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ON THE DEARTH OF COPRODUCTS IN THE CATEGORY OF
LOCALLY COMPACT GROUPS

ALEXANDRU CHIRVASITU

ABSTRACT. We prove that a family of at least two non-trivial, almost-connected locally
compact groups cannot have a coproduct in the category of locally compact groups if at
least one of the groups is connected; this confirms the intuition that coproducts in said
category are rather hard to come by, save for the usual ones in the category of discrete
groups.

Along the way we also prove a number of auxiliary results on characteristic indices of
locally compact or Lie groups as defined by Iwasawa: that characteristic indices can only
decrease when passing to semisimple closed Lie subgroups, and also along dense-image
morphisms.

1. Introduction

Many of the familiar categories arising “in nature” happen to have coproducts [18, §I11.3]
for families {G;}ie; of objects: an object G that is the universal recipient of morphisms
G;—=G. This is true, for instance, of sets (where the coproduct is just the disjoint union),
groups [3, §4.6], rings [3, §4.13], and in fact more generally, any variety of algebras in the
sense of [18, §V.6]; that is, the category of sets equipped with maps/relations satisfying
of fixed “shapes” satisfying a fixed collection of equations (Lie algebras, abelian groups,
monoids, etc. etc.). The latter result is a consequence of [3, Theorem 9.3.8], for instance,
or [1, Remark 3.4 (4)].

To illustrate the additional complications that obtain in handling topological algebraic
structure, consider how one constructs the coproduct of a family G;, i € I in the category
of compact (Hausdorff) groups:

e form the group-theoretic coproduct G of the G;;
e equip GG with the finest group topology making all G; — G continuous;

e then take the Bohr compactification of G (for the latter construction, see e.g. [2, §1,
Corollary]).
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The present paper is concerned with coproducts in the category LCG of locally compact
(and always, for us, Hausdorff) topological groups. One case is easily dispatched: if the
locally compact groups in question happen to all be discrete, simply form their usual
coproduct in the category GP of (ordinary, non-topological) groups Lemma 4.2.

As soon as some non-discreteness seeps in things become more difficult. The main
result is the no-go Theorem 4.1:

1.1. THEOREM. A family of at least two almost-connected locally compact groups cannot
have a coproduct in LCG if at least one of those groups is connected.

As the statement indicates, we focus mainly on the well-behaved class of almost-
connected [10, Preface] locally compact groups G: those for which the quotient G/Gg
by the identity connected component is compact. These are in particular arbitrarily
approximable by Lie groups, in the sense that every neighborhood of the identity contains
a compact normal subgroup N such that G/N is Lie (e.g. [19, §4.6, Theorem)); in [10,
Preface] this property is referred to as being pro-Lie.

The proof of Theorem 1.1 relies on a convenient numerical invariant of a connected
locally compact group G, introduced by Iwasawa [12, Theorem 13], which roughly speak-
ing measures the group’s departure from being compact: its characteristic indez, denoted
below by ci(G). This is the uniquely-determined non-negative integer r for which G' ad-
mits a homeomorphic decomposition G =~ K x R" for a maximal compact subgroup K
(see Definition 2.1).

A number of estimates on ci are needed that seem to be difficult to extract from the
literature in precisely the form needed here, so they are included here. An aggregate of
Theorem 3.3 and Proposition 3.4, for instance, reads

1.2. THEOREM. Let f: H— G be a morphism of connected locally compact groups.
(a) If f has dense image then ci(H) = ci(G).
(b) On the other hand, if H is Lie semisimple then ci(H) < ci(G).
We also need an additivity result for characteristic indices under taking quotients by

discrete subgroups. This appears as Proposition 3.2:

1.3. PROPOSITION. For a connected locally compact group G and a discrete central sub-
group Z < G (which will automatically be finitely-generated) we have

ci(G) = rank(Z) + ci(G/2).

The statement supplements the analogue (1) for connected normal closed N < G [12,
Lemma 4.10].

Topological coproducts are discussed extensively in the literature, but the discussion
tends to branch in different directions than the one pursued here.

e On the one hand there are studies of varieties of topological groups, i.e. categories
closed under a number of constructions, including coproducts (which are known to
exist): e.g. [5] and references therein.
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e On the other, for locally compact groups the focus in the past seems to have been on
whether or not one can equip (subgroups of) the standard coproduct with a locally
compact topology: e.g. [20, Corollary 1].

In particular, [20, Remark (1)] is very similar in spirit to Theorem 4.1 applied to two
circles, but argues that the standard coproduct S! #gp S! in the category GP of groups
has no “non-obvious” locally compact subgroups. This does not seem to say much about
Theorem 4.1 because in principle S! #z0g St (if it existed) might be

e a completion of sorts
e of some quotient of S #gp S!

(as per the above description of compact coproducts).

It is worth contrasting, in passing, the above-mentioned negative result, [20, Corollary
1], with positive results of the same flavor pertaining to the category of k,-groups. Recall
23, §3] that a k,-space is a Hausdorff topological space

XUXn

n€Zzo

exhausted by countably many compact subspaces X,, and whose closed subsets are pre-
cisely those having closed intersection with each X,. k,-groups are topological groups
whose topology is k,, in this sense.

In that context, [23, Theorem 3.2] says that the coproduct [ [, G, (in the category
of groups) of countably many k,-groups G,, equipped with the finest topology making
G, — | [ G, continuous, is again k,. Similarly, [15, §2, Theorem] proves the analogue
for free products of two k,-groups amalgamated over a common compact subgroup.

Reflecting this contrast between k, and locally compact groups, [23, Theorem 4.4]
observes that ordinary, group-theoretic coproducts of k, groups cannot be metrizable
unless they are discrete: metrizability entails local compactness, which is lacking [23,
Theorem 4.2].

As observed above, these matters are adjacent to the problems discussed in the present
paper but tangentially so: we are concerned here with coproducts in £LCG, whose under-
lying groups might differ from the purely algebraic coproducts in the category GP.

2. Preliminaries

All topological groups are assumed Hausdorff, and £CG is the category of locally compact
groups.

It is a celebrated result of Iwasawa’s that a connected locally compact group G de-
composes as

G=KH,---H,~K x H x---x H,

where
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e K is a maximal compact subgroup of G;

which is automatically connected and conjugate to any other maximal compact
subgroup;

e the H; are closed subgroups isomorphic to (R, +);

and the homeomorphism ‘=’ is given by the multiplication map
KxH x---xH,—G

(though that map does not decompose G as a direct product, as in general K and
the H; do not commute).

This is [12, Theorem 13], which contains an additional hypothesis on G (that of being an
“(L)-group”, i.e. arbitrarily approximable by its Lie-group quotients) proven redundant
in [19, §4.6, Theorem]. Following Iwasawa:

2.1. DEFINITION. The characteristic index of a connected locally compact group G is the
non-negative integer r in the discussion above.
We will denote the characteristic indezx of G by ci(G)

The fact that, as recalled in the Introduction, an almost-connected locally compact
group G has, for any neighborhood 1 € U < G, a compact normal subgroup K < U such
that G/K is Lie [19, §4.6, Theorem| will be referenced repeatedly.

3. Bounds on characteristic indices

The present section collects a number of results, mostly revolving around characteristic-
index computations and estimates, that have proven difficult to locate in the literature
(at least in the form needed here, without further processing).

The characteristic index exhibits additivity under extensions

1—~N—G—>G/N—1

of connected locally compact groups (with N < G closed): according to [12, Lemma 4.10],
under such circumstances we have

ci(G) = ci(N) + ci(G/N). (1)

We need some variations on this theme. For one thing, it is frequently convenient to pass
from locally compact groups to their Lie quotients, or from arbitrary connected Lie groups
to linear Lie groups (i.e. those admitting faithful finite-dimensional representations [24,
§1.5, discussion following Corollary 2], which is equivalent to being realizable as closed
subgroups of GL(n,R) for some n [7, Theorem 9]).
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Connected Lie groups often have linear quotients by discrete central subgroup: this
happens when they are simply-connected [24, §1.4], for instance, or semisimple (following
from the simply-connected case together with the fact that quotients of semisimple linear
Lie groups are again linear [7, Lemma 9]). For this reason, it would be convenient to have
something like (1) for discrete (rather than connected) N.

Let us first begin with the following simple observation, well-known but set out here
for future reference.

3.1. LEMMA. A discrete normal subgroup of a locally compact connected group is auto-
matically abelian finitely-generated.

ProOOF. That such a subgroup Z < G is in fact central follows from its normality and
discreteness, and the connectedness of G: the conjugation action of the latter will have
connected orbits, but the only non-empty connected subsets of Z are the singletons.

As to finite generation, pass first to a Lie quotient G/K of G by a compact normal
subgroup. This will affect nothing, since K n Z must be finite (being both discrete and
compact). But now Z can be identified with the fundamental group of a compact manifold
(a compact Lie group, in fact), hence the conclusion. [

Lemma 3.1 implies that any discrete normal Z < G is of the form
Z = (the torsion subgroup of Z) x Z', (2)

and hence we can refer, as usual (e.g. [17, p.46]), to its rank rank(Z) := r. With all of
this in place, we can now proceed to the aforementioned discrete-subgroup analogue of

(1).

3.2. PROPOSITION. Let G be a connected locally compact group and Z < G a discrete
normal subgroup. We then have

ci(G) = rank(Z) + ci(G/Z). (3)

PROOF. Since quotients by finite groups do not affect the characteristic index and we can
work our way through the individual Z factors in (2) successively, we will assume Z = Z.
The goal, then, is to prove that

ci(G) = 1+ ci(G/Z). (4)

Consider a connected, closed, proper, normal subgroup {1} # N < G. We can then apply
the desired result to N and G/N separately: either Z n N is infinite cyclic, in which case
the proposition applies to it, or the image of Z generates a closed subgroup of G/N of
the form

(SH™ x Z, m =0 (5)

so that
ci(G/N) =1+ ci((G/N)/image of Z).
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Either way, having taken care of the smaller groups N and G/N in this manner, we derive
the desired (4) from (1). This argument serves to reduce the problem to the case when
G has no such normal subgroups N, i.e. G is R (because it is 1-dimensional and has an
embedded copy of Z) or simple.

If G = R we are done; this leaves the case of simple GG, to which the rest of the proof
is devoted.

Begin by fixing a a global Cartan decomposition

K xp3(kx) — kexp(z) € G (6)

as in [16, Theorem 6.31] with K containing the center Z(G) and hence also Z, and such
that K/Z(G) is maximal compact in G/Z(G). Furthermore, the p Cartesian factor in the
decomposition (6) survives as a Cartesian factor upon quotienting by Z, so by subtracting
dimp from both ci terms in (3) our goal becomes

ci(K) =1+ ci(K/Z).

The Lie algebra ¢ := Lie(K) is compact in the sense of [10, Definition 6.1] and hence of
the form .
E=R™ x Hﬁi
i=1

for simple Lie algebras s; [10, Theorem 6.6]. Then, up to irrelevant quotienting by a finite
central subgroup, we may assume K is of the form

K =~ RAE) » 7 x HSi
i=1

where
e the S; are simple compact Lie groups with respective Lie algebras s;;
o Ci(K)+m =m.
In this setup it is clear that the quotient K /Z will be of the form
RO s /1 5 (a compact semisimple group).

Since the characteristic index of this product is precisely ci(K) — 1, we are done. n

We next record a phenomenon (reminiscent of (1)) whereby ci, if it changes at all, can
only decrease along morphisms with dense image.

3.3. THEOREM. For a dense-image morphism f : G— H of connected locally compact
groups we have ci(G) = ci(H).
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PROOF. Consider a compact normal subgroup K <@ H with H/K Lie, an open neighbor-
hood U of 1 € H/K that contains no non-trivial subgroups [9, Chapter II, Exercise B.5],
and let V' be the pullback of U through

G- H—H/K. (7)

G contains a compact normal subgroup K’ < V with G/K’ Lie [19, §4.0], and the no-
subgroup-in-U condition ensures that (7) annihilates K’. Since furthermore quotienting
out compact normal subgroups does not alter characteristic indices, we may as well sub-
stitute G/K' and H/K for G and H respectively; better yet, we can simply assume G
and H are Lie to begin with.

So long as we can find closed, connected, (non-trivial and proper) normal subgroups
N < G we can

e apply the result recursively to f|y : N —= f(N);

e and similarly to the morphism

G/N— H/f(N);

e then lifting back up to f : G— H via Iwasawa’s additivity (1).

It thus suffices to consider the case when G has no such normal subgroups /N; when it is,
in other words,

(a) one-dimensional (and hence a circle or R)

(b) or simple.

For (a) observe that H will also be abelian and connected and hence of the form
(SHy™ x Rei)

for some m [9, Chapter II, Exercise C.2]. But then either G =~ S' and its image is
automatically closed and hence ci(H) = 0, or G = R and ci(H) < 1 because no morphism
R —=R>? can have dense image.

This leaves case (b): G is simple. If there is an infinite cyclic discrete central subgroup

7=7<G
then the closed subgroup f(Z) < H must be of the form (5) or a torus, so we can
substitute

G/Z—H/f(Z)
for f: the characteristic index of G will have decreased by 1 by Proposition 3.2, whereas
that of H will have decreased by at most 1.
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Repeating this procedure, we can exhaust the torsion-free component of the center
of G and thus assume that its center is finite. But semisimple Lie subgroups with finite
center are automatically closed [6, Theorem 2], so in that case f(G) = H and we are back
to using Iwasawa’s original (1) with

N:=kerf and H = f(G)=G/N.

This concludes the proof. [

One initial attempt at a proof of Theorem 4.1 proceeded by producing, for two non-
trivial simple linear Lie groups G;, © = 1, 2, representations

pi : Gi—GL(V)

on a common space such that the group G generated topologically by p;(G;) contains
unipotent subgroups of large dimension (meaning subgroups of GL(V') consisting only of
unipotent matrices, i.e. with spectrum {1}). One might hope that this then allows us to
conclude that G has large characteristic index, thus finishing the argument via Proposition
4.8.

More generally, intuition dictates that the characteristic index of a connected Lie
group imposes an upper bound on the characteristic index of its Lie subgroups. We prove
a version of this.

3.4. PROPOSITION. For a closed embedding H < G of connected locally compact groups
with H Lie semisimple the characteristic index of H is dominated by that of G.

PROOF. We make a number of simplifications. For one thing, G too can be assumed Lie:
simply pass to
HK/K —G/K

for a compact normal subgroup K < G with G/K Lie, noting that that embedding is still
closed because the kernel K is compact.

Reduction to the linear case. We can always render G linear by modding out a
central closed subgroup Z < G (e.g. via the adjoint representation). Now, being Lie and
abelian, Z must be of the form

7 = 7™ x (finite abelian group) x R™ x (S')? (8)

for non-negative integers m, n and p: the connected component decomposes as a Euclidean
group times a torus by [9, Chapter II, Exercise C.2], and that component is divisible[§5,
Definition|kpl-inf and hence splits off as a summand [14, Theorem 2].

Annihilating normal compact subgroups makes no difference to characteristic indices,
so we will henceforth ignore the compact component

finite x (S")?
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of (8). According to (1) and Proposition 3.2 we have
ci(G/Z) = ci(G) —m —n.

On the other hand the image
HZ/Z =H/HnZ

of H through G — G//Z is now semisimple and linear, meaning that it is automatically
closed [6, Theorem 2, Lemma 5]. In any decomposition

ZnH=7" x R"

analogous to (8) (again, ignoring compact factors) we must have m’ +n’ < m + n, so by
(1) and Proposition 3.2 again we will have

ci(H)—ci(HZ/Z)=m'+n" <m+n=ci(G) —ci(G/Z)

or, rearranging,

c(G/Z) —ci(H/Z) < ci(G) — ci(H).
For that reason we have
c(HZ/Z) < ci(G/Z) = ci(H) < ci(G) :

the linear-case inequality entails the general one.

Reducing to semisimple . This is similar to the previous portion of the argument
but simpler, now that we have specialized to linear groups. The additivity relation (1)
applied to N = R := Rad(G) (the radical) in particular gives

ci(G/R) = ci(G) — ci(R) < ci(G).

The intersection H n R is normal and solvable and hence discrete (H being semisimple),
so it must in fact be finite because H is linear [6, Lemma 5]. This means that HR/R =
H/H n R has the same characteristic index as H, so it will be enough to prove

Ci(HR/R) < ci(G/R).

Note that HR/R < G/R is closed again by [6, Theorem 2, Lemma 5|, since it is both

semisimple and linear: the semisimplicity is one of the hypotheses, the linearity of H is

being assumed, and that of its quotient HR/R =~ H/H n R follows from [7, Lemma 9].
The upshot is that we can assume G to be semisimple.

Linear, semisimple G. For a global Iwasawa decomposition
H =~ KH X AH X NH7

the characteristic index ci(H) is dim(Ag) + dim(Ng), so it will be enough to argue that
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(a) dim(Ng) < dim(Ng)
(b) and dim(Ag) < dim(Ag)

where similarly, G =~ Kg x Ag x Ng is an Iwasawa decomposition. We address the two
claims separately.

(a): dim(Ny) < dim(Ng). To see this, note first that the elements of Ny remain
unipotent in G when regarded as operators on the Lie algebra g := Lie(G) via the
adjoint representation, because morphisms of semisimple Lie algebras preserve Jordan
decompositions (e.g. [11, §6.4, Corollary]).

But this then means that Ny is conjugate to a subgroup of AgNg [21, §2.8], whose
unipotent elements are precisely those of Ng. In short: Ny is conjugate to a subgroup of
Ng, implying the requisite dimension inequality.

(b): dim(Ay) < dim(Ag). Equivalently, we will work with the Lie algebras ay :=
Lie(Ap) and similarly for G. The argument is very similar in spirit to what we saw above:
ac is maximal real diagonal in the sense of [21, §1.3] (i.e. its elements are semisimple with
real eigenvalues) so by loc.cit. it will be enough to argue that ay < g is again real diagonal
(for it will then be conjugate in G to a Lie subalgebra of ag; see also [16, Theorem 6.51
and surrounding discussion on Iwasawa-decomposition uniqueness).

That ag consists of semisimple operators on g follows from the Jordan-decomposition
preservation, as before. The issue is proving that those operators have real eigenvalues on
g. To that end, note that

e since g is a finite-dimensional representation of b, the eigenvalues in question are
obtained by evaluating various integral weights [11, §13.1] of the complexification
h® on ay;

e said weights are rational combinations of the roots of h® [11, §13.1 and §13.2, Table
1J;

e and the roots take real values on ay [16, discussion preceding Proposition 6.60].

This finishes the proof. [

3.5. SIDE-NOTE ON LINEAR QUOTIENTS. In the course of the proof of Proposition 3.4 we
worked with a linear quotient of G by some central subgroup. The latter, being abelian
and closed in a connected Lie group, was of the form (8):

(finitely-generated abelian group) x (Euclidean group) x (torus).

As it turns out, this was overly cautious: one can always arrange to have the Euclidean
factor absent. It seems worthwhile to record this here.
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3.6. PROPOSITION. A connected Lie group G has a linear quotient by a central subgroup
of the form
Ax (SH™, meZx (9)

for a finitely-generated discrete abelian group A.

PROOF. Let R < G be the radical, and M < G of G a Levi factor: a Lie subgroup (not
necessarily closed, in general) whose underlying Lie algebra

m:= Lie(M) < g := Lie(G)

is a supplementary summand to v := Lie(R) (e.g. [25, Chapter VI, Theorem 4.1] and [24,
§1.3)).

Connected Lie groups are linear as soon as their radicals and Levi factors are [7,
Theorem 7], so we will focus on achieving that by quotienting out a central subgroup of
the desired form.

Consider first the central subgroup Z < M obtained as the common kernel of all finite-
dimensional M-representations. It will in particular act trivially on R by conjugation, so
Z and its closure Z < G must be central.

Although in general Z will not be closed (i.e. Z # Z), it is nevertheless the case that
7 is of the form (9): this follows, for instance, from [6, Theorem 1] and its proof. We
thus have a first quotient GG/Z by a closed central subgroup of the desired form (9) that
at least has a linear Levi factor. All subsequent quotients we consider will be by images
(in G/Z) of tori contained in R that were central in G to begin with, so we may as well
simplify the discussion by assuming that the Levi factor M was linear to begin with.

Given this latter assumption, we only need to render the radical R linear. Accord-
ing to [7, Theorem 5] we would be done if the closed derived subgroup C'(R) := D(R)
were simply-connected. Since C'(R) is nilpotent (being the closure of the nilpotent Lie
group D(G) [25, Chapter V, Corollary 5.3]), the only it could possibly fail to be simply-
connected would be for its (unique, central-in-G: [24, §1.8], [7, Lemma 13]) maximal
compact subgroup K to be a non-trivial torus.

We can now pass to G/K: the linearity of the Levi factor M has not been affected, as
quotients of linear semisimple Lie groups are linear [7, Lemma 9], and since the kernel K is
compact, closures of quotients are quotients of closures, etc., so that C(G/K) = C(G)/K.
The latter is now simply-connected, and we are done. [

In general, the toral factor cannot be left out in Proposition 3.6. The following example
given in [6, Appendix| of a non-closed Lie-group embedding will serve to illustrate this.

———

3.7. EXAMPLE. Let SL(2,R) be the universal cover of SL(2,R). Its center will be iso-
morphic to Z, and the kernel of the surjection back to SL(2,R) is generated by a central
element 0. Now set

—

G :=SL2,R) x R/{(a"™™ n+my) | m,neZ}

for some irrational number v € R.
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A finite-dimensional representation of Sm) factors through SL(2,R) (as follows,
for instance, from the representation theory of the complexified Lie algebra sl(2,C) [11,
§7.2]), so any morphism G'— GL(n,R) must annihilate 0 € SL(2,R) < G. But the
closure of (o) in G contains the circle

R/n—ny|neZ}caG,

so that closure will be an embedded copy of Z x S!. The resulting morphism

———~——

SL(ZR) < G —G/Z x S'

is nothing but the original quotient

—_——~—~—

SL(2,R)— SL(2,R)
(or rather is isomorphic to it).

The issue of whether or not a Lie group has a discrete-kernel linear quotient relates to
the preceding discussion in other ways too. Several times (e.g. in the proofs of Theorem
3.3 and Proposition 3.4) we have used the fact that semisimple Lie groups with finite center
are automatically closed [6, Theorem 2|, which in turn entails the fact that semisimple Lie
subgroups of linear groups are closed [6, Corollary to Theorem 2]. This can be enhanced
slightly.

3.8. LEMMA. Let G be a connected Lie group admitting a linear quotient G/Z by a discrete

central subgroup. Any connected semisimple Lie subgroup of G is automatically closed.

PROOF. This is immediate from the already-cited [6, Corollary to Theorem 2]: H < G is
connected semisimple and the semisimple subgroup

im(H)=HZ/Z=H/HnZ <G/Z
is closed in the linear group G/Z. But then so is its preimage HZ through G — G/Z,
so the identity component H = (HZ)y must be closed too. "

This unifies a number of other results similar results. For instance, semisimple Lie
subgroups are automatically closed when the large ambient group G is

e simply-connected ([22, Corollary 1]), because simply-connected groups have discrete-
kernel linear quotients [24, §1.4];

e or compact ([22, Corollary 2]), since compact Lie groups are already linear [10,
Corollary 2.40].

4. Colimits of locally compact groups
4.1. THEOREM. A family of at least two mon-trivial almost-connected locally compact
groups with at least one connected cannot have a coproduct in LCG.

It will require some detours and surrounding scaffolding, on which we now embark.
First, a converse of sorts:
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4.2. LEMMA. IfT';, i € I is a family of discrete groups then their coproduct in the category
of groups is also their coproduct in LCG.

ProOOF. This is clear: the embedding functor of the category GP of discrete groups into
LCG is left adjoint to the discretization functor LCG — GP, and hence it preserves
colimits [18, (dual of) §V.5, Theorem 1]. "

The following simple remark will, on occasion, allow us to consider simpler groups.

4.3. LEMMA. If a family {G:}ier has a coproduct in LCG then so does any family of
quotients G; — G;.

Proor. This is straightforward: if G = %,cgG; denotes the coproduct of the original
family, its quotient by the smallest closed normal subgroup generated by all

ker (G — )
obviously satisfies the universality property required of the coproduct % scgG;. [
Next, we isolate the following notion that will recur in subsequent discussions.
4.4. DEFINITION. A family G := {G; | i € I} of topological groups is jointly characteristic-
index-unbounded or (jointly) ci-unbounded for short if there are morphisms
@i Gi—L (10)

into locally compact groups wherein the connected component of the closed subgroup G,
generated by ¢;(G;) has arbitrarily large characteristic index.
G is linearly (jointly) ci-unbounded if it satisfies the above condition with morphisms
into linear groups L (or equivalently, L = GL(V') for finite-dimensional vector spaces V).
If G is linearly ci-unbounded and families (10) exist with G, containing connected
semisimple Lie groups of arbitrarily large characteristic index, then G is semisimply ci-
unbounded, or (jointly) cigs-unbounded.

We will make use of the following device at least twice, so it is perhaps worth high-
lighting.

4.5. DEFINITION. Consider two morphisms y; : G; —= G into a locally compact group,
and suppose we would rather have ¢ land in an open subgroup of G having a property P
(e.g. being pro-lie or almost-connected) which is closed under

e taking open subgroups,
e and finite-index extensions.
Then, assuming that
e one of G;, Gy, say, is non-discrete;

e G is similarly non-discrete;



804 ALEXANDRU CHIRVASITU
e and G does have a property-P open subgroup H < G,

we can first consider the open preimage
Hy =o' (H) < Gy,

which will be non-trivial because G is assumed non-discrete. The analogous preimage in
Gy maght be trivial if G is finite, but in that is the case we can always replace the initial
open subgroup H < G with

< N ¢29H¢29‘1> p2(Ga) < G,

9€G2

which will still have property P by assumption. This alteration, though, ensures that when
Go is finite we can simply take Hy := Go and still have po(H2) < H.

We will have thus found a property-P open subgroup H < G and non-trivial open
subgroups H; < G; for which

Under these conditions we will say that the original morphisms ¢; have been compressed
to

respectively, and what we have gained is the fact that the codomain now has the desired
property P. Furthermore, if Gy is finite we can simply take Hy = GY.

The difference between the two versions of Definition 4.4 vanishes in the cases of
interest here.

4.6. LEMMA. Let G := {G;, i = 1,2} be a pair of almost-connected locally compact groups
with G infinite. If G is ci-unbounded in the sense of Definition 4.4 then it is linearly ci-
unbounded.

PRrROOF. We are assuming that G; jointly map to a locally compact group L where they
generate a closed subgroup with large characteristic index. Our assumption that G is
infinite allows us to use the compression procedure in Definition 4.5: we can then assume
that L is connected an hence pro-Lie, at the cost of replacing G; with open non-trivial
subgroups H; < G;.

By further taking a quotient we can assume that L is linear an Lie. In short, we have
representations p; : H; —= GL(V) for a finite-dimensional V' such that p;(H;) generate a
group with large ci.

H; < G; are open non-trivial subgroups of almost-connected groups, so they must
have finite index. We can thus induce p; to a representation

o; = indgi Di
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on a finite-dimensional space V; [13, §2.1]. Furthermore, by the very definition of the in-
duced representation, the restriction ;| contains a copy of p; operating on an isomorphic
copy V < V.

By replacing V; with VZ@’” for appropriately-chosen n; if necessary, we can assume
that both o; operate on the same space W. Then, upon conjugating o, by an invertible
operator on W, we can assume that we have isomorphic copies

Oilu, = pi, 1=1,2
operating on the same subspace V' < W. All in all, we have
e morphisms o; : G; — GL(W);
e whose restrictions to H; leave a subspace V' < W invariant;

e such that the resulting subgroup
(o:(H;)) = GL(V)
has large characteristic index.

But that index will then be dominated by that of
(0:(G)) = GL(W),

which must thus also be large. But we saw above that this is precisely what was needed
to complete the proof. n

Note, in passing, that the induction-based argument used in Lemma 4.6 also proves

4.7. LEMMA. Let {G;, i = 1,2} be a pair of locally compact groups and H; < G; two
finite-index subgroups. If {H;} is linearly ci-unbounded then that unboundedness can be
witnessed by finite-dimensional representations

Returning to coproducts, the concept of joint ci-unboundedness is germane for the
following reason.

4.8. PROPOSITION. Let G;, 1 = 1,2 be two almost-connected locally compact groups such
that

o (51 is infinite;

e and such that all pairs of non-trivial open subgroups H; < G; are jointly cigs-
unbounded in the sense of Definition 4.4.

Then, G; do not have a coproduct in the category LCG.
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Proor. We will argue by contradiction, assuming G; do have a coproduct G in LCG.

Like all locally compact groups, G has an open subgroup H < G containing the
identity component G such that H /Gy is compact and hence approximable by Lie groups
[19, §4.0]. By the compression procedure of Definition 4.5 (which requires the assumed
infinitude of H;) we then have non-trivial open subgroups H; < G; mapped to H by the
canonical morphisms G; —G.

Now, our cige-unboundedness assumption allows us, via Lemma 4.7, to construct finite-
dimensional representations p; : G; —= G L(V') such that H; topologically generate linear
groups S < GL(V) containing connected semisimple subgroups with large characteristic
index. The restrictions p;|y, factor through the almost-connected open subgroup H < G,
and hence the connected component

(pi(H;)) < GL(V)
will be mapped to densely by Hy = Go (Lemma 4.9). In summary:

H 0 dense image
{pi(H3))
S closed embedding

In Theorem 3.3 and Proposition 3.4 respectively we prove

ci(Ho) = ci((pi(Hi))) and  ci({pi(H;))) = ci(5S),
which render ci(Hy) unbounded and deliver the desired contradiction. =

4.9. LEMMA. Let G be an almost-connected locally compact group and ¢ : G— L a
morphism of locally connected groups. The restriction

90|G0 : G0—> (SO_G)O
to the identity component must then have dense image.

PROOF. Restricting our attention to @G, we will assume without loss of generality that
¢ : G— L has dense image to begin with. The goal is then to show that so does

90|G0 . GO —>L0.

Now, ¢(G) is normal in G, so it must be normal in its closure L as well. But then so is
its closure Gy, and ¢ induces a dense-image morphism

G/Gy— L/oG. (11)

Because by assumption G/G is profinite and quotients of profinite groups are profinite
[10, Exercise E1.13], the codomain L/pGy of (11) will in particular be totally disconnected
(in addition to being compact). But this was our goal to begin with: showing that oGy
contains the connected component L. [
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Next, we turn to the hypotheses of Proposition 4.8 and whether or not they are satisfied
in the cases of interest.

4.10. PROPOSITION. Pairs {G;, i = 1,2} of non-trivial locally compact groups with Gy
connected and Go almost-connected are jointly cigg-unbounded in the sense of Definition

44

PRrROOF. The argument proceeds in a number of stages.

Step 1: simplifying the connected case. Since connected locally compact groups
are pro-Lie [19, §4.6, Theorem|, whenever we assume one of G; is connected we may as
well take a quotient and assume it is Lie (and non-trivial, and connected).

Furthermore, the Lie algebra g; := Lie(G;) will then either be solvable or have a
non-trivial semisimple quotient ([16, Proposition 1.12 and subsequent discussion]). In the
former case g; has R as a quotient and hence G; surjects onto a circle group; in the latter G;
surjects onto a simple connected Lie group (via the Lie-group-Lie-algebra correspondence
[8, Theorem 5.20], because its Lie algebra does [8, Theorem 7.8]). In summary, when
dealing with connected G; we can (and will) assume that the group in question is either
St or connected, simple and linear.

Step 2: G; both connected. That is, circles or simple, by Step 1. We can then
find

e circles T; < G;
e and finite-dimensional representations p; : G; —= GL(V;);

e in which, for some large n, the circles T; operate with at least n eigenvalues (i.e.
characters) x;;, 1 < j < n that are sufficiently generic, i.e. in the sense that for
each i = 1,2 the characters

{xigt; and  {xi X )i
are all distinct and non-trivial.

Taking multiple copies of each V; if necessary we can assume that p; are realized on a
common space V', and then conjugating p, inside GL(V'), we can further assume that T;
operate with respective eigenvalues x; ; on n common lines

Ce;cV,1<j<n.

By construction the T; restrict to strongly regular circle subgroups of L := PSL(span{e;, 1 <
J < n}) in the sense of [4, Definition 3.1], and by [4, Theorem 3.5] some pair of conjugates
of those groups will generate L. Since the latter can be chosen to have arbitrarily large
characteristic index, we are done.

Step 3: The connected-profinite case. That is, one of the groups (Gy, say)
is assumed connected and the other profinite and non-trivial. We can then substitute a
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finite non-trivial quotient for Gs, and then a finite cyclic subgroup thereof via Lemma
4.7. In short, assume
G=Z/n={_o), n=2.
But then
Gi# Gy =G+ (Z/n) = (*?;OlAdaiGl) X (Z/n), (12)

and we can fall back on the argument from Step 2: represent two of the conjugates Ad,:G,
appropriately, then induce that representation to (12).
To conclude, note that upon applying Step 3 to Gy and G/Ga we conclude that the

latter is trivial, i.e. G5 is connected. But then Step 2 applies. n
PROOF OF THEOREM 4.1. Immediate from Propositions 4.8 and 4.10. m
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