — alternate and each morphism w; “in the wrong direction” is a weak
equivalence. These zigzags are considered equal up to a certain equivalence relation. We
refer the reader to the previous citation for more details.
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1.4. DEFINITION. We denote by hoTriCat the 1-category whose objects are Gray-categories
and morphisms are pseudo-natural equivalence classes of weak 3-functors. More specifi-
cally, we say two weak 3-functors F,G: A — B are pseudo-naturally equivalent and write
F = G if they are (internally) biequivalent in the weak 3-category TriCat(A, B) of weak
3-functors. Since each weak 3-category (algebraic tricategory) is triequivalent to a Gray-
category [Gurski, 2013, §10.4], hoTriCat is equivalent to the 1-category of weak 3-categories
and pseudo-natural equivalence classes of weak 3-functors.

The main result of this note shows that Lack’s model structure models algebraic
tricategories in the following sense.

1.5. THEOREM. [Theorem 3.3] The categories GrayCat[W™1] and hoTriCat are isomor-
phic.

The proof is a straightforward adaptation of [Gurski Johnson Osorno, 2019, Prop. 3.31]
using cofibrant replacement and path objects. When restricted to Gray-groupoids, we
obtain the following consequence of [Lack, 2011, Thm. 5.4].

1.6. COROLLARY. [Homotopy hypothesis for algebraic trigroupoids| The I-category of
algebraic trigroupoids and natural equivalence classes of weak 3-functors is equivalent to
the category of homotopy 3-types and homotopy classes of continuous maps.

2. Constructions for Gray-categories

In this section we provide the two necessary constructions needed to adapt the technique
of [Gurski Johnson Osorno, 2019, Prop. 3.31] to show Theorem 3.3.

2.1. PROPOSITION. [Cofibrant replacement in GrayCat| For every C € GrayCat, there is
a cofibrant Ce GrayCat together with an “evaluation” Gray-functor eve: C — C which is
a trivial fibration. For every A,B € GrayCat and weak 3-functor F': A — B, there is a
Gray-functor F': A — B which satisfies the following properties:

- A—L>B
(1) For every weak 3-functor F: A — B, the diagram eml leVB weakly com-
A——B

mutes.

2) When F: A— Bisa Gray-functor, the diagram in (T) strictly commutes.

— — ~
w)

)
) ida = id g
) IfF: A— B and G: B — C are weak 3-functors, then GoF = GoF.

(5) In (4), if either F or G is a Gray-functor, then GoF=GoF.

PROOF. Gurski’s Gr construction in [Gurski, 2013, §10.4] satisfies the properties required
of =. We recall this construction and go over its desired properties in Appendix B. [
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2.2. PROPOSITION. [Path objects exist in GrayCat| For every B € GrayCat, there exists
a path object B! € GrayCat in the sense of [Quillen, 1967, Ch. 1, Def. 4] such that:

—5
(P1) There exist Gray-functors B —c— B! 2 B where C is a weak equivalence and
~T

(;) B! — B x B is a fibration such that SoC =T o C = idg.

(P2) If F: By — By is a Gray-functor, then there exists a Gray-functor F': Bl — Bl
which makes the corresponding C, S, and T squares commute:

/S\l

Bl —C— B{ Bl
~7

Fl Ffl lF
— S~

BQ—C—> Bé 82
~7

(P3) Moreover, B! satisfies the property that for every two pseudo-naturally equivalent
Gray-functors F,G: A — B, there is a weak 3-functor (F,G): A — B' such that
So(F,G)=F and T o (F,G) =G.

PROOF. Lack’s path space construction PB for B € GrayCat in [Lack, 2011, Prop. 4.1] sat-
isfies the desired properties. As [Gurski Johnson Osorno, 2019] note in their Remark 3.33,
there have been some mistakes in the literature regarding path objects and transferred
model structures. We provide a careful treatment of this by recalling Lack’s construction
and showing it satisfies the properties of B! in Appendix C. [

2.3. REMARK. We note that the existence of such path objects in GrayCat satisfying (P3)
is crucial in proving our main result, as it relates (right) homotopies in the model theoretic
sense with pseudo-natural equivalences.

3. The main theorem

In this section we implement the technique of [Gurski Johnson Osorno, 2019]. There
is an obvious functor @): GrayCat — hoTriCat which maps each Gray-category to itself
and maps F': A — B to its equivalence class [F] in hoTriCat. Clearly this functor maps
equivalences to isomorphisms, and thus uniquely factors through GrayCat[W~!]. We will
denote this factorization by ®: GrayCat[W~!| — hoTriCat.

3.1. DEFINITION. Define ¥: hoTriCat — GrayCat[W™1] to be the identity on objects and,
for a weak 3-functor F: A — B, define

W([F]) = A&4 A5 5o g,

3.2. LEMMA. V¥ is a well-defined functor.
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PROOF. Suppose F,G: A — B are pseudo-naturally equivalent. Then

V() = A&A A5 Bos

— A &A g 20, B evs, (P3)
— A& 39, B S e (5)

FG) -3 eVBI

— A &a 59, pi

y B 2 B 2)

?75)\ a7 Vsl

— A &a g B9, g el gt &g G gl S

_A&a 39 g e g C g R T (P1)
_ Ao 159, B e pr T

_A&a R EO B T g e g @)
:A\GVA A\TO(F,G),B\eVB/B (g)
—AEA LG B2 B w((q) (P3)

Hence VU is well-defined. Observe
W(fida]) = A EA 494, 124, »
—AEA JEA e g 3)
= ASA AT A

:.Ald—A>.AIld\p(A)

Since W is well-defined and for composable weak 3-functors A L B 5 € we have [@ oF | =
|G o F], it follows

—

ﬁigiag)ﬁ YA GoF, 6 e 6 (G o F)) @
(GO = ASA FEE G (3
NG
Hence
V(G o W([F]) = A &4 A5 B os g e 66 o
A& RE B g
S ASA FER G 0 y(Go ),
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and we conclude ¥ is a functor. [
We are now ready to prove the main result of this note.
3.3. THEOREM. The functors ® and V¥ exhibit an isomorphism of categories.

PROOF. Since both functors are the identity on objects, it suffices to show that ® and ¥
are mutual inverses on hom sets. The fact that & is surjective on hom sets follows from
(1). We now show (¥ o ®)([F]) = [F] and conclude & is an isomorphism with inverse 0.
Indeed, consider the following diagram:

GrayCat 2, hoTriCat

7{ e ’ - ’
GrayCat[W~!] — GrayCat[W™']
whose left triangle commutes by the universal property of GrayCat[W™!]. Note that for
every Gray-functor F': A — B,
(VoQ)F)=U(F)=A&EL AL BE5 B 2)
—AEA A AL B AL B=n(F).

Thus Yo P orm = Vo = m. By the uniqueness of factorizations through GrayCat[W™!],
it is easy to see that 7 is epic. From this we conclude W o & = id. [

4. Corollaries

We obtain the following two corollaries which correspond to the surjectivity and injectivity
/well-definedness respectively of the above bijection induced by ®.

4.1. COROLLARY. If A is a cofibrant Gray-category and F: A — B is a weak 3-functor,
then F' is pseudonaturally equivalent to a Gray-functor.

PROOF. Since ev4: A Ais a trivial fibration, if @ — A is a cofibration, then there
exists a Gray-functor lift £: A — A which makes the following triangles commute

g —> A
A—— A

Thus £ is a section of evy and F' = Foevy ol = evp oF o ¢, a Gray-functor. n
1)



1142 GIOVANNI FERRER

4.2. COROLLARY. Suppose A is a cofibrant Gray-category and F,G: A — B are Gray-
functors. Then F' is pseudonaturally equivalent to G if and only if F' and G are homotopic
in Lack’s model structure.

PROOF. First suppose F' is pseudo-natually equivalent to G, i.e. ®(F) = [F] = [G] =
<I>(G) By the injectivity of ®, F' = G in GrayCat[W™!]. Since ev 4, evs € W, it follows by
(2) that F = G in GrayCat[W~1]. By the general theory of model categories, GrayCatV~!]
is equivalent to the category of fibrant-cofibrant Gray-categories together with homotopy
classes of Gray-functors (see [Hirschhorn, 2003, Thm. 8.3.9]). Through this equivalence we
obtain that F is homotopic to G since A and B are fibrant-cofibrant. More specifically,
there exists a Gray-functor H : A — B! such that So H=F and To H = G.

By (P2), there exists a map evh: B! — B! such that the following diagrams commute.

Bl 54 B Bl L, B
evIBl levlg evél levlg
BI T> B BI T> B

As before, since A is cofibrant, there exists a Gray-functor section ¢: A — A for ev 4. By
defining the Gray-functor H': A — B! by H' := evk oH o { we see that

and similarly T'o H' = G. Thus F,G are homotopic. Conversely, suppose F,G are
homotopic so there exists a Gray-functor H: A — B! with So H = F and To H = G.
By (P1), (C: B — B!) € W with SoC =T oC, so S =T in GrayCat)W~!]. This implies
F=SoH=ToH =G in GrayCat)/W"!] and by the well-definedness of ® we have that
[F] = ®(F) = ®(G) = [G]. Thus F is pseudo-naturally equivalent to G. n

A. Gray-categories

We present the data and axioms of a Gray-category in order to fix notation for Appendix B
and Appendix C.

A.1. NOTATION. A Gray-category C consists of the following data:

(DO0) a collection of objects Cy, denoted by lower case letters a, b, ¢
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(D1) for a,b € Cy, a strict 2-category C(a,b) where we write f: a — b whenever f €
C(a,b), composition of 1-morphisms (called 2-morphisms in C) is denoted by ®, and
composition of 2-morphisms (called 3-morphisms in C) is denoted by o;

(D2) for each a € Cy, an identity id,: a — «;

(D3) for objects a, b, c,d € Cy and 1-morphisms g : ¢ — d, f: a — b, strict covariant and
contravariant hom-2-functors g, = ¢gX — and f* = — X f:

g«: C(b,c) = C(b,d) and f*:C(b,c) — Cl(a,c),
(D4) an interchanger 3-isomorphism 3, ¢ for each pair of “horizontally composable” 2-
morphisms £: g = ¢ with g,¢': b= cand v: f = f with f, f':a — b:
Yot (EWidy) ® (g Wy) = (idy Wy) © (¢ Widy)

subject to the following conditions:

(C1) for composable 1-morphisms g : b — c and f: a — b,
9f = 9=9gK[;

(C2) X is strictly unital and associative, i.e., the following hold whenever they make
sense:

(idp)« = ideapy = (ida)*
gufs = (g f).

[t =X [f)

9" = f"9s;

(C3) the interchanger Y respects identities, i.e., for a l-morphism f: b — ¢ and 2-
morphisms &, v, the following hold whenever they make sense:

Eg,idf = idggf and Zidf,'y = id.fg7

(C4) the interchanger ¥ respects ®, i.e., for g £ g £ g" and f = f' i f", the

following hold whenever they make sense:
Segey = (Bey ® (EXf)) o (€N f) @ Eey)
Y ey = ((9'HY)®Ees) 0 (Eey ® (g W 7))
(C5) the interchanger ¥ is natural, i.e., for g,¢': b — ¢, £, g = ¢ and Z: £ = ¢'; and
fiffra—=b, v,y f=fand:v=4"

Ygy o (ENf) ®idgr,) = (idgm, @ (EX f)) 0 X¢y
Sy 0 (idep @ (gWT)) = ((¢ WT) @ idey) 0 B
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(C6) the interchanger ¥ respects X, i.e., for I-morphisms f, g, h and 2-morphisms o, ¢, 7,
the following hold whenever they make sense:

Zh@&ﬁ =hk E&v EU&HW = Za,gﬁv Eov&&f = Za,ﬁ X f

B. Gurski’s Gr construction
We recall [Gurski, 2013, Def. 10.7] specialized to the case of a Gray-category.

B.1. CoNSTRUCTION. The Gray-category Gr.A of a Gray-category A is constructed as
follows.

(Gr0) Gr.A has the same objects as A, i.e. (Gr.A)y = Ay.

(Grl) For a,b € Ay, the objects in the 2-category (Gr.A)(a,b) are (finite) strings {f;} of
composable 1-cells of A (starting at a and ending at b). In particular, such a string
{fi}1, takes order and multiplicity into account, thereby representing a path in A:

af—1>x1f—2>f—>xlf%1f—">b
For composable lists {g;}72,: b — c and {f;}/2,: a — b, we define {g;} KX { f;} to be
their concatenation { f;, g;}, which represents the following path:

gng

fn
M LN TN N N

Notice the identity for an object a € Gr. A will be the empty string &, starting and
ending in a.

(Gr2) A morphism @ in (Gr.A)(a,b) consists of a composable string (@, ..., a;) of gener-

ator morphisms ay: {fi};2; — {g;}72, which themselves consist of:

(a) Three numbers k, {1, {5 with k < ¢; such that

o If m <k, then f,, = g,, and
o If m >0, then fy, 1 = go,+m if either side exists. (so ny — 3 = ng — £3)

(b) A pair (o,7) where 0 = (0,D) and 7 = (7, E) are so-called associations for
{ fl}flzk and {gj}ﬁik respectively. Since A € GrayCat, the composition X of
I-morphisms in A is associative, so this data is superfluous and we will not
present more detail.

(c) A 2-morphism between the “evaluated associations” for {f;}, and {g; §2=1<;-
In our case, this amounts to a 2-morphisms a: fp, X --- X fr, = go, X --- X gp

in A.
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(GrY)
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The composition ® of 1-morphisms in (GrT')(a, b) is given by concatenation, so the
empty l-morphism @y, is the identity on {f;}.

For a basic 2-morphism @ and a 1-morphism {h;};2, in Gr. A we define their com-
posites @ X {hy}: {hi, fi} = {hk,g;} and {hy} K a: {f;, e} = {9, hi} (whenever
they make sense) by

aX¥ {hk} = (]{7 + ng,él + n3,€2 +7l3,0', T, a).
{hi} Ra = (k,ly,0s,0,7T,).

We extend K for arbitrary 2-morphisms @ = (@, ..., @) by

{hp} Ra = ({h} Ra,, ..., {h} Xa).

With the data presented thus far, Gr. A forms a sesquicategory which is free on a
computad. Once we finish constructing the Gray-category Gr A, [Lack, 2011, Corol-
lary 9.4] will yield that Gr.A is cofibrant.

For generator 1-morphisms @, 3 in (Gr.A)(a, b), a 2-morphism I': @ = 3 in (Gr.A)(a, b)
is simply a 3-morphism I': [o] = [5] in A where [, [8]: fn, K- K f] = ¢, K- - -Kgy
are given by

[Oé] ::fn1&"'&fﬁ1+1&a&fk—1&"'&fla
: XX KR g K- K gy

For general 1-morphisms @ = @, ® -+ ® a; and B=P,,® - ®f, in GrA(a,b),
[': @ = fis simply a 3-morphism I': [a,] ® -+ @ [a1] = [fp] ® -+ - @ [41] in A.
The vertical composition o of 2-morphisms in (Gr.A)(a, b) is inherited from A and is
thus strictly associative and unital. The horizontal composition ® of 2-morphisms
in (Gr.A)(a,b) is also inherited from T, so this composition satisfies the interchange
law and is strictly associative. Thus GrT'(a,b) is actually a strict 2-category.

For a 1-morphism {h;} in Gr A we define {h;} XT': {h}Xa = {h,} XS (whenever
it makes sense) by

(®i) B ([o] ® - @ [e1]) ey (Ri) B (] @ -~ ® [1]).

We similarly define I' X {hy}.

For basic 2-morphisms @ and § in Gr.A we may define the interchanger Y7 (When-
ever it makes sense) to be the interchanger ¥, 5 in A. One then extends ¥ to
general 2-morphisms in Gr.A by the same formula in (C4).

By [Gurski, 2013, Thm. 10.8], this data serves to equip Gr.A with the structure of a Gray-
category. We continue recalling [Gurski, 2013, Def. 10.7] and [Gurski, 2013, Thm. 10.9]:
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B.2. CONSTRUCTION. We define the Gray-functor ev4: Gr A — A as
(ev0) On objects, ev 4 is the identity.
(evl) On 1-morphisms,
ev({fi}) =[fil =fua®---®fi
where [ ] = I, for the empty 1-cell @,: a — a. We will also use the notation
[bj, ai] = [b;] X [ai].

(ev2) For a basic 2-morphism @: {f;} = {g;}, we define evs(@) = [a] where we are
using the same notation as in Construction B.1. We then extend ev4 to general
2-morphisms in A by

ev(a, ® - ®@ay) =ev(a,) ®- - Qev(ay).
and set ev(@yys,y) = id,).
(ev3) On 3-morphisms, ev 4 is the identity.

B.3. REMARK. By construction ev 4 is surjective at all levels and (fully) faithful at the top
level, i.e., ev4 is a trivial fibration in Lack’s model structure for GrayCat. So Gr A =24 A
is indeed a cofibrant replacement for A in GrayCat.

We now recall [Gurski, 2013, §10.6].

B.4. CoONSTRUCTION. For a weak 3-functor F': A — B between Gray-categories, we
define the Gray-functor Gr F': Gr A — GrB together with an equivalence pseudo-icon
(¢, M, 1) where

GrA —f . GrB

evA‘/ © l} ‘/ev,g

A——B
(GrF0) Gr F(s) = F(s) for every object s € S.

(GrF1) GrF({f:}) = {Ff;} for a string {f;} € GrS.

(pl) Let {fi}, be a l-morphism in Gr.A. If n = 0, so that {f;} = @,, we define the
equivalence @gr1: Ip) = F(9,) to be the unitor ¢gsy = F? of F. When n =1,
we define gy F(fi) = F(f1) to be the identity ¢y == idp(y). When n > 2, we
define

oy P KNEf = F(fn XX fl) to be the leftmost composition of tenso-
rators F2 of F tensored with identities

Ff s @ @ Ffmg s guyRE fas®--REf)@(FF ; KFf, o8- -KFf).
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We also choose the obvious adjoint ¢’, unit, and counit. For simplicity, we will
continue to denote this n-fold tensor by [-], so that

ey [Ffi] = FLf]-
For a basic @ = (k, (1, ls, (0, D), (7, E), a), we define
Gr F(a) = (k,l,03, (0, FD), (1, FE),Gr Fa).

where we recall the data of (o, FD) and (7, FE) is superfluous and define Gr Fax so
that the following diagram commutes.

Gr Fa
[F fi] [Fg5]
[‘p{ffflzizmﬂ ﬂ[w'{glzzzk}]
[ fisers Flferziztls Ffisi] =57 [F 9550, Fl9n2521], F i)

We extend this for general 2-morphisms by Gr F(@, ®...®a;) = GrF(a,) ®...®
Gr F(al)

For a basic 2-morphism @ in Gr A, we again denote f,,, X---X f,, KaM f_1X---X f;
by [a]. We then define the naturality isomorphism ¢z to be the following composite
of adjoint equivalence data from F

(P50, >immd]

[Ffl] [Ffi>€17 F[ff12i2k]>ka>i]

~ /

P Pl isep oy >kl Fr>i )

Ffi] / =
/ [

Flo] PLIj>090[909> > 11 9k>5 } =~

We then extend this to general 2-morphisms in Gr A as usual.

[Fa]

(Fgjsty, Flge,>j>k], Far>j)

<p'{g£22j2k}]

${g;} [ng]

For every object a € Gr Ay = Ay, we define the invertible 3-cell M,

idFa _ idFa

Maw “%za

idp, ? F(@a)
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(GrF3)

w0
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to be the identity idpo.

We define the modification II to be the unique coherence isomorphism given by F'.

In particular, IT has component invertible 3-cells Il (4.3 for a ﬁ) b M ¢ in

GrA

[Fg;) RFf) ———— [FJ;, Fy]
W{g]}@@{fz}“ IV “¢{97}®{f1}
Flg] ¥ F[fi] =——= Flfi,yj]
[£:1.19;]

For a 3-morphism I': @ = 3 in Gr.A we define Gr F(I'): Gr F(a) = Gr F(B) so that
the following diagram commutes

. GrF(T .
[90{'&22]'21@}] ® [FO(] ® [Sp{fhzizk}] [()0{']%22]_2]6}} ® [Fﬁ] ® [gp{felzizk}]

%l T%

Qpl{gj} ® F[Oé] ® gO{fZ} idRFIreid ? QO:{gj} ® F[ﬁ] ® Sp{fz}

where the 3-isomorphisms ¢z and ng are similar to ¢ and v5 in (p2).

. PROPERTIES. We now review the properties outlined in Proposition 2.1.

The fact that (¢, M, II) forms a pseudo-icon follows from the coherence theorem for
weak 3-functors. We refer the interested reader to [Gurski, 2013, Thm. 10.13] and
its corollary [Gurski, 2013, Cor. 10.15].

When F is Gray, F' is strict so for every l-morphism {f;} in GrA, ¢y = id by
construction. Now consider a generator 2-morphism @ = (k, {1, (s, (0, D), (1, E), «)

from {fi} to {g;},
Gr F(@) = (k, 01,05, (0, FD), (1, FE), Fa).

Therefore, the following diagram strictly commutes

evio Gr F{f;} 229D oo Gr F{g;)} [Ff] =22 [Fy,]
‘p{fi}ﬂ ﬂ@{gj} H H
Foevy{fi} o) Foeva{g;} F[fi] g Flgi
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In other words, evgo Gr F'(a) = F o ev4(@) and since both functors are strict, this
equality holds for general 2-morphisms. Finally, since Gr F' and ev 4 are uniquely
determined on 3-morphisms by coherence, it is immediate that evgo Gr F' = Foevy
at the level of 3-morphisms.

A~

(3) Since idy is Gray, the result is immediate from our discussion in (2).

(4) From our discussion in (1) we see that

GrA —&f L GrB
ev g SOF‘U’ evp

N2

y B2 GrB

/ \ = F e

GrA oF J C +—— GrC
C& /
Therefore,
Gr .A GrC
~GrA S A5 BY% e TS 6re

Gr F

~ GrA 24 A4 6r A S5 GrB 25 B 25 6rB ©5 6re 2% ¢ 2 Gre
~ GrA 25 6rp &C GrC,

where ev’y, eviz, evp are pseudo-inverse to ev 4, evg, eve respectively.

(5) Notice that Gr(G o F) and GrG o Gr F' always agree on objects and 1-morphisms
in Gr A. We now suppose F' is a Gray-functor. Consider a generator 2-morphism
a = (k,ly,ly, (0, F),(1,E),a) in Gr. A. We must show Gr(G) Gr(F)a = Gr(G o F)a.
As we saw in (2), Gr(F)a = (k, 0y, (s, (0, FD), (1, FE), Fa) and

Gr(G) Gr(F)a = (ng);{F%Zm} @ GFa ® gp{GFﬂlzizk}.
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This agrees with

GFy- GF
Gr(Go Fa= (¢ ){WQijk} ®Gla® Plfe,>izk}

because in this case the constraint data for GF is simply that of G restricted to the

image of F. Since Gr(G) o Gr(F) and Gr(G o F') are strict, we conclude that these

functors agree on general 2-morphisms in Gr. 4. We conclude by a similar argument

that these functors agree on 3-morphisms as well. Thus Gr(Go F) = Gr(G) o Gr(F).

Now suppose G is Gray. We must again show Gr(F')Gr(G)a = Gr(G o F)a for a
generator 2-morphism @ in Gr A. Recall that

Gr(F)Oz = (SOF) ®Fa® ¢€f212i2k}'

{9ey>5>n}

Thus

This agrees with

Gr(G o F)a = (QOGF).{QZQZJ‘ZIC} ®GFa® (’D?fIZZiZk}'
because in this case, the constraint data for GF' is that of F' pushed through the
functor G. We then conclude that Gr(G o F') and Gr(G) o Gr(F') agree on arbitrary
2-morphisms in Gr A as usual. A similar argument reveals that these functors also
agree on 3-morphisms, and we again conclude Gr(G o F') = Gr(G) o Gr(F).

C. Lack’s path object construction

To show (P1), we recall [Lack, 2011, Prop. 4.1] and include details which were originally
left to the reader.

C.1.

CONSTRUCTION. The path Gray-category PB of a Gray-category B is constructed

as follows.

(P0)

(P1)

An object a € PB is a biequivalence a: Sa — Ta in B.

A T-morphism f: a — b in PB consists a tuple f = (Sf,T'f, f) where Sf: Sa — Sb
and T'f: Ta — Tb are 1-morphisms in B, and f is an equivalence in B with:

Saihgb

al Uf lz?

TaT—f>Tb
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(P2) A 2-morphism #: f = g in PB consists of a tuple (SG,T@,g) where S0: Sf = Sg
and T0: Tf = Tg are 2-morphisms in B, and 6 is an invertible 3-morphisms in B

with:
Sf
T
56 S
Sa S—g> Sb Sa ——— Sb

Ta — Tb Ta ——— Tb
g Yo
~_
Tg

(P3) A 3-morphism I': § = ¢ in PB consists of a tuple (ST',7T) where ST': S0 = So

and TT: TO = To are 3-morphisms in B that commute with g and & in the obvious
way:

o (bRS0) —s (TIRD) ® f

g‘@(l?&sr)l l(TFIE&)@ f

§® (bR Se) — (ToRa)® [

There is an organic way of equipping PB with the structure of a Gray-category by inheriting
composites and interchangers from the Gray-category B. We now define the “source” and
“target” Gray-functors S,7: PB — B.

STO0) For an object a € PBy, we set S(a) := Sa and T'(a) = Ta,
ST1) For a 1-morphism f € PBy, we set S(f) == Sf and T'(f) =T,
ST2) For a 2-morphism 6 € PB,, we set S(6) = S0 and T'(0) =T,
ST3) For a 3-morphism I' € PB;, we set S(I') :== ST and T'(I") = 1T

The fact that S and T are Gray-functors is due to the fact that composites in PB are
inherited from those in B. We now define the “constant” Gray-functor C': B — PB.

(C0) For an object b € By, we set C'(b) to be the trivial biequivalence of b with itself, i.e.
C(b) = idb,

(C1) For a l-morphism f € By, we set C(f) = (f, f,idy),
(C2) For a 2-morphism 6 € Bs, we set C(0) := (0,6,idy),
(C3) For a 3-morphism I' € B;, we set C'(I") .= (I, T").



1152 GIOVANNI FERRER

The fact that C': B — PB is a Gray-functor is also due to the fact that composites
in PB are inherited from those in B. Furthermore, we have S o C = T o C' = idg by
construction.

From this we also see that S and T are surjective on objects and full at all levels.
To show that S and T are trivial fibrations, it thus suffices to show these are faithful on
3-morphisms. Consider when SI" = ST” or TT" = TT" for 3-morphisms I',I" : = o :
[ = g:a—0binPB. Using the fact that 9 o are invertible, f g are equivalences, and d,
b are bi-equivalences in B, the axiom which 3-morphisms in PB must satisfy reveals that
' =T'. Hence S and T are trivial fibrations and, by the 2-out-of-3 property, it follows
that C' is a weak equivalence.

The fact that (;) : Bl — B x B is a fibration follows from a simple characterization
of isomorphisms, equivalences, and bi-equivalences in B!. As we have not provided much
treatment for fibrations in Lack’s model structure, we refer the interested reader to [Lack,
2011] for more details.

C.2. REMARK. It is easy to show (P2) from our previous construction. Indeed, for a
Gray-functor F': By — B, notice there is an organic Gray-functor PF': PB; — PB, which
is obtained by passing the data of a k-morphism (0 < k < 3) in PB; through F.

C.3. REMARK. When F,G: A — B are pseudo-naturally equivalent Gray-functors, there
exists a tritransformation o: F' — G consisting of:

(a0) for each object a € A, a biequivalence o, : Fa — Ga and a 3-isomorphism
Ma: Qid, > idaa
in B, where

(al) for each 1-morphism f € A these is an equivalence ay: o, K Ff = Gf K, in B
and for each composable pair f, g of 1-morphisms, a 3-isomorphism

gp: (GgBay)(ag W Ff) = aguy
in B, and
(a2) for each 2-morphism 0: f = g with f,g: a — b, a 3-isomorphism
ag: oy @ (o, X FO) = (GOX ) ®
in B.

This data is subject to various axioms, including naturality conditions for «, M, and II;
an associativity condition II; and left and right unitality conditions relating M and II.
We refer the interested reader to [Gurski, 2013, Def. 4.16] for more details. We now prove
(P3).
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C.4. CONSTRUCTION. Suppose F,G: A — B are pseudo-naturally equivalent Gray-functors,
so that we have data as in Remark C.3. We define the weak 3-functor (F,G): A — PB

as follows.

(0) For objects a € A, we set (F,G)(a) = (Fa =% Ga),

(1) For 1-morphisms f € A, we set (F,G)(f) = (Ff,Fg,ay),

(2) For 2-morphisms 6 € A, we set (F,G)(0) = (F0,G0, ay),

(3) For 3-morphism I' € A, we set (F,G)(") == (FT',GT).
For a 3-morphism I': 0 = o : f = g : a — bin B, the fact that (F, G)(I') is a 3-morphism
in PB follows by the naturality axiom « satisfies, i.e. the following diagram commutes:

ay ® (ap XM FO) —— (GOX ) ® ay
a9®(ab&FF)l l(Grma)@mf

g ® (X Fo) —(— (GoXa,) ® ay
We now equip this map with the structure of a weak 3-functor.

(x) For a 5o cin A, we define an adjoint equivalence (Xyf, X} s €x,s» y,;) Where
Xos: (F,G)(g) R(F,G)(f) = (F,G)(g K f),
by xgr = (id,id, ,f), x;; = (id,id, Hg_fl), and €, . = 1,,, = (id,id). Notice €,
and 7y, immediately satisfy the axioms for 3-morphisms in PB.

Py
For a Ue Ua ¢ in A, we define the invertible 3-morphisms

/

g

(F.G)(9) R (F,G)(f) =2%= (F.G)(gR f)
(F.G) (o)&mcxmﬂ X H(F,G)(am)
(F.G)(¢) B(F,G)(f) :> (F.G)(¢ R

(F,G) (g W f) == (F,G)(9) W (F, G)(f)
<F7G><a®0>ﬂ Moo ﬂ(F,Gxo)wF,Gxe)
(F,G) (¢ W f") === (F,G)(¢) & (F,G)([)

simply by X0 = X, = (id,id). The fact that y,¢ and x,, satisfy the axioms for
3-morphisms in PB follows from the naturality of II.
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For each object a € A, we define an adjoint equivalence (i, ¢, €,,,7,,) Where
lg . id<F7g>(a) = <F, G>(ida),

by 1, = (id,id, M 1), ¢, == (id,id, M,), and ¢,, = 7,, = (id,id). Notice ¢,, and

a
n,, immediately satisfy the axioms for 3-morphisms in PB. We must also choose

invertible 3-morphisms

~

lid, © ta @ idid gy ) = (F G)(idia,) @ La

b, © Ly @ (F,G)(idia,) = idia g, ® L,
which we will simply take to be 4, = (id,id) and ¢}y = (id,id). The fact that g,
and ¢y are 3-isomorphisms in PB follows from the naturality condition M satisfies.

ForaZsb% el din A, we define the invertible 3-morphism

Xng®(F,G) (f)
_>

(F,G)(h) W (F.G)(g) K (F,G)(f) (F,G)(h W g) W (F,G)(f)
(B | L nef [
(F.G)(h) K (F,G)(g W [) (F,G)(hR g f)

Xh,gf

simply by wper = (id,id). In this case, the axiom for 3-morphisms in PS3 translates
to the associativity of II.

For a 25 b in A, we define the invertible 3-morphism

wX(FG) (f)

id gy B (F,G)(f) (F,G)(idy) K (F, G)(f)

\ Yrs %

(F,G)(f)

simply by vy = (id,id). In this case, the axiom for 3-morphisms in PB translates to
the left unitality axiom relating IT and M.

For a L5 b in A, we define the invertible 3-morphism d;: id(rq)p) é X f.ida

<F1G> (f)'z La

<F7 G)(f) X id(F,G)(a) <F7 G>(f) X <F7 G> (ida)

\ Moy %

(E,G)(f)
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by 6 = (id,id). In this case, the axiom for 3-morphisms in PS translates to the
right unitality axiom relating II and M.

These collections of morphisms in PB assemble themselves into pseudonatural transfor-
mations or modifications due to the naturality conditions II and M satisfy. Furthermore,
these pseudonatural transformations and modifications trivially satisfy the two axioms of
weak 3-functors. Thus (F, G) is a weak 3-functor and it is clear that S o (F,G) = F' and
T o (F,G) = G by construction.
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