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LAX ORTHOGONAL FACTORISATIONS IN ORDERED
STRUCTURES

MARIA MANUEL CLEMENTINO AND IGNACIO LOPEZ FRANCO

ABSTRACT. We give an account of lax orthogonal factorisation systems on order-
enriched categories. Among them, we define and characterise the Kz-reflective ones,
in a way that mirrors the characterisation of reflective orthogonal factorisation systems.
We use simple monads to construct lax orthogonal factorisation systems, such as one on
the category of T topological spaces closely related to continuous lattices.

1. Introduction

Weak factorisation systems (WFSs) have been a feature of Homotopy Theory even before
Quillen’s definition of model categories and the recognition of their importance. W¥Ss can
be described as a pair of classes of morphisms (£, R) that satisfy three properties. First,
each morphism of the category must be a composition of a morphism from £ followed
by one of R, perhaps in a non-unique way. Secondly, each r € R must have the right
lifting property with respect to each ¢ € L£; in other words, each commutative square, as
displayed, has a (not necessarily unique) diagonal filler.

el w (1.1)

«—_ .

Thirdly, (£,R) is, in a precise way, maximal. Each one of Quillen’s model categories
comes equipped with two WFS: (cofibrations, trivial fibrations) and (trivial cofibrations,
fibrations).

Orthogonal factorisations systems (OFS) can be described as WrSs in which the diago-
nal filler (1.1) not only exists but it is unique. This makes the factorisation of a morphism
fas f=r-f with / € £ and r € R, unique up to unique isomorphism. Two typical
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examples of OFSs are the factorisation of a function as a surjection followed by an injec-
tion, and of a continuous map between topological spaces as a surjection followed by an
embedding (i.e., a homeomorphism onto its image). As far as we can discern, OFSs are
coeval with WFSs but arose independently, inspired by different examples.

When the ambient category has a terminal object, denoted by 1, there is a case of (1.1)
of special interest, namely:

0*>A

el } (1.2)

_

If the unique morphism A — 1 has the right (unique) lifting property with respect to ¢,
one says that A is injective with respect (resp., orthogonal to) £. Clearly each OFs (£, R)
gives rise to a class of objects that are orthogonal to each member of L£: those objects A
such that A — 1 belongs to R. The extent to which (£, R) is determined by this class of
objects is the subject of study of [7]. The OFSs so determined are called reflective.

In addition to their widespread use in homological algebra, injective objects play a
role in many other areas of mathematics. For example, hyperconvex spaces are the objects
injective with respect to isometries in the category of metric spaces and non-expansive
maps (see [2, 17]). Another example is provided by complete Boolean algebras, which are
injective with respect to injections in the categories of Boolean algebras, Heyting algebras
and distributive lattices [16, 4, 3].

There are examples, as those introduced by D. Scott [29], of squares (1.2) where the
diagonal filler is not unique but there exists a smallest one, with respect to an ordering
between morphisms. The main example from [29] consists of those topological spaces
that arise from endowing continuous lattices with the Scott topology. These spaces are
characterised by their injectivity with respect to topological embeddings. In fact, if ¢ is
a topological embedding and A is a continuous lattice in (1.2), there is a diagonal filler
that is the smallest with respect to the (opposite of) the pointwise specialisation order
(see §18 for more details).

Another example comes from complete lattices, which can be characterised as those
posets that are injective with respect to embeddings of posets. As in the previous example,
in the situation (1.2) where A is a complete lattice and ¢ is a poset embedding, there exists
a smallest diagonal filler.

Motivated by the above examples, one can generalise the existence of a smallest diag-
onal filler in the situation (1.2) to the situation of a commutative square (1.1). By doing
so, one arrives to the notion of lax orthogonal factorisation system.

The present paper gives an account, in the context of order-enriched categories, of lax
orthogonal factorisation systems (LOFS), a notion that sits between OFSs and WFSs.

orthogonal lax orthogonal weak
factorisation C  factorisation (C factorisation
system system system
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Lorss were introduced and studied in the context of 2-categories by the authors in [8]. We
build on ibid. to prove new results on reflective LOFSs as well as to provide new examples.

In a LOFS, the existence of a diagonal filler (1.1) is replaced by the existence of a
smallest diagonal filler. More precisely, there is a diagonal filler d with the property that
d < d' for any other diagonal filler d’.

Since morphisms between two objects in an order-enriched category form a poset, the
above property uniquely defines the smallest diagonal filler. There are, however, advan-
tages in providing these diagonals by means of an algebraic structure, instead of postu-
lating the existence of a smallest diagonal filler. This algebraic structure is provided by
the algebraic weak factorisation systems (AWFSs), introduced with a different name in [15]
and slightly modified in [14]; we use the definition given in the latter.

An AWFS on an order-enriched category C consists of a locally monotone comonad L
and a locally monotone monad R on C? interrelated by axioms, and that define a locally
monotone functorial factorisation f = Rf - Lf. Inspired by the observation of [15] that
OFss correspond to AWFSs whose monad and comonad are idempotent, we defined in [§]
LOFSs as AWFSs whose monad and comonad are lax idempotent, or Kock-Zoberlein. We
reprise this definition in the context of order-enriched categories, which enables some
simplifications.

A fundamental example of LOFS on the order-enriched category of posets factors each
morphism as a left adjoint right inverse (or LARI) followed by a split opfibration. This
factorisation can be constructed on any order-enriched category with sufficient (finite)
limits, and plays a similar role for LOFSs as the factorisation isomorphism—morphism
(that factors f as lgom(s) followed by f) plays for OFss (§5).

WHAT IS NEW IN THIS PAPER?

1.  We introduce Kz-reflective LOFSs as those LOFSs (L, R) that are determined by the
restriction of the monad R on C? to C (here C is viewed as the full subcategory of C? with
objects of the form A — 1). We characterise Kz-reflective LOFSs as those satisfying the
following properties: i) each LARI is an L-coalgebra and each morphism of the former is
a morphism of the latter; ii) if g - f and g are L-coalgebras, then so is f; iii) a similar
requirement at the level of morphisms of C? (see §12). For example, the LOFS of LARI-split
opfibration mentioned above will be reflective with our definition.

2. After recalling the simple monads of [8] (§15), we obtain LOFSs on the category of
Ty topological spaces as a consequence of the simplicity of a certain monad: the filter
monad, which associates to each topological space the space of filters of its open subsets
endowed with a natural topology (§18). The algebras for the filter monad are precisely
the continuous lattices (with the Scott topology). The induced LOFS on (1) topological
spaces has an associated WFS that was considered in [6]. We also provide easy-to-verify
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conditions guaranteeing that a submonad of a simple lax idempotent monad enjoys these
same properties (§16). When applied to the filter monad we obtain LOFSs closely related
to continuous Scott domains, stably compact spaces and sober spaces.

3. Another example that we obtain from a simple monad is a LOFS on the order-
enriched category of (skeletal) generalised metric spaces §19. The restriction of this LOFS
to the category of metric spaces yields an OFS whose left class of morphisms are the dense
inclusions. Further examples are explored in [9] in a very general framework that covers,
for example, R. Lowen’s approach spaces as well as the examples mentioned above.

4. A third example consists of a LOFS on the category of distributive lattices, induced
by the monad that associates to each distributive lattice its frame of ideals. The left
morphisms consist of inclusions of full sub-lattices A € B with the property that, for all
a€ A, if a <bvb, then there are z,2' € A witha < xva' and z < b, 2’ <. Frames are
characterised as the distributive lattices that are injective with respect to these inclusions.

5.  We present some results on the structure of LOFSs. For example, we show that
the category of LOFSs and morphisms of AWFSs is a preorder (§6) and a morphism
(L,R) — (L',R’) is the same as a morphism of comonads L — L’ and the same as a
morphism of monads R" — R (§7). We improve on results from [8] to obtain a more
satisfactory characterisation of LOFSs in terms of Kz-lifting operations (Theorem 9.2).
Furthermore, we show that, in our context of order-enriched categories, some axioms of
LOFS are redundant. For example, the distributivity axiom, part of the definition of AWFS,
can be omitted as long as the comonad and monad are lax idempotent (§10).

2. Lax idempotent monads

We shall denote the category of posets (sets with an order relation that is reflexive,
transitive and anti-symmetric) and order-preserving morphisms by Ord. A category
enriched in Ord, or Ord-category, amounts to a category whose homs are posets, and
whose composition preserves the order. An Ord-functor between Ord-categories is the
same as a functor that preserves the order of morphisms.

2.1. DEFINITION. A monad T = (7,7, ) on an Ord-category C is laz idempotent, or
Kock-Zdberlein, if it satisfies any of the following equivalent conditions.

1. Typ-p < 1.
2. 1<nT - p.
3. For any T-algebra a: TA — A, the inequality 174 < 74 - a holds.

4. A morphism [ : TA — A defines a T-algebra structure (A, 1) if and only if | 4 74
with [ - na = 1,4.
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6. For any pair of T-algebras (A,a) and (B,b) and all morphisms f: A — B in C,
b-Tf < f-a holds.

7. For any T-algebra (A, a) and any morphism f: X — Ain C, the equality a-T'f -nx =
f exhibits a - T'f as a left extension of f along nx: X — TX.

The equivalences of the above conditions can be found, in the more general case of
2-categories, in [22]. Morphisms f satisfying condition (6) are called lax morphisms of
T-algebras, even for a monad T that is not lax idempotent; so condition (6) says that T is
lax idempotent if any morphism in C between T-algebras is a lax morphism of T-algebras.

2.2. DEFINITION. The notion of a lax idempotent comonad G = (G, ¢,6) is a dual one:
G is a lax idempotent comonad on C if (G°P, P, §°P), the corresponding monad on CP, is
lax idempotent.

2.3. EXAMPLE. Given an ordered set X, denote by P(X) the set of down-closed subsets
of X, ordered by the inclusion. The assignment X +— P(X) can be extended to a functor
whose value on a monotone function f: X — Y is

PX) 5 PY)  fu(2)={yeV:(Fze )y < f@)} = | L@
reZ
Clearly, f. < g4 if f < g, so P is an Ord-functor. It is well-known that X — P(X)
defines a monad on Ord, with unit

nx: X — P(X) r—lr={ye X y<uz}

and multiplication p: P?(X) — P(X) given by (U = P(X)) ~ (JU. This Ord-monad
on the Ord-category Ord is lax idempotent, since

Px(Z) = | Ile) € 1Z = npx)(2).
VA
The Ord-category P-Alg is the category of complete lattices with morphisms those mono-
tone maps that preserve arbitrary suprema.

2.4. EXAMPLE. If X is a topological space, there is a preorder on the set X given by
r <y when y e m This is the opposite of the so-called specialisation order, and makes
X into a poset precisely when X is a T, topological space.

For Top, the category of Ty topological spaces, Top, is the associated Ord-category,
with ordering f < ¢g: X - Y if f(z) < g(x) for all z € X. There is an endo-Ord-functor
F: Top, — Top, that sends X to the set F(X) of filters of open sets of X, with topology
generated by the subsets U¥ = {p € F(X) : U € ¢}, for U € OX. This is in fact
the functor part of the lax idempotent filter monad on Top,, that will be considered in
Section 18.

There is a well-known result about algebras for lax idempotent monads on Ord-
categories (see [24] and [13]) that can be summarised by saying that algebras are closed
under retracts. More precisely:
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2.5. LEMMA. If T = (T,n, p) is a lax idempotent monad on an Ord-category, the follow-
ing conditions on an object A are equivalent.

1. A admits a (unique) T-algebra structure (we simply say that A is a T-algebra).
2. There is an adjunction a 4 na: A — TA with a-ny = 1.

3. ma: A— TA has a retract.

4. A is a retract of TA.

5. Ais a retract of a T-algebra.

In this case, a: TA — A is a T-algebra structure on A.

2.6. REMARK. The lemma means that, if T is a lax idempotent monad on A, then the
Ord-category T-Alg may be regarded as a locally full sub-Ord-category of A. Part of
the proof consists in showing that if b: T'B — B is an algebra structure and r: B — A
is a retract with section s, then r - b - T's is an algebra structure for A, and s becomes a
morphism of algebras A — B. One could say that T-Alg < A is a discrete S-fibration
where S is the class of sections in A.

Note that 4 may have at most one retract, which is a fortiori a T-algebra structure
for A (just set B = T'A and b = 4 in the previous paragraph). Furthermore, the inclusion
T-Alg (T, n)-Alg into the Ord-category of algebras for the pointed endo-Ord-functor
(T, n) is an equality.

In the following lemma, the term monad morphism is used in strict sense of a natu-

ral transformation that is compatible with the multiplications and units, i.e., a monoid
morphism.

2.7. LEMMA. Let T and S be monads on an Ord-category. Then there is at most one
monad morphism T — S if T is lax idempotent.

PROOF. Suppose that px: TX — SX are the components of a monad morphism. The
morphism
S
Uy TSX 25X g2 x £X, gx

is a T-algebra structure on SX, and therefore it is uniquely defined as the left adjoint to
the unit SX — T'SX. Therefore, px = 1x - T(n%) is uniquely determined. ]

3. Orthogonal factorisations and simple reflections, revisited

In this section we revisit some of the material of Cassidy-Hébert—Kelly work on simple

reflections [7] from a slightly different perspective, more amenable to generalisation.
Suppose that T: A — A is a reflection, with unit n4: A — T A, on the category A,

which we assume to admit pullbacks. The corresponding reflective subcategory will be
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denoted by T-Alg, as it consists of the algebras for the idempotent monad T associated
to T, whose invertible multiplication we denote by p: T? = T.

We say that a morphism f in A is a T-isomorphism, or is T-invertible, if T f is an
isomorphism.

Each morphism f: A — B can be factorised through a pullback square, as displayed.

A

nA
DN
f=Rf-Lf ) Kf-—2~TA
R‘f pb in
/ B
B-"-~TB

3.1. REMARK. The factorisation f = Rf-Lf is functorial, in the sense that, if (h, k): f —
g is a morphism in the arrow category A2, then there is a morphism K (h,k): Kf — Kg

o
e T
fl lg — g
ok

yielding a functor K: A% — A.

3.2. REMARK. The assignment that sends a morphism f +— Lf is part of an endofunctor
on A2, given on morphisms by

(h.k)

f—9 +— Lf

Furthermore, there is a natural transformation ®: L = 1 with components

(h,K(h,k)) Lg

o, = Lfl J/f.
Rf

«—_ .

3.3. REMARK. The assignment f +— Rf underlies a monad on the arrow category .A2.
Its unit and multiplication are given by

Lf

Tf

Af = fl lRf 1_[f = RQfJ( lRf

where the morphism 7y: KRf — K f is the unique morphism into the pullback K f such
that qf - T = Hdom(f) * TL]f *qRf and Rf Ty = RRf
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3.4. DEFINITION. [7] The reflection T = (T, ) is simple if Lf is a T-isomorphism.

As pointed out in [7], if T is simple then the factorisation f = Rf - Lf defines an
orthogonal factorisation system, with left class of morphisms that of T-isomorphisms. To
say only a few words about this fact, any morphism of the form T f is orthogonal to
T-isomorphisms, and so Rf, as a pullback of Tf, is also orthogonal to T-isomorphisms;
together with the simplicity hypothesis that Lf be a T-isomorphism, we obtain an or-
thogonal factorisation.

We recall that a copointed endofunctor I': G = 1 is well-copointed if GT' = I'G (see [19,
p. 4] for the definition in the pointed context). For example, the copointed endofunctor of
an idempotent comonad is well-copointed. The category of coalgebras for a well-copointed
endofunctor (G,T") on a category C is the full subcategory defined by those objects C' € C
for which T'¢ is invertible [19, Prop. 5.2].

A well-copointed endofunctor (G,I') underlies a comonad precisely when each G(C')
is a (G, I')-coalgebra, i.e., when I'G = GT is invertible. In this case, the comultiplication
has components Fg%c): G(C) — G?*(C). The category of coalgebras for the comonad
coincides with that of (G,T).

An example we shall use is given by the full subcategory C? consisting of isomorphisms.
It is isomorphic to (I,T)-Coalg, where T: I = 12 is the well-copointed endofunctor
given by I(f) = laom(s) and Yy = (1, f): laom(s) — f. Furthermore, (I, T) underlies an
idempotent comonad | on C2.

If we denote by F'7: A — T-Alg the left adjoint of the inclusion T-Alg < A, then we
can consider the full subcategory T-Iso < A2 whose objects are those morphisms of A that
are T-isomorphisms (equivalently, those morphisms f such that F7(f) is an isomorphism)
as a pullback.

T-Iso Iso L—— (U)2I(FT)?
l pb l @L pb i(UT)”f(FT)2
(FT)? (FT)?

T2

A% ——= T-Alg? 142

The pullback diagram on the right above defines the well-copointed endofunctor (L, ®)
on A% and (L, ®)-Coalg is isomorphic to T-Iso over A2 (see [19, Prop. 9.2]).

3.5. LEMMA. The following assertions are equivalent.
1. The monad T 1is simple.

2. The copointed endofunctor (L, ®) underlies a comonad whose category of coalgebras
is T-Iso — AZ2.

3. The copointed endofunctor (L, ®) can be extended to a comonad.
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PROOF. (1)=>(2) The simplicity of T means that L(f) is a T-isomorphism, that is, it is an
(L, ®)-coalgebra. By the well-copointeness of (L, ®) this means that each ® ) is invert-
ible. (L, ®) underlies an idempotent comonad whose coalgebras are the T-isomorphisms.
See the comments on well-copointed endofunctors before this lemma.

(2)=>(3) is obvious. Finally, if (L, ®) can be extended to a comonad, as we have
already mentioned, this comonad has the same coalgebras as (L, ®). Then, L(f) € T-Iso,
and we have (3)=(1). n

3.6. REMARK. The full subcategory T-Iso = A2 may be coreflective when T is not simple.
See [7, Thm. 3.3].

4. Algebraic weak factorisation systems

Algebraic weak factorisation systems (AWFSs) where first introduced by M. Grandis and
W. Tholen in [15], with an extra distributivity condition later added by R. Garner in [14].
In this section we shall give the definition of AWFSs on order-enriched categories, which
is the case we will need, even though the definitions remain virtually unchanged.

4.1. DEFINITION. An Ord-functorial factorisation on an Ord-category C consists of a
factorisation R
dom = E £ cod

in the category of locally monotone functors C? — C of the natural transformation dom =
cod with component at f € C? equal to f: dom(f) — cod(f). It is important that in this
factorisation E should be a locally monotone functor.

As in the case of functorial factorisations on ordinary categories, an Ord-functorial
factorisation as the one described in the previous paragraph can be equivalently described
as:

« A copointed endo-Ord-functor ®: L = 1¢2 on C? with dom(®) = 1.
« A pointed endo-Ord-functor A: 1lez = R on C? with cod(A) = 1.

The three descriptions of an Ord-functorial factorisation are related by:
dom(Af) = Lf = Xy cod(®s) = Rf = py. (4.1)

4.2. DEFINITION. An algebraic weak factorisation system, abbreviated AWFS, on an Ord-
category C consists of a pair (L,R), where L = (L, ®,Y) is an Ord-comonad and R =
(R, A,TI) is an Ord-monad on C?, such that (L, ®) and (R, A) represent the same Ord-
functorial factorisation on C (i.e., the equalities (4.1) hold), plus a distributivity condition
that we proceed to explain.
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The unit axiom IT- (AR) = 1 of the monad R implies, since cod(A) = 1, that cod(II) =
1; dually dom(X) = 1, so these transformations have components that look like:

_ Tf
%, = Lfl lw and Iy = szi in (4.2)
af
One can form a transformation
Kf—2~KLf
A:LR=—s RL A= LRfl By lRLf
™ A
KRf—1>Kf

The distributivity axiom requires A to be a mixed distributive law between the comonad
L and the monad R; this amounts to the commutativity of the following diagrams.

LR? 2% RLR A R2[ LR A RL
LH\L \LHL ER\L iRZ (43)
LR A RL I2R LA LRI AL RI?

(The two axioms of a mixed distributive law that involve the unit of the monad and the
counit of the comonad automatically hold.)

4.3. EXAMPLE. Each OFs (&, .#) on C gives rise (upon choosing an (&, .4 )-factorisation
for each morphism) to an AWFSs (L, R), where L is the idempotent comonad associated to
the coreflective subcategory & < C? and R is the idempotent monad associated to the
reflective inclusion .# < C%. Conversely, an AWFS (L, R) with both L and R idempotent
induces an OFs. This was first shown in [15, Thm. 3.2], and [5, Prop. 3] further shows
that it suffices that either L or R be idempotent.

If (L,R) is an AWFS on C, an L-coalgebra structure on f and an R-algebra structure
on g can be depicted by commutative squares

I

and the (co)algebra axioms can be written in the following way (where the morphisms o/
and 7, are those described in Definition 4.2).

Rf-s=1 K(1,s)-s=o0f-s
p-Lg=1 p-Kpl)=p-m
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A morphism of L-coalgebras (f,s) — (f’,s') is a morphism (h,k): f — f’ in C? that is
compatible with the coalgebra structures in the usual way:

K(h,k)-s=5""k.

Similarly, a morphism of R-algebras (g,p) — (¢/,p’) is a morphism (u,v): ¢ — ¢’ such
that
p - K(u,v) =u-p.

With the obvious composition and identities we obtain categories L-Coalg and R-Alg,
equipped with forgetful functors into C2. These are Ord-categories by stipulating that
the ordering of morphisms of (co)algebras is inherited from the ordering of morphisms
in C2; as a consequence, the forgetful functors from L-Coalg and R-Alg to C2 become
Ord-enriched.

4.4. REMARK. Each AWFs (L,R) (enriched or not) has an underlying wrs (£, R). The
class L consists of all those morphisms that admit a structure of coalgebra over the
copointed endofunctor (L, ®) that underlies L; similarly, R consists of all those morphisms

that admit a structure of an algebra over the pointed endofunctor (R, A) that underlies
R.

5. LARIs and AWFSs

One of the most important examples of AWFSs for us will be provided by the so-called
LARIS.

5.1. DEFINITION. A left adjoint right inverse, or LARI, in an Ord-category is a morphism
f that is part of an adjunction f - g with 1 = ¢g- f. In the same situation, we say that g
is a right adjoint left inverse, or RALL

Suppose given another adjunction f’ - ¢’ with 1 = ¢’ - f’, and morphisms h and k as
in the displayed diagram.

X x
e ol
Y y!

We say that (h, k) is a morphism of LARIs f — f', and that (h, k) is a morphism of RALIS
g— g, if f'*h=Fk-fand ¢ -k = h-g. With the obvious notion of composition, LARIs and
RALIs form categories that come equipped with forgetful functors into C2. Furthermore,
if C is an Ord-category, there are Ord-categories Lari(C) and Rali(C) with objects and
morphisms described above, and ordering between morphisms those of C2.

Since LARIs are dual to the LALIs described in some detail in [5, §4.3], we feel free to
give only a summary description of the associated AWFs, which is in fact a LOFS.
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The inclusion Ord-functor Lari(C) < C? is comonadic if C admits certain Ord-enriched
limits: the so-called limits of morphisms, or in other words, comma-objects of the form
f | 1p, where f: A — B. This allows the construction of the free (split) opfibration
monad M on C given by M(f) = f | 1g. The unit of the monad M is given by the
morphism E(f): A — K f such that ¢ - E(f) = 14 and M(f) - E(f) = f.

KfLA A&Kf A ! A
Mfl = if f iM(f) E(f)l Sy iEQ(f)
B——B B——BR Kf -~ KE(f)

The endofunctor E has a copoint with components ®F: (1, M(f)): E(f) — f, and a
comultiplication ¥ as depicted above, where o;: K(f) — KE(f) is the unique morphism
defined by the conditions M(E(f)) -0y = 1y and rgp - 05 = 775.

It is not hard to show that E(f) 4 r; and this will be the LARI structure that makes
E(f) the cofree LARI on f, so Lari(C) is isomorphic to E-Coalg. See [5, §4.2] for the dual
construction for LALIs. If (1,s): f — E(f) is an E-coalgebra structure, the right adjoint
of f is obtained as ry - s: cod(f) — K(f) — dom(f).

5.2. LEMMA. The comonad E is lax idempotent.

PROOF. Suppose that f: A — B and g: C' — D are E-coalgebras with structures (1, s)
and (1,t). A morphism (h,k): f — g in C? is a lax morphism of coalgebras if E(h,k) -
(1,s) < (1,t) - (h, k), or, equivalently, if

K(hk)-s<t-k: D— K(g) (5.1)

since the domain component of the inequality is trivially an equality h = h. The re-
quired inequality will hold precisely when it does after composing with the projections
M(g): K(g) = D and r,: K(g) — C. Composition with M (g) yields in fact an equality,
as M(g) - K(h,k)-s=k-M(f)-s=Fk=M(g)-t-k. Composition with r, of the left hand
side of (5.1) equals r, - K(h,k)-s = h-rs-s, while the right hand side equals r, - t - k.
From the comments above this lemma, f — (r;-s) and g 4 (r, - t). Taking mates in
g-h==Fk-fweobtain h-ry-s <r,-t-k, and we deduce that (5.1) holds. We have shown
that any morphism f — ¢ in C? is a lax morphism of coalgebras, which is to say that E
is lax idempotent. [

Remark 2.6 immediately yields the following corollary.

5.3. COROLLARY. The inclusion E-Coalg c (E, ®¥)-Coalg is an equality.

6. Lax orthogonal factorisation systems

6.1. DEFINITION. An AWFS (L, R) on an Ord-category C is a lax orthogonal factorisation
system (abbreviated LOFS) if either of the following equivalent conditions holds:
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e The comonad L is lax idempotent.
e The monad R is lax idempotent.

The equivalence of the two conditions was established in [§].
According to our notation, the unit and multiplication of R and the counit and comul-
tiplication of L are depicted as morphisms in C? as follows.

Lf . Trf _
fl Ag lRf RQfl Iy lRf Lfi @y if LfJ/ PP lef
N T S

Then, (L, R) is lax orthogonal if and only if any of the following conditions hold:
K(Lf1)-m;<1 1<LRf-n; 1<o;-RLf op-K(,Rf)<1. (6.1

In terms of R-algebras and L-coalgebras, the lax idempotency of (L,R) is described as
follows. If (f,s) is an L-coalgebra and (g, p) is an R-algebra, as displayed below,

p

fl (f:s) J/Lf Rgl (9,p) J{g

S

then the AWFS is lax orthogonal if and only if any of the following two equivalent conditions
hold, for all (f,s) and (g, p):

1<s-Rf and 1< Lg-p.

6.2. EXAMPLE. The awrs (E, M) of §5, for which M-algebras are opfibrations and E-
coalgebras are LARIs, is lax orthogonal. Indeed, the monad M is well-known to be lax
idempotent.

There is a category AWFS(C) whose objects are AWFSs on the Ord-category C. A
morphism (L, R) — (L', R’) is a natural family of morphisms ¢ that make the following
diagrams commute.

d e

Kf-2s K'f (6.2)

Rfl iR’f

Furthermore, the morphisms (1, pf): Lf — L' f must form a comonad morphism L — L’,
and the morphisms (¢y,1): Rf — R'f must form a monad morphism R — R’
There is a full subcategory LOFS(C) of AWFS(C) consisting of the LOFSs.
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6.3. LEMMA. LOFS(C) is a preorder.

PROOF. If the morphisms ¢y as in (6.2) form a morphism from (L, R) to (L', R"), then the
morphisms (s, 1): Rf — R'f define a morphism of monads. By Lemma 2.7, there can
be only one morphism of monads from a lax idempotent monad. [

7. Lifting operations

In this section we introduce Kz-lifting operations and explain the motivation behind the
definition of lax orthogonal factorisation systems. Before all that, we must say something
about how lifting operations work in relation to AWFSs on Ord-categories.

Suppose that U: A — C? « B:V are locally monotone functors between Ord-
categories. A lifting operation from U to V can be described as a choice of a diagonal
filler ¢4 4(h, k) for each morphism (h, k): Ua — Vb in C2.

h

) —-
Ual aé_q,b(h;k) \LVI)

k

These diagonal fillers must satisfy a naturality condition with respect to morphisms in A
and B. If a: a’ — a and 3: b — V' are morphisms in A and B respectively, then

¢y (dom V- h-domUa,cod V- k-codUa) = (dom V) - ¢ p(h, k) - (cod Ucx)

as depicted in the following diagram.

dom U« h dom V3
) = R

codUa ' k ' codV

So far, the definition of lifting operation is the one given in [14], but our categories are
enriched in Ord and the functors U and V' are locally monotone, so we require that the
diagonal filler satisfies: if (h, k) and (A, k"): Ua — Vb are commutative squares in C with
(h,k) < (B k') (i.e., h < B and k < k') then

¢a,b(h7 k) < ¢a,b(h,a k,)

The idea of a functorial factorisation dom = E = cod, as defined in Definition 4.1, is
that it induces a canonical lifting operation between the forgetful Ord-functors U and V'

U: (L, ®)-Coalg —> C? «— (R, A)-Alg: V.

Here ®: L = 102 and A: 10,2 = R are, respectively, the copointed endo-Ord-functor and
the pointed endo-Ord-functor on C? associated to the given Ord-functorial factorisation.



LAX ORTHOGONAL FACTORISATIONS IN ORDERED STRUCTURES 1393

A coalgebra for (L, ®) can be depicted as the commutative square on the left below,
while an algebra for (R, A) is a commutative square on the right

(f,s) = fl S lLf (9.p) = Rgi ig

satisfying Rf - s = 1 and p- Lg = 1. Given a commutative square (h,k): f — g, there is
a canonical diagonal filler

O(1.)90) (s k) = p - K(h, k) - s. (7.1)

It is immediate to see that these diagonal fillers form a lifting operation from U to V.
This is a good point to include the following result, which will be useful in the proof
of Theorem 10.1.

7.1. LEMMA. For any AWFS (L,R), the diagonals ¢rsre(Lf, Rf) are identity morphisms.

Rf

PROOF. For f: A — B, the L-coalgebra structure of Lf is given by the comultiplication
(1a,04): Lf — L*f, while the R-algebra structure of Rf is given by the multiplica-
tion (7ms,1p): R*f — Rf. See (4.2) for a depiction of the comultiplication ¥ and the
multiplication II. According to (7.1), the diagonal filler of the square of the statement is
7y K(Lf, Rf)-0s. Factorise the morphism (Lf, Rf): Lf — RfinC?as (14, Rf): Lf — f
followed by (Lf,1g5): f — Rf. Thus, the diagonal filler is 7 - K(Lf,15)- K(14,Rf)-0y.
Applying the domain functor to the monad axiom II;-RAy = 1 we obtain - K (Lf, 15) =
1. Similarly, applying the codomain functor to the comonad axiom L®;-¥; = 1; we ob-
tain K (14, Rf) -0 = 1. =

7.2. REMARK. As pointed out in [5, §2.5], the commutativity of the two diagrams (4.3)
that express the fact that A: LR = RL is a mixed distributive law is equivalent to the
requirement that the diagonal filler of the displayed square should be o - 7.

Kf-2~KLf
LRfJ/ opny iRLf
KRfT>Kf
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8. KZ-lifting operations

In the previous section we saw that each functorial factorisation canonically induces a
lifting operation. It is logical to expect that lifting operations that arise from LOFSs
should have an extra property. In this section we identify this property.

8.1. DEFINITION. Suppose given a lifting operation ¢ from U: A — C% to V: B — C?
on an Ord-category C as defined in §7. We say that ¢ is a Kz-lifting operation if, for all
a € A, be B and each commutative diagram as on the left, the inequality on the right

holds.

h
 —_ .

Uai%l\/b s Guy(h k) <d

- — .

k

In other words, the diagonal filler given by the lifting operation ¢ is a lower bound of all
possible diagonal fillers.

8.2. EXAMPLE. Consider the monotone map 0: 1 — 2 that includes the terminal ordered
set as the initial element of the ordered set 2 = (0 < 1). There is a bijection between
opfibration structures on a morphism ¢g: X — Y in Ord and Kz-lifting operations on g
against the morphism 0. To see this, first notice that a commutative square

1—X
ol ig
2;>Y

is equally well given by an element x € X and an element y € Y such that g(z) < y.
The existence of a diagonal filler is the existence of an element z, € X with < z, and
g(x,) = y. This diagonal filler is a lower bound if for any other + < z with ¢(Z) = y there
is an inequality z, < z. The element z, is unique and the assignment (z,y) — x, defines
a split opfibration structure on g.

8.3. THEOREM. [8, Thm. 9.10] The following conditions are equivalent for an AWFs (L, R)
on an Ord-category C.

1. The AWFS is a LOFS.

2. The lifting operation from the forgetful functor U: L-Coalg — C2? to the forgetful
functor V: R-Alg — C2? is a Kz-lifting operation.

8.4. THEOREM. Let (L,R) be a LOFS on an Ord-category C. Then, the following state-
ments about a morphism f of C are equivalent:

1. f is an R-algebra.
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2. f is injective with respect to L-coalgebras, in the sense that any commutative square

4 |

- —_— .

with { € L-Coalg has a diagonal filler.
3. f admits a (necessarily unique) (R, N)-algebra structure.
4. f is a retract in C? of an R-algebra.

The WFS that underlies (L,R) has as left part the L-coalgebras and as right part the R-
algebras.

PROOF. We have seen in §7 that (1) implies (2). To prove that (2) implies (3), consider
the diagonal filler below, which shows that (p,1): Rf — f is an (R, A)-algebra structure.

LfJ; ” 7 if

—_—
Rf

The implications (3)=(4)=(1) are particular instances of part of Lemma 2.5 and Re-
mark 2.6, since R is lax idempotent.

As mentioned in Remark 4.4, the underlying wrs (£, R) of (L,R) has as right class
the algebras for the pointed endofunctor (R,A). Then, f € R (or, by duality, f € £)
precisely when f is an R-algebra (an L-coalgebra). [

9. Categories of lifting operations

If U: J — C? is an Ord-functor, there is a sub-Ord-category J ™ of C? whose objects
are those morphisms f of C that admit a Kz-lifting operation against U, i.e., those for
which the following Ord-natural transformation between Ord-functors J°° — Ord is a
RALI.

612 Cleod U(=), dom ) —> C2(U(-), f).

A morphism is a morphism in C? that is compatible with the left adjoints of the ¢; ; and
the counits of these adjunctions in the obvious way. The subcategory J™* < C? is replete
and the inclusion is full on isomorphisms.

The construction (J,U) — J™* is part of a functor

(=)™ : (Ord-Cat/C?)°P —> Sub(C?)

whose codomain is the poset of replete sub-Ord-categories of C? that are full on isomor-
phisms, denoted here simply by Sub(C?). Explicitly, if S: J — Z is an Ord-functor over
C2’ then Imm c jf‘hm'
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Given an Ord-functor U: J — C2, there is another subcategory ™7 < C2? that is
constructed dually to J®<. More explicitly, ™7 has objects (f, ¢;_) where f € C? and
¢ is a Kz-lifting operation from f to U.

The Kz-lifting operation ¢;_ is a RALI structure on the Ord-natural transformation
morphisms C(cod(f),dom U(=)) — C2(f,U(-)).

9.1. THEOREM. Suppose given Ord-functors

J ot 1
There is a bijection between:
o KZ-lifting operations from U to V;
« Factorisations of V through J™;
e Factorisations of U through ™*T.

These correspondences yield a Galois connection on the poset Sub(C?).

Suppose that (L,R) is a LOFS on the Ord-category C. There is an Ord-enriched
inclusion of subcategories of C2

R-Alg — L-Coalg™ (9.1)

introduced in [8], that equips each R-algebra with its canonical Kz-lifting operation against
L-coalgebras (see Theorem 8.3). Using [5, §6.3] one could deduce that (9.1) is an isomor-
phism. Since we can treat L-Coalg and R-Alg are subcategories of C2, one has the following
simpler proof.

9.2. THEOREM. The inclusion (9.1) induced by a LOFS (L,R) is an equality.

PROOF. Supposing that (g,¢_,) is a Kz-lifting operation against the forgetful Ord-
functor U: L-Coalg — C2, we want to construct an R-algebra structure on g: A — B. It
suffices to exhibit g as a retract in C? of Rg, by Theorem 8.4, and this can be done by
means of the Kz-diagonal filler p = ¢, ,(1, Rg) as depicted below.

A——=A

b "
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Now that we know that (9.1) is an equality on objects, it remains to prove that it is
fully faithful, in the Ord-enriched sense. Suppose that (h,k): (f,¢—f) — (g,0-,4) is a
morphism in L-Coalg™*, and let ps: Rf — f and p,: Rg — g be the associated algebra
structures. We have the following string of equalities

h "Pr= h- ¢Lf,f(1’Rf) = ¢Lf,9(hvk ) Rf) = ¢Lg,g(1’R9) K(h7k) =DPg- K(h’ k)v

which are a result of the definition of lifting operations.

_h o _h
7 T o
Lfi pf if ig = Lfi ¢Lf".g(h,k“~.Rf) J{g = Lfi Lgl Pg lg
. ?f . ? . . T . . Im . ?g
This shows that (9.1) is full on morphisms. n

We conclude the section with a result on morphisms of LOFSs.

9.3. PROPOSITION. Suppose that (L,R) and (L',R") are LOFSs on the Ord-category C.
There is a bijection between the following sets, which, moreover, can have at most one
element.

(a) Morphisms of LOFSs (L,R) — (L', R’).
(b) Comonad morphisms L — L'.
(¢) Monad morphisms R — R'.

PROOF. First, there is at most one morphism of the kind in (a), (b) and (c¢) by Lemma 6.3,
Lemma 2.7 and its dual form (i.e., the version for comonads). Clearly, if there is a
morphism as in (a), then there are morphisms as in (b) and (c), just by definition of
morphism of AWFSs (§6).

Suppose there is a morphism of comonads ) from L to L’. It induces an inclusion
L-Coalg < L'-Coalg of subcategories of C2. Applying the functor (—)® and employing
Theorem 9.2 we obtain an inclusion

R'-Alg = L'-Coalg™* c L-Coalg™* = R-Alg,

which is necessarily induced by an Ord-monad morphism R — R’.

We have seen that (c¢) has a member if (b) has a member. By a duality argument, i.e.,
by taking the opposite Ord-category of C, we deduce the converse: (b) has a member if
(c) does.

To complete the proof, it suffices to produce a morphism of LOFSs from a comonad
morphism () as above. Even tough this can be achieved by means of double categories
and [5, Prop. 2], we prefer to avoid introducing double categories at this point, giving
instead an elementary proof.
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Due to the counit axiom, (1, R'f)-Q; = (1, Rf), we have that Q) is of the form (1, ¢y)
for a morphism ¢;: K f — K'f. Using the construction in the proof of Theorem 9.2, one
can describe the R-algebra structure on an R’-algebra (p,1): R'f — f. Its associated
KZ-lifting operation ¢_ ; defines a diagonal filler for each commutative square

EJ/ b (i) J{f ¢o,r(h, k) =p- K(h,k)-s

fhKZ mKZ

for any L'-coalgebra (1,s): £ — L{. Upon applying L'-Coalg™* < L-Coalg™* we obtain a
Kz-lifting operation 1_ s of f against all L-coalgebras. If (1,t): g — Lg is an L-coalgebra,
its L’-coalgebra structure is

g (Lt) Lg (17509) ng
and therefore 1), (h, k) is the form

¢g,f(h,k) :p'K/(hak) gogtzp@fK(h,k) 1.
We now obtain the R-algebra structure on f by ¢f (1, Rf),

VYip(L,Rf) =p-¢s- K(1,Rf) -0y =p-p;.

In conclusion, (9.1) sends an R'-algebra (p,1): R'f — f to the R-algebra (p-¢¢,1): Rf —
f. This implies that the monad morphism R — R’ (whose existence we showed above) has
components of the form (¢s,1): Rf — R'f. Therefore, the morphisms ¢;: Kf — K'f
form a morphism of LOFSs as in (a), completing the proof. n

The above proposition is a reminder of the differences that exist between general
AWFSs and LOFSs. In the general case, the proposition does not hold; see [28, Lemma 6.9]
or [5, Prop. 2].

10. The definition of LOFS revisited

Lax orthogonal factorisation systems on Ord-categories were defined in §6 as Ord-
enriched AWFss (L, R) whose comonad L is lax idempotent, or equivalently, whose monad R
is lax idempotent. The definition of AWFS includes a mixed distributive law A: LR = RL,
with components (of,7¢): LRf — RLf. The axioms of a mixed distributive law in this
case amount to the commutativity of the diagrams in (4.3), and they are equivalent, as
mentioned in Remark 7.2, to the requirement that the diagonal filler of the square below
should be o - 7.

Kf-2~KLf
7
LRfJ/ o iRLf (10.1)
KRfT>Kf

The main result of the section is the following.
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10.1. THEOREM. The distributive law axiom in the definition of LOFS is redundant. More
precisely, given a domain-preserving Ord-comonad L and a codomain-preserving Ord-
monad R on C? that induce the same Ord-functorial factorisation f = Rf - Lf, the
following two statements are equivalent, and when they hold we are in the presence of a
LOFS.

e One of L,R is lax idempotent and the distributive law axziom holds.
e Both L and R are lax idempotent.

PROOF. All we need to show is that o - 7y is the diagonal filler of the square (10.1). The
existence of a Kz-lifting operation for R-algebras against L-coalgebras does not depend on
the distributivity axiom but it suffices that both L and R be lax idempotent. Then, we
only need to show that

of - <d (10.2)

for the Kz-diagonal filler d of the square (10.1), for, in this case, the inequality is necessarily
an equality. There are adjunctions oy 4 K (1, Rf) and K(Lf,1) 4 7y since L and R are
lax idempotent. Thus, the inequality (10.2) is equivalent to 1 < K (1, Rf)-d-K(Lf, 1), due
to the inequalities (6.1) of §6. Consider the following diagram, where (Lf, K(Lf,1)) =
L(Lf,1) is a morphism of L-coalgebras and (K (1, Rf), Rf) = R(1, Rf) is a morphism of
R-algebras.

L er KGR A
‘/.f

Lfl LRfl/lRLf in Lfl 1 J/Rf
. KT R e Thek Tf)

By the naturality of the diagonal fillers with respect to morphisms of L-coalgebras and
morphism of R-algebras, we deduce that K (1, Rf)-d- K(Lf,1) is the diagonal filler of the
square on the right hand side, and hence equal to the identity morphism (see Lemma 7.1).
Therefore the inequality (10.2) holds, completing the proof. n

11. Embeddings with respect to a monad

Embeddings with respect to a lax idempotent monad were extensively exploited in [12, 13]
and in [11], where topological embeddings were exhibited as an example (more on this in
§18). In this section we begin our analysis of the interplay between these embeddings and
LOFSS.

11.1. DEFINITION. If S: C — B is an Ord-functor between Ord-categories, a morphism
fin C is an S-embedding if Sf is a LARI in B. A morphism of S-embeddings f — g is a
morphism (h,k): f — g in C? that is compatible with the right adjoints of Sf and Sg:
it Sf 4 rand Sg 4 t, then Sh-r =t - Sk must hold. This defines a sub-Ord-category
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S-Emb of C2, which is locally full and fits in a pullback square of Ord-functors.
S-Emb —— Lari(B)

pb [ (11.1)

C? B?

52

11.2. LEMMA. The forgetful Ord-functor S-Emb — C? creates colimits, provided that C
has and S preserves colimits.

PROOF. In the pullback diagram (11.1), the leftmost vertical Ord-functor creates any
colimit that is preserved by S (and thus by S?), since the rightmost vertical Ord-functor
creates colimits. ]

11.3. DEFINITION. If T is an Ord-monad on C, we shall call F'T-embeddings T-embe-
ddings, and denote the Ord-category F''-Emb by T-Emb. Here FT: C — T-Alg denotes
the free T-algebra functor.

If A is an Ord-category with a terminal object, we write A/1 for the full subcategory
of A2 consisting of morphisms A — 1.

11.4. PROPOSITION. Let T be a lax idempotent monad on an Ord-category with a ter-
minal object. There is an equality of sub-Ord-categories of C2

T-Emb = ™ (T-Alg/1). (11.2)

PROOF. An object of ™*(T-Alg/1) is a morphism f: X — Y of C for which the following
i1s a RALI

C(f,A): C(Y,A) — C3(f,(A— 1)) =C(X, A) (11.3)
naturally in the T-algebra A, in the sense that, each T-algebra morphism A — A’ must
induce a morphism of RALIS. In other words, each morphism X — A has a left Kan
extension along f, and these are preserved by T-algebra morphisms.

X —

Y

The morphism (11.3) can be written as

C(Y, A) = T-Alg(FTY, A) TR, 1 A0 (FT X, A) = C(X, V(A)) (11.4)

which is a RALI, naturally in the T-algebra A, if and only if F'T f is a LARI. This gives an
equality on objects in (11.2).

Both sides of (11.2) are locally full subcategories of C2, so it only remains to verify the
equality at the level of morphisms. Suppose that f and g are T-embeddings. A morphism
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(h,k): f — ¢ is a morphism on the right hand side of (11.2) if it is compatible with
the RALI structures on the morphisms (11.3) corresponding to f and g; in other words,
if (h, k) induces a morphism of RALIs. This is equivalent to requiring that (h, k) should
induce a morphism of RALIs between the RALIs (11.4) that correspond to f and g. By
Yoneda lemma, this means that (h, k) is a morphism of T-embeddings, and concludes the
proof. [

11.5. COROLLARY. Assume that the Ord-category C has a terminal object. The assign-
ment T — T-Emb is a functor from the category of lax idempotent monads on C to the
poset of sub-Ord-categories of C?.

PROOF. If p: S — T is a monad morphism between lax idempotent monads, then T-Alg <
S-Alg. Applying ™(—) and Proposition 11.4, we obtain S-Emb < T-Emb. n

11.6. PROPOSITION. Let T be a lax idempotent monad on an Ord-category with a ter-
minal object. The obvious inclusion of Ord-categories

T-Alg/1 < (T-Emb)™

identifies T-Alg with the fibre of cod: (T-Emb)™* — C over 1.

PROOF. We will show that a morphism A — 1 is in (T-Emb)™= if and only if A is a
T-algebra. The components 1x: X — T X of the unit of the monad T are T-embeddings
due to the adjunction Tny — px. Furthermore, for any morphism u: X — Y, there is a
morphism (u, Tu): nx — 1y in T-Emb because Tu - ux = py - T?u.

Suppose that A — 1 has a Kz-lifting operation against T-embeddings, which provides
a diagonal filler to the square displayed below.

A A
7

"IAi a 3 J/

TA——1

Being a retract for 14, the map a is a T-algebra structure for A; see Remark 2.6. We leave
to the reader the verification that the Ord-functor of the statement is full and faithful. m

11.7. COROLLARY. In the conditions of Proposition 11.6,
T-Emb = " (T-Emb™)

PRrROOF. There always is an inclusion of the left into the right hand side of the equality
above, by the Galois connection of Theorem 9.1. Let us denote by T—Emb?’(Z the fibre of
cod: T-Emb™ < C over 1. We have

T-Emb = ™ (T-Alg/1) = ™ (T-Emb{*) > ™ (T-Emb™).
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11.8. COROLLARY. If (L,R) is a LOFS on an Ord-category C with a terminal object, then

L-Coalg € R;-Emb
where Ry is the Ord-monad on C = C/1 that is the restriction of R.

PROOF. The inclusion of R;-Alg < R-Alg, given by A — (A — 1), induces the inclusion
arrow in the following,

L-Coalg = ™ (R-Alg) = ™ (Ry-Alg/1) = R,-Emb

where the last isomorphism is provided by Proposition 11.4. [

The Ord-functor of Corollary 11.8 may be described more explicitly. If f: X — Y is
an L-coalgebra, then the corresponding Ri-embedding structure is given by the adjunction
Rif 4 r: RiY — R1X where r is the unique morphism of R;-algebras that composed
with the unit ny: Y — R;Y equals the Kz-lifting corresponding to the square displayed
below.

X -2 RiX

7
fl ?ﬁ:ns”/ l!R(!)

Y ——1

12. KZ-reflective LOFSs

We begin by summarising the most basic definitions of [7] around reflective factorisation
systems.

An OFs (&, .#) on a category with a terminal object C induces a reflective subcategory
of C formed by those objects X for which X — 1 belongs to .#. In the other direction,
each reflective subcategory B < C induces a pre-factorisation system (&, .#) whose & is
formed by all the morphisms that are orthogonal to each object of B. With an obvious
ordering on reflective subcategories and pre-factorisation systems, these two constructions
form an adjunction (a Galois correspondence). Those pre-factorisation systems obtained
from reflective subcategories are called reflective, and are characterised as those for which
g-fe& and g€ & implies f € &.

In this section we consider the analogous notion of Kz-reflective LOFS and find a
characterisation that mirrors the case of OFSs.

12.1. DEFINITION. We say that the Ord-monad T on C is fibrantly KZ-generating if the
locally full inclusion of Ord-categories T-Emb < C? has a right adjoint (in the Ord-
enriched sense).

12.2. PROPOSITION. Let T be an Ord-monad on C. Then T is fibrantly KZ-generating
if and only if there exists an Ord-enriched AWFS (L,R) for which L-Coalg = T-Emb.
Furthermore, if C is cocomplete and has limits of morphisms, this AWFS is lax orthogonal.
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PrOOF. The implication in one direction is clear; indeed, if T-Emb equals L-Coalg, then
the condition of Definition 12.1 holds.

Assume that T is fibrantly Kz-generating. The inclusion Lari(T-Alg) < T-Alg? is
comonadic by §5. The inclusion T-Emb < C? is a pullback of the comonadic inclusion
mentioned, therefore, it satisfies all the hypotheses of (the Ord-enriched version) of Beck’s
comonadicity theorem, except perhaps for the hypothesis of being a left adjoint. Together
with Definition 12.1, we deduce that T-Emb is comonadic over C2.

The Ord-category of T-embeddings forms part of a double category. In other words,
T-embeddings are closed under composition, just as LARIS are. We will be able to apply
the dual of [5, Thm. 6] if we show the following: if f is a T-embedding, then the square
on the left is a morphism of T-embeddings 1 — f. This is equivalent to saying that the
square on the right is a morphism of LARIs 1 — FT f, which is easily seen to hold.

P G P

We deduce, by a dual form of [5, Thm. 6], that the underlying category of T-Emb is
L-Coalg for an AWFS (L, R). We leave to the reader the verification that this isomorphism
is not only one of categories but one of Ord-categories.

It remains to show that, in the presence of limits of morphisms and colimits, this
AWFS is a LOFS. For this we appeal to the dual version of [27, Cor. A.3], which we explain
here. The setup consists of a pullback square as displayed on the left hand side below,
for Ord-monads P and S, the respective forgetful Ord-functors as vertical arrows, and a
Ord-functor W: A — B with the property that right Kan extensions along W exist (e.g.,
when W is a right adjoint). The completeness conditions are that .4 should be complete
and W continuous ([27, Cor. A.3| says cocomplete where it should say of complete; the
proof is unaltered). The thesis states that P is lax idempotent if S is so.

P-Alg — S-Alg T-Emb —— E-Coalg

L l

A B c2 T T Alg?

Our situation is the pullback square displayed on the right hand side above, where C is
cocomplete and the free algebra Ord-functor F7 is a left adjoint. The lax idempotent
comonad E on T-Alg? is the one of §5 and exists since C, and thus T-Alg, has limits of
morphisms. Therefore, the comonad corresponding to the comonadic U is lax idempotent
by the dual of [27, Cor. A.3] recalled above. "

12.3. DEFINITION. The Ord-category of lax idempotent monads on the Ord-catego-
ry C, denoted by LIMnd(C), has morphisms T — S natural transformations that are
compatible with the multiplication and unit of the monads, in the usual manner. This
Ord-category is a (possibly large) preordered set, i.e., it has at most one morphism between
any pair of objects, by Lemma 2.7.
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We will denote by LIMndgy(C) the full subcategory of LIMnd(C) consisting of those
monads that are fibrantly Kz-generating, in the sense of Definition 12.1.

When C is cocomplete, has limits of morphisms and terminal object, we have a sit-
uation that can be summarised by the following diagram of preordered sets and order-
preserving maps.

LOFS(C LIMndﬁb

coalgv( \ £ (12.1)

Sub(C?) ¥ LIMnd(C

The vertical maps are full, the one on the right being an inclusion. The one on the left
sends each LOFS on C to the sub-Ord-category L-Coalg of C2. The map ¥ sends a lax
idempotent monad T on C to mKZ(T—Alg/ 1), and has a lifting to a map ¥ that sends a
fibrantly Kz-generating T to the LOFS (L,R) on C that satisfies L-Coalg = T-Emb — see
Proposition 12.2. Finally, ® sends (L,R) to Ry, the restriction of R to the slice C/1 = C

It will be convenient to use the following relaxed notion of adjunction. Suppose given
a diagram of functors and a natural transformation, that may be enriched as needed, as
displayed.

A<SB

2|

D

12.4. DEFINITION. Following [31, §2], we say that 6 ezhibits G as a I-right adjoint of F,
and F' as a I-left adjoint of G denoted by F' —; G, if

F

A(A,G(B)) & D(F(A), FG(B)) 22, D(F(A), 1(B))

is invertible, for all objects A€ A and Be B

It is easy to prove that if I: B — D is fully faithful and 6 is an isomorphism, then G
is fully faithful.

12.5. THEOREM. When C is cocomplete, has limits of morphisms and terminal object,
the functor ® in (12.1) is a I-left adjoint of . Moreover, ¥ is fully faithful.

PROOF. Let us denote the monad part of the LOFs W(T) by S. The counit of the relative
adjunction will have components S; — T, where S; is the restriction of S to C = C/1.
We want to define this counit to be an isomorphism, for which we need S; = T, or,
equivalently, S;-Alg = T-Alg. The left hand side of the equality is the fibre over 1 of
the codomain Ord-functor S-Alg — C, while the right hand side is the fibre over 1 for
the codomain Ord-functor T-Emb™* — C, by Proposition 11.6. It suffices, thus, to show
S-Alg = T-Emb™*. By hypothesis, T-Emb = L-Coalg, and the required equality follows
from Theorem 9.2.
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We next prove that the function
LOFS(C)((L,R), ¥(T)) > LIMnd(C)(Ry, T),

induced by the counit described in the previous paragraph, is bijective. Domain and
codomain are either empty or singletons, so it suffices to prove that the existence of a
morphism R; — T implies that of another (L,R) — W(T). Equivalently, it suffices to
prove that T-Alg < R;-Alg implies L-Coalg < T-Emb. Furthermore, it suffices to prove
that R;-Emb < T-Emb, by Corollary 11.8. The latter inclusion follows from applying
fz(—) to T-Alg < Ry-Alg and applying Proposition 11.4. m

12.6. DEFINITION. We call a LOFS (L, R) on C kz-reflective if L-Coalg = T-Emb for a lax
idempotent monad T on C. In other words, the Kz-reflective LOFSs are those LOFSs that
arise from lax idempotent monads that are fibrantly Kz-generating; see Proposition 12.2.

When C is cocomplete, has limits of morphisms and terminal object, so we have the
situation (12.1), Kz-reflective LOFSs are those isomorphic to one of the form W(T), for a
lax idempotent monad T.

12.7. PROPOSITION. Let (L,R) be a Kz-reflective LOFS on a cocomplete Ord-category

with lax limits of morphisms and terminal object. Then, L-Coalg = R{-Emb and (L,R) =
U(Ry).

PROOF. Suppose that (L,R) = ¥(T) for a lax idempotent monad T. This means that
L-Coalg = T-Emb for an Ord-monad T on C. On the other hand, R-Alg = L-Coalg™* for
any LOFS, as we saw in Theorem 9.2. Therefore,

Ri-Alg = R-Alg, = T-Emb{™ = T-Alg

where the subscript 1 denotes the fibre of the various categories fibred over C via the
codomain functor. The last equality of the sequence is provided by Proposition 11.6. We
obtain an isomorphism of Ord-monads between R; and T. [

12.8. DEFINITION. An object A in the Ord-category C, which we assume has a terminal
object, is Kz-injective with respect to an Ord-functor U: J — C? if (A — 1) € J ™,
Kz-injectivity can be expressed in the absence of a terminal object. The universal
property of the diagonal filler is that of a left Kan extension, plus there should be com-
patibility with the morphisms of 7. We will always have terminal objects available, so we
can safely leave this formulation to the reader. The notion was extensively used in [1]; see
[11] for an early appearance (where the term right injective was used for a dual notion).

12.9. COROLLARY. If (L,R) is Kz-reflective on C, then

1. An object of C is an Ry-algebra if and only if it is KZ-injective, equivalently, injective,
with respect to Ri-embeddings

2. A morphism f of C is an L-coalgebra if and only if each Ri-algebra is KZ-injective
with respect to f.
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PROOF. Let (£, R) be the underlying Wrs of (L,R) (see Remark 4.4). We already know
that any Rj-algebra is Kz-injective with respect to L-coalgebras, by Theorem 9.2, and, by
hypothesis, with respect to R;-embeddings too.

It remains to prove that each object C that is injective with respect to £ is an R;-
algebra. The unit nc: C' — Ry(C) is an Rj-embedding, since R; is lax idempotent, and
therefore it is an L-coalgebra, and a fortior:i it is in £. Then, ne has a section and C' is
an Rj-algebra; see Lemma 2.5.

To say that each Ri-algebra A is Kz-injective with respect to f is equivalent to saying
that f is an R;-embedding, i.e., f is an L-coalgebra. ]

12.10. REMARK. In part (2) of the above corollary, Kz-injectivity of R;-algebras cannot
be replaced by plain injectivity. Indeed, any split monic is injective with respect to all
objects, but there are many OFSs (in particular, LOFSs) whose left morphisms do not
include the split monics. To wit, the OFS on the category of sets whose left morphisms
are the surjections.

13. A characterisation of Kz-reflective lax factorisations

In this section we will denote by (E, M) the LOFS on C whose E-coalgebras are LARIs in C
and whose M-algebras are split opfibrations in C.

13.1. DEFINITION. We will refer to those LOFSs (L, R) that admit a morphism (E, M) —
(L,R) as sub-LARI LOFSs. If such morphism exists, it is unique. Another way of putting
the definition is to require Lari(C) < L-Coalg.

Not all LOFSs are sub-LARI. For example, the initial AWFS (the one that factors a
morphism f as f = Rf - Lf with Lf = lqom(s) and Rf = f) is orthogonal and, thus, lax
orthogonal. Coalgebras for the associated comonad are the invertible morphisms in C. It
is clear that not every LARI is an isomorphism, so this LOFS is not sub-LARI.

13.2. PROPOSITION. KZ-reflective LOFSs are sub-LARI.

PRroOF. By definition, L-Coalg equals T-Emb, for a certain T. We have to show that
Lari(C) < T-Emb. By definition of T-Emb as a pullback (see Definition 11.1) so it suffices
to exhibit a commutative square

Lari(C) — Lari(T-Alg)

! |

C2 W T—Algz

where the vertical arrows are the obvious inclusions. The Ord-functor (FT)2 obviously
induces another Lari(C) — Lari(T-Alg) that makes the diagram commutative, since any
Ord-functor preserves LARIS. ]
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13.3. DEFINITION. We shall be interested in LOFS (L, R) that satisfy the following can-
cellation properties:

o If g and g - f are L-coalgebras, then f is an L-coalgebra.

o If, in the following diagram, ¢, ¢’, g - f and ¢ - f’ are L-coalgebras and (v, w) and
(u, w) are morphisms of L-coalgebras, then (u,v) is a morphism of L-coalgebras.

We call these LOFSs cancellative.

13.4. EXAMPLE. For LOFSs that are OFSs, or in other words, when both the comonad
and the monad of the LOFSs are idempotent, the second condition of the definition above
is superfluous. Therefore, cancellative OFSs are precisely the reflective OFSs, as shown
in [7, Thm. 2.3]. This is the result that we will generalise in Theorem 13.6.

13.5. LEMMA. The LOFs (E,M) is cancellative.

PrOOF. Recall that E-coalgebras are the same as LARIs. Suppose that f and g are
composable morphisms and that g - r and (g - f) - t are LARI structures. Defining
s=1-¢g, we have that s- f =t-¢g- f = 1. It remains to prove that f-s=f-t-g <1,
which is equivalent to g - f -t - g < ¢, and this inequality holds since g - f -t < 1.

t|-

T

\
[
.
4

_ >

Now suppose given morphisms of LARIS (u,w): g-f — ¢ - f and (v,w): g — ¢, as
depicted. We have to show that (u,v): f — f’is a morphism of LARIs, i.e. that u-t-g =
t'- ¢' - v, which holds by the following string of equalities

utg:t/wg:t,glv

completing the proof. [
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13.6. THEOREM. A sub-LARI LOFS (L,R) on a finitely complete Ord-category is Kz-
reflective if and only if it is cancellative.

PrROOF. When L-Coalg is equal to T-Emb for some lax idempotent T, it always satisfies the
cancellation properties of Definition 13.3 since LARIs do: if g and ¢ - f are T-embeddings,
i.e., if Tgand T(g- f) = Tg-Tf are LARIs, then T'f is a LARI, which is to say that f is
a T-embedding; and similarly for morphisms. See Lemma 13.5.

Conversely, suppose that (L,R) is cancellative (Definition 13.3), that is, Lari(C) <
L-Coalg. We shall show that the inclusion L-Coalg < R;-Emb of Corollary 11.8 is an
identity, so (L,R) = W(R;) is reflective.

If f: X - Y is an Rj-embedding, then consider the following commutative diagram.

f

X Y
ot L
RX Ry

| |

]l—1

The morphisms L! are cofree L-coalgebras while R;f is a LARI and therefore an L-
coalgebra. So, L!- f is an L-coalgebra and f is an L-coalgebra by the cancellation hypoth-
esis. This means that each R;-embedding is an L-coalgebra, and all that remains to prove
is that morphisms of R;-embeddings are morphisms of L-coalgebras.

Let (u,v): f — f' be a morphism of Rj-embeddings, so (Rju, Riv): Rif — Rif' is a
morphism of LARIs, and, therefore, a morphism of L-coalgebras. It follows that (u, Riv),
depicted on the left below, is a morphism of L-coalgebras.

X “ X' X X'
L!‘L \LL! f\L \Lf'
RiX M LR X = Y vy

lei \Bag L!\L \LL!

RY ™ L Ry RY —™ - RYY’

On the other hand, (v, Ryv) is a morphism of L-coalgebras, being the image under L of
the morphism (v,1): (Y — 1) - (Y’ — 1). By the second part of Definition 13.3, we
deduce that (u,v) is a morphism of L-coalgebras, as required. [

14. Simple adjunctions

In §3 we saw that a reflection T on C is simple if and only if a certain copointed end-
ofunctor (L, ®) on C? underlies a comonad whose category of coalgebras is T-Iso = C2.
In this section we generalise that result in three directions. First, we work with Ord-
enriched categories, Ord-enriched functors and so on. Secondly, the 2-dimensional aspect
introduced by the enrichment over Ord allows us to substitute isomorphisms by LARIS
and T-isomorphisms by T-embeddings. Thirdly, even though §3 speaks of reflections, the
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constructions therein only need an adjunction (not necessarily a reflection) and this is the
framework we choose.

14.1. DEFINITION. Let S 4 G: B — C be an adjunction between Ord-functors on Ord-
categories, of which we require C to have pullbacks and B to have lax limits of morphisms.
We can always construct a monad R on C? by considering the comma-object K f = GSf |
ny and defining Rf: Kf — Y as the second projection. (The existence of this comma-
object is explained in Remark 14.2; below.)

X nx

N

Kf—Gsx
Rfi > J/GSf

The Ord-functorial factorisation f = Rf - Lf has an associated locally monotone co-
pointed endofunctor ®: L = 1, where the component ® is provided by the commutative
square displayed.

Y ¥

- —_— .

We continue with the notation of previous sections, where (E, M) denotes the LOFS
whose E-coalgebras are the LARIs.

14.2. REMARK. The comma-square of Definition 14.1 can be obtained by pulling back
along 7y the image under G of the projection M(Sf): Sf | SY — SY.
Kf—G(Sf|SY)—=GSX
Rfl pb G(%Sf) > GSf

Y GSY ———==GS5Y

14.3. LEMMA. There is a pullback square of locally monotone endofunctors of C%, as
depicted on the left. There is a pullback of Ord-categories, as depicted on the right.

I . G2ES? (L, ®)-Coalg — (E, ®¥)-Coalg
@i pb iG2¢E52 Ui pb J/
lor — o G252 c? B?

52
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PROOF. In order to obtain a pullback square as on the left hand side of the statement,
we need to give two pullback squares: one corresponding to the domain component and
another corresponding to the codomain component. We define the domain component
of L — G?ES? to be the unit n: 1 — GS; this is possible since dom £ = 1. The
resulting square has horizontal morphisms both equal to 1 and vertical morphisms equal
to the identity, since dom ®* = 1. This square is manifestly a pullback. The codomain
component we choose is the pullback square of Remark 14.2.

The fact that there is a pullback of Ord-functors as on the right hand side of the
statement follows easily, and it is a well-known fact (see, eg, [19, Prop. 9.2]). ]

As a consequence of the previous lemma, the pullback square in (11.1) that defines
S-Emb factors as two pullback squares, as depicted.

S-Emb

.

(L, ®)-Coalg — (E, ®¥)-Coalg

o

C2? 52 B2

E-Coalg

The equality E-Coalg = (E, ®¥)-Coalg was exhibited in Corollary 5.3. The Ord-functor
S-Emb — (L, ®)-Coalg is an isomorphism, being the pullback of an isomorphism. The
remark that follows describes this functor and its inverse in more explicit terms.

14.4. REMARK. Suppose that f: X — Y has a structure of (L, ®)-coalgebra, given by
(1,s): f — Lf, wheres: Y — K f. This structure corresponds bijectively toanry: SY —
SX in B with ry - Sf =1 and Sf -r; < 1, in a way that can be explicitly described:
rg: SY — SX is the morphism whose transpose under the adjunction S 4 G is gf-s: Y —
Kf—GSX,ie.

rp = (SY 55 SKf 2% SGSX =X X)),

and .
Rf-s=1 gq;-s= (Y™ GSY -5 GSX).

14.5. DEFINITION. We say that the adjunction S H G is simple (or simple with respect
to (E,M)) if, for each f: X — Y in C, the morphism Lf has an S-embedding structure
given by

(SX S, SKf) 4 (SKf 21 SGSX 255 §X).

where ¢ is the counit of S 4 G. This amounts to the existence of the inequality SLf -
egx - Sqp < 1, or equivalently, the inequality GS(Lf) - qf < nicy.

The following theorem is a version of [8, Thm. 11.5] and a higher-dimensional analogue
of the characterisation of simple reflections in §3.
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14.6. THEOREM. The following statements are equivalent.

1. The adjunction S - G is simple.

2. The locally monotone forgetful functor U: S-Emb — C? has a right adjoint and the
induced comonad has underlying functor L and counit ®: L = 1c2.

3. The locally monotone copointed endofunctor ®: L = 1c2 admits a comultiplication
¥: L = L? making L = (L,®,X) into a comonad whose category of coalgebras is
isomorphic to S-Emb over C2.

15. Simple monads

Our definition of simple adjunction, Definition 14.1, requires the existence of some Ord-
enriched limits: pullbacks in one of the two Ord-categories involved, and lax limits of
morphisms in the other. We shall now look at the situation when the adjunction is the
Eilenberg-Moore adjunction of an Ord-monad T on C. In this situation, all the com-
pleteness requirements can be burden on C. Lax limits of morphisms can be constructed
from pullbacks and a lax limits of the identity morphisms, i.e., cotensor products with
the arrow poset 2. These are the minimal requirements in the following definition, and
ensure the existence of arbitrary comma-objects.

15.1. DEFINITION. Let C be an Ord-category that admits pullbacks and cotensor prod-
ucts with 2. A monad T = (T,n,u) on C whose functor part T is locally monotone
(i.e., Ord-enriched) is simple if the free T-algebra adjunction is simple in the sense of
Definition 14.5.
FT
C_1 T-Alg
UT
Explicitly, T is simple when, for each f: X — Y in C, the morphism F'T(Lf) is a right
adjoint of eLry - F Tq}, with these morphisms defined by the following diagram, where the

square is a comma-object.
X

X
\Lf
N ar
Kf—1-TXx (15.1)
IV = le
Y——TY
ny

15.2. LEMMA. An Ord-monad T on C is simple if and only if there is an adjunction
T(Lf) A ux - Tqy, where px is the multiplication of T.

PROOF. The simplicity of T is the existence of an inequality FTLf -eprx - FTq; < 1. The
forgetful Ord-functor UT reflects inequalities between morphisms. Then, the mentioned
inequality is equivalent to TLf - ux - T'q; < 1, its image under UT. [
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15.3. COROLLARY. An Ord-monad T on C is simple if and only if TLf - g5 < niy.
PRrROOF. This is a reformulation of the observation at the end of Definition 14.5. m
Putting together Theorem 14.6 and Definition 12.1, we have:

15.4. COROLLARY. Simple lax idempotent monads T on cocomplete Ord-categories with
terminal object, pullbacks and cotensor products with 2 are fibrantly Kz-generating. The
induced LOFS (L,R) is isomorphic to W(T). In particular, this LOFS is reflective, and
R1 =~T.

PROOF. The last is the only assertion that needs a proof, the first being just Proposi-
tion 12.2. (Existence of pullbacks and cotensors with 2 are required in Definition 15.1,
while cocompletness is needed in Proposition 12.2.) If (L, R) is the LOFS induced by T, we
have L-Coalg equal to T-Emb < C? (Theorem 14.6). Then, (L, R) is sub-LARI, as LARIS
always are T-embeddings. It is easy to see that T-embeddings and their morphisms sat-
isfy the conditions of Definition 13.3, so (L, R) is cancellative. By the characterisation of
Theorem 13.6, (L, R) is a reflective LOFsS, i.e., of the form W(Ry) (Proposition 12.7). Since
the left part of both W(R;) and ¥(T) is T-Emb, and ¥ is full and faithful (Theorem 12.5)
we obtain Ry = T. n

15.5. REMARK. The existence of terminal object, pullbacks and lax limits of morphisms
in the corollary above may be replaced by the existence of finite Ord-enriched limits.
Indeed, terminal objects and pullbacks provide all finite conical limits, while the lax
limits of the identity morphisms provide cotensor products with the arrow poset 2. As
explained in [18, p. 306] (in the case of Cat), this suffices to have finite Ord-enriched
limits.

Corollary 15.4 means that, if C is finitely complete, each simple lax idempotent monad
T induces a LOFS (L,R) with L-Coalg isomorphic to T-Emb over C2.

15.6. PROPOSITION. The monad P on Ord described in Fxample 2.3 is simple.

Even though a direct proof of the proposition is easy, we will not include it here since
it is a particular instance of the more general [8, Thm. 13.5] (for categories enriched in
the symmetric monoidal category 2).

In [8] a couple of criteria where introduced to discern whether a lax idempotent monad
is simple. In §18 we shall make use of one of these criteria, which we proceed to explain.

For each morphism f: X — Y there is a “comparison” morphism

ke T(Tf L ny) — T2f L Ty

induced by the universal property of comma-objects. More explicitly, x is a morphism,
as displayed in the diagram below, unique with the property of making the triangles (A)



LAX ORTHOGONAL FACTORISATIONS IN ORDERED STRUCTURES 1413
and (B) commutative.

TQf

TKf T2X
X (B) /
TRF|  (a) T*f 1Ty _ T2f
TY — Y
nry

We may now state a version of [8, Prop. 12.6].

15.7. PROPOSITION. A laz idempotent Ord-monad T is simple provided that, for every
fandu: Kf - TKf, u < ngy whenever k- u < k- ngy, where K is the comparison
morphism TK f — T?f | Tny.

16. Submonads of simple monads

The aim of the present section is to provide easy criteria that will allow us to recognise
simple submonads of simple lax idempotent monads. These results will be later used in
Corollary 18.2. A morphism in an Ord-category is full if it is representably so, i.e., if
postcomposing with this morphism is a full morphism of posets. For example, LARIs are

full.

16.1. LEMMA. Let T be a lax idempotent Ord-monad. Then, T-embeddings are full if
and only if the components of the unit X — T'X are full.

PROOF. By definition of lax idempotent monad, the unit components nx: X — TX are

T-embeddings, and, hence, they are full provided that T-embeddings are full.
Conversely, suppose that f: X — Y is a T-embedding. Then, ny - f =T'f - nx is full,

being a composition of the LARI T'f and the full morphism 7x. Therefore, f is full. [

16.2. PROPOSITION. Suppose that ¢: S — T is a morphism of Ord-monads whose com-
ponents ¢x are T-embeddings. If T is lax idempotent and the components of the unit
nx : X — TX are full, then S is lax idempotent, with full unit components ex : X — SX.

PrOOF. That S is lax idempotent follows from the following calculations and fullness of
Tox - psx = ¢rx - Spx:

SOTX'SSOX'Sex =Tnx -px <Nrx - ©x = PTX - €rX - Px :SDTX'SSOX'GSX-

Moreover, with nx = ¢x - ex full, also ey is full. n



1414 MARIA MANUEL CLEMENTINO AND IGNACIO LOPEZ FRANCO

We say that a morphism f: X — Y is a pullback-stable T-embedding if the pullback
of f along any morphism into Y is a T-embedding.

16.3. THEOREM. Suppose that p: S — T is a monad morphism between Ord-monads on
an Ord-category with pullbacks and cotensors with 2. Assume that the components of ¢
are pullback-stable T-embeddings, and that T-embeddings are full. If T is lax idempotent,
then S is simple whenever T is so.

PROOF. Let us denote the unit of S by e: 1 = S, and the Ord-functorial factorisations
obtained from S and T following the construction of the comma-object (15.1), respectively,
by

(X 2L Kof B4 vy = (x Ly) = (x 22 g p 22ty
Consider the following diagram where Krf = Tf | ny, Ksf = Sf | ey, and Lpf =
;- Lsf, and note that (+) is a pullback.

/ - TX
K sf
ar
~{
! Krf Y
Rsf
>
Rrf
Y SY TY
ey PY

By Corollary 15.3, to conclude that S is simple, it is enough to show that SLgf 5 < exgy.
And this inequality follows from the following calculations, using the fullness of 7% ¢k -

T@; prgp-SLsf -ty =T - TLsf -ox -ty =Tp; - TLsf-qp- Py <
SNkf Pr=TPs Prsf - €Ksf
|

16.4. COROLLARY. Suppose that ¢: S — T is a monad morphism between Ord-monads
on an Ord-category with pullbacks and cotensors with 2. Assume that the components of
@ are T-embeddings, and that T is lax idempotent and simple, with full unit components
X —>TX. Then:

1. S is lax idempotent and simple, with full unit components X — SX;
2. every S-embedding is a T-embedding;
3. S-embeddings are full.

PRrOOF. (1) follows from Proposition 16.2, while (3) follows directly from (2) and our
assumptions. Finally, (2) is an instance of Corollary 11.5. n



LAX ORTHOGONAL FACTORISATIONS IN ORDERED STRUCTURES 1415
17. Frames

Recall that a frame is a complete lattice that satisfies the infinite distributive law (\/, s;) A
a=\V,(s; na). If Bis a distributive lattice, let us denote by P(B) the frame of down-
closed subsets of B, and by Idl(B) the frame of ideals of B. An ideal is a subset I that
is down-closed and closed under finite joins. There is a functor Idl sending a morphism
of lattices f: A — B to the morphism f,: Idl(A) — Idl(B) that sends an ideal I to the
smallest ideal that contains f(7). The morphism Idl(f) always has a right adjoint which
is the restriction of f=': P(B) — P(A) to ideals.

17.1. PROPOSITION. The monad Idl on DLat is lax idempotent and simple.

ProoOF. It is well known that a distributive lattice A is a frame precisely when each
ideal I of A has a supremum, i.e., when the inclusion A — Idl(A) has a left adjoint
v: Idl(A) — A. This is to say, by Definition 2.1, that the monad Idl is lax idempotent.

We will use Corollary 15.3 to prove the simplicity. Let f: A — B in DLat. The
comma-object Kf = f, | B is the distributive lattice {(/,0) € Idl(A) x B : f.(I) <
L(b)}. The projection q;: K f — Idl(A) is simply given by (I,b) — I, and the morphism
Lf: A— Kfisgiven by Lf(a) = ({(a), f(a)). We have to show (Lf), -qs < nxy, which,
evaluating at (I,b) € Kf, is

(Lf)«(I) < L(1,0).

This is equivalent to saying that Lf(a) = ({(a), f(a)) < (I,b) for all a € I, which holds
since f(I) < fo() < |(b). "

17.2. COROLLARY. There is a LOFS on the Ord-category DLat of distributive lattices
such that:

1. Its left morphisms are injective (equivalently, full) morphisms of lattices f: A — B
that satisfy: for all bt/ € B and a € A, if f(a) < b v ¥, then there exist x,x' € A
such that f(x) <b, f(z') <V anda <z v 2'.

2. Frames are precisely the distributive lattices that are injective with respect the mor-
phisms described above.

PROOF. The existence of the LOFS, say (L,R), follows from Proposition 17.1 and Corol-
lary 15.4. The L-coalgebras coincide with the Idl-embeddings, so we have to show that
these coincide with the full morphisms described in the first part of the statement.

First we show that a morphism of distributive lattices f: A — B is full if and only if
Idl(f) is full. That full morphisms between lattices are the same as injective morphisms
is easy to see (f(x) < f(y) means f(z A y) = f(x) A f(y) = f(x)). If IdI(f) is injective,
then, f, being the restriction of Id1(f) to principal ideals, has to be injective, i.e., full.

Conversely, suppose that f is full. Since there always is an adjunction Idl(f) - f~!, we
have to show that f~!-Id1(f) = 1. Up to isomorphism, f is the inclusion of a full sublattice
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C < B. The right adjoint f~! becomes identified with (— ~ C): Idl(B) — Idl(C). Recall
that Idl(f)(I) is the ideal of B generated by I, and since Idl(f) preserves suprema,

LdI(f)(1) = 1dI(f) (\/ l(a)) =\ 1di(H) () = \/ (@) = U (@),

ael ael ael ael

where the last equality holds because filtered suprema of ideals coincide with the set-
theoretical union.

We can show that Idl(f) is full too, as follows. Given IdI(f)(I) < Idl(f)(J), for all
a € I there exists b € J such that f(a) < f(b). By the fullness of f, then a < b, so a € J.
Thus, I < J.

As mentioned above, the morphism Idl(f) has always a right adjoint f=! from Idl(B)
to Idl(A) given by taking preimage under f. When f is full, the unit of the adjunction
is an equality 1 = f~!-Idl(f), since Idl(f) is full (and faithful). We would have proven
that f is an Idl(f)-embedding when we show that f~! is a morphism of frames. Being
a right adjoint, it automatically preserves meets, so we need to show that it preserves
suprema. Furthermore, f~! also preserves directed suprema of ideals, since these are
just set-theoretical unions, and preserves the bottom element. All that remains to have

preservation of suprema is the preservation of binary suprema. In other words, that for
I, J € 1dl(B), we should have

Ay YD 2T v ). (17.1)

Since I v J = u{[(bv V) :be I,V € J}, and f~! preserves unions, it suffices to show
that f~1(l(bv ) e fFYI)v f7Y(J) for b e I and o' € J. This clearly follows from
the condition of f in the first part of the statement. Conversely, (17.1) for I = |(b) and
J = (V) yields the condition of the statement.

The second part of the statement is a consequence of Corollary 15.4. m

17.3. ExAMPLE. We point out that the extra condition on the full morphism f in the first
part of the corollary above is not redundant. To see this, first observe that the ideals of a
finite distributive lattice B are necessarily principal ideals, or in other words, B — 1dl(B)
is an isomorphism. If f: A — B is a full inclusion of finite distributive lattices, we have
that f is an Idl-embedding if and only if f has a right adjoint. This condition is not
always satisfied.

18. Filter monads

In this section we exhibit AWFSs on the Ord-category of Ty topological spaces arising
from simple lax idempotent Ord-monads. These factorisations were constructed in [6].
Each T( topological space X carries an order given by

r < y if and only if y € {z} (18.1)
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— this is the opposite of what is usually called the specialisation order. This induces an
order structure on each hom-set Top,(X,Y’) by defining f < ¢ if f(z) < g(x), for all
x € X, making Top, into an Ord-enriched category.

A comma-object f | g in Top, can be described as the subspace of X x Y defined by
the subset {(z,y) e X xY: f(z) < g(y)}.

di
flg—Y
dol < g

X — A

Denote by F: Top, — Top, the filter monad. If X is a T, space, F'X is the set of filters
of open sets of X, with topology generated by the subsets U# = {p € FX : U € ¢}, where
U € O(X). The (opposite of the) specialisation order on F'X results in the opposite
of the inclusion of filters. In particular, F'X is a poset. If f: X — Y is continuous,
then Ff is defined by Ff(p) = {V € OY) : f~%V) € ¢}. The unit of the monad
has components ny: X — FX, where nx(z) is the principal filter generated by x, that
is ny(x) = {U € O(X) : x € U}. The multiplication of the monad has components
px: F?X — FX, given by ux(0) = {U € O(X) : U* € 6}.

Observe that nx is a full morphism. It is in fact an embedding meaning a topological
embedding, in the usual sense: a continuous function that is an homeomorphism onto its
image, where the latter is equipped with the subspace topology.

It was shown in [10] that the category of algebras for this monad is isomorphic to
the category whose objects are continuous lattices [29] and morphisms poset maps that
preserve directed sups and arbitrary infs. Our choice of the (opposite of the) specialisation
order on spaces, which is the opposite of the order used in [10], grants a few comments as
a way of avoiding confusion. A space X € Top, has an F-algebra structure precisely when
the opposite of the poset (X, <) is a continuous lattice, where < is the order (18.1). The
topology of the space X can be recovered as the Scott topology of the continuous lattice
(X, <)°?. A morphism of F-algebras f: X — Y is a continuous function that preserves
arbitrary suprema, as a poset map (X, <) — (Y, <) [10, Thm. 4.4].

The filter monad F was shown to be lax idempotent in [13], where it is also proved
that a continuous function f between Ty spaces is an embedding if and only if F'f is a
LARI. In other words, F-embeddings are precisely the topological embeddings.

18.1. THEOREM. The Ord-monad F is simple.

ProoFr. We verify the hypothesis of Proposition 15.7. For any pair of continuous maps
f: X —>Zand g: Y — Z, the comparison morphism

k:F(flg — Ff|lFgc FX x FY
sends a filter ¢ on f | g to the pair of filters (¢, 1)
ho={UeOX):dy'(U)ep} i ={VeO():d'(V)ey}
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where dy and d; are the projections from f | g to X and Y, respectively. Given (x,y) €
f 1 g, recall that its image under the unit is

Npg(x,y) ={WeO(flg): (v,y)e W}

We have (F'do)ns (2, y) = nxdo(x,y) = nx(x), and similarly, (F'dy)ns (2, y) = ny (y).

The hypothesis of Proposition 15.7 will be satisfied if we show that x-u < k- 75},
implies u < 7y),4; or, in terms of filters, if we show that, given ¢ € F\(f | g), (z,y) e fl g
as above, the inequalities 1y < nx(z) and ¢ < ny (y) imply ¢ < ny,,(z,y). By definition
of the (opposite) specialisation order, we need to show the two inclusions

(UeOX):d'(U)ep} 2{UeOX) :xeU}
(VeOY):d'(V)ep} 2{VeOl):yeV}

imply o 2{WeO(f | g): (z,y) e W}. Givenz e U e O(X), ye Ve O(Y), then
UxV)n(flg)=di'(U)nd'(V)ep.

But any neighbourhood W of (x,y) contains another of the form (U x V') n (f | g), so
W € ¢, completing the proof. [

Since every principal filter is completely prime, and so in particular prime and proper,
and px(©) is completely prime (resp. prime, proper) whenever © is so, the functors Fi,
F, and Fy that assign to each space X the space of proper (resp. prime, completely
prime) filters are the functor part of submonads Fy, F, and Fq of the filter monad, with
the monad morphisms defined pointwise by the corresponding embeddings. Hence, using
Corollary 16.4, we can immediately conclude:

18.2. COROLLARY. The Ord-monads of proper filters, of prime filters and of completely
prime filters are lax idempotent and simple.

Therefore these monads induce LOFSs (L,, R,), with a = 0, 1,w, Q) (denoting F by Fy),
with associated weak factorisation systems (L, R, ), where Lg is the class of embeddings,
L1 is the class of dense embeddings, L, is the class of flat embeddings, and Lg, is the class
of completely flat embeddings [12, 13, 6]. Moreover, R, is the class of morphisms which
are injective with respect to £, (see [6] for details).

19. Metric spaces

It is an insight of Bill Lawvere [26, 25] that metric spaces can be regarded as enriched
categories and that, from this point of view, completeness can be interpreted in terms
of “modules.” The necessary base of enrichment is the category of extended non-negative
real numbers R,

The category R, has objects the real non-negative numbers plus an extra object oo,
and has one morphism o — ( if and only if o > 3; oo is an initial object and 0 a terminal
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object. One can use the addition of real numbers to define a symmetric monoidal structure
on R,, with the convention that adding oo always produces oo. The unit object of this
tensor product is 0. Furthermore, R, is closed, with internal hom [a, 5] equal to § — a
if this difference is non-negative, and equal to zero otherwise, with the convention that
[, 0] = o0, [00,00] = 0 and [0, ] = 0.

A small R, -category can be described as a set A with a distance function A(—,—): Ax
A — R, that satisfies A(a,a) = 0 for all a € A and the triangular inequality. In general, it
may very well happen that A(a,b) = 0 even if a # b; the distance may not be symmetric,
i.e., A(a,b) # A(b,a), and the distance between two points may be co. We regard R,-
categories as generalised metric spaces and think of A(a,b) € R, as the “distance” from
a to b.

For example, R, itself is a generalised metric space with distance from « to 3 given
by [, B].

Each generalised metric space A has an opposite A°? with the same points and distance
A°P(a,b) = A(b,a). We will concentrate on skeletal generalised metric spaces, i.e., those
spaces A for which A(a,b) = 0 = A(b,a) implies a = b. For example, R is skeletal.

R, -enriched functors f: A — B are identified with functions A — B that are non-
expansive: A(a,b) = B(f(a), f(b)). It is easy to verify that there exists a unique R,-
natural transformation f = g: A — Bifand only if 0 = B(f(a), g(a)) for alla € A. In this
way we obtain an Ord-category Metyy of skeletal generalised metric spaces, with objects
the skeletal R -categories, morphisms the R, -functors and inequality f < g between two
of them given by the existence of a R,-natural transformation f = ¢. Observe that
Metg (A, B) is not only a preorder but a poset, because B is skeletal.

There is a notion of colimit suited to enriched categories, known as weighted colimit (or
indezed colimit in older texts); see [20, 21] for a standard reference. Each family of weights
induces a lax idempotent Ord-monad on Metg, whose algebras are the skeletal generalised
metric spaces that admit colimits with weights in the family (see [23, Theorems 6.1 and
6.3]). This monad is in fact simple (§15), as shown in the more general context in [8,
§12]. Tt follows from the theory developed herein that there is a LOFS on Metg, whose
left morphisms are the embeddings with respect to that monad and whose fibrant objects
are the skeletal generalised metric spaces that admit all ®-colimits (see Proposition 12.2
and Corollary 15.4). The rest of the section is occupied by the example of a particular
class of colimits that admit an explicit description.

The class of absolute colimits, i.e., the weights whose associated colimits are preserved
by any R, -functor whatsoever, generates a simple lax idempotent monad Q on Metyg.
Putting together [26] and [30] one can give a description of Q in terms of Cauchy sequences.

Cauchy sequences in a skeletal generalised metric space A are defined in the same
way as for classical metric spaces. Two Cauchy sequences (a,) and (b,) are equivalent if
both A(ay,,b,) and A(b,,a,) have limit 0. Denote by QA the set of equivalence classes
of Cauchy sequences in A with distance QA([ay,], [bn]) = lim,, A(a,,by,). It is not hard to
see that QA is a skeletal generalised metric space.

The assignment A — QA is part of an Ord-monad Q on Metyg,, with unit A — QA
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the map that sends a € A to the constant sequence on a, that we denote by c,.

The convergence of a sequence (z,,) to a point a in a generalised metric space A differs
from ordinary convergence in metric spaces only in that we have to require that both
A(a,z,) and A(z,,a) converge to 0 in R,. The following assertions are equivalent for a
skeletal generalised metric space A: it is an algebra for Q; the canonical isometry A — QA
has a left adjoint; A is a retract of a space of the form ) B; every Cauchy sequence in A
converges. Spaces that satisfy these equivalent properties are known as Cauchy-complete.

If (Lg,Rg) is the Kz-reflective LOFS on Metg, generated by Q, the Lg-coalgebras, or
left maps of the factorisation, are the Q-embeddings and can be characterised as follows.

19.1. PROPOSITION. A non-expansive map f: A — B between skeletal generalised spaces
is a Q-embedding if and only if it is an isometry and for each b € B the non-expansive
function B(f—,b): A°®® — B can be written as B(f—,b) = lim, A(—,x,) for a Cauchy
sequence (x,) in A.

PRrROOF. First, if Qf has a retract r, then Q) f is an isometry and thus f is an isometry;
fOI‘, B(f(a’)7 f(a‘/)) = QB(Cf(a)u Cf(a’)) = QB(Qf(Ca)7 Qf(ciz)) = QA(Cay Ca’) = A(CL, a,)'

If r is moreover a right adjoint of @ f, and, for a given b € B, r(c;) has an associated
Cauchy sequence (x,,) in A, we must have

B(f(a),b) = QB(cp), &) = QB(Qf (ca), b)) = QA(cq, () = lim A(a, x,,)

for all a € A.

Conversely, suppose that f is an isometry and B(f—,b) = lim, A(—,x,). We must
define an equivalence class of Cauchy sequences r[b,] € QA for each [b,] € @B in a way
such that QB([f(a,)], [bn]) = QA([an],7[bn]). Since any Cauchy sequence is a limit of
constant sequences (eg, b, = lim, ¢, ), it suffices to define r and to verify this equality for
constant sequences; i.e., we have to give r[c,] € QA such that B(f(a),b) = QA(c,,r|cp)).
Since we know that B(f—,b) = lim,, A(—,x,), we may set r[c,] = [z,] and the equality
holds. In this way we prove that there is an adjunction Qf 4 r: QB — QA. It remains
to prove that r - Qf = 1, but f is an isometry, which implies that QQf is an isometry
and therefore one-to-one, so the equality follows from the adjunction triangle equation

Qf 1+ Qf = Qf. .

It follows from the general theory that, given a Q-embedding f: A — B and a non-
expansive function h: A — C into a Cauchy-complete skeletal generalised metric space
C, there is an extension d.

Ao
fi ) -;
5

Furthermore, Cauchy-complete skeletal generalised metric spaces are precisely those in-
jective with respect to the Q-embeddings. In terms of sequences, the extension d is
given by d(b) = lim,, h(x,), where (z,) is a Cauchy sequence in A such that B(f—,b) =
lim, A(—, z,).
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19.2. COROLLARY. Let f: A — B be a non-expansive function between skeletal gener-
alised metric spaces, and assume that B is a metric space. Then, f is a Q-embedding if
and only if it is a dense isometry.

PROOF. If f is a Q-embedding and b € B, there is a Cauchy sequence (z,) in A such that
lim, A(—, z,) = lim, B(f—,b). Given ¢ > 0, there is an ng such that A(z,,z,,) < /2 if
n,m = ng. Thus, for m = ny we have

B(f(zm),0) = lim B(f(2m), f(zn)) = lim A(zy, 2,) < €/2 <.

It follows that (f(x,,)) converges to b, and f is dense. Observe that we have used that
the distance of B is symmetric.

Conversely, if f is a dense isometry, any b € B is lim,, f(z,) for some sequence (z,) in
A, which is Cauchy since f preserves distances and (f(z,)) converges. Then B(f(a),b) =
lim,, A(a, z,) for all a € A, and Proposition 19.1 applies. m

The definition of QA given in terms of Cauchy sequences immediately tells us that if

A is a metric space then QA is a metric space too; i.e., its distance function is symmetric.
We deduce:

19.3. COROLLARY. The LOFS (Lg,Rq) restricts to an OFS on the category of metric
spaces. Its left maps are the dense isometries.
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