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ON SPANS WITH RIGHT FIBRED RIGHT ADJOINTS

J. R. A. GRAY

ABSTRACT. We introduce a new condition on an abstract span of categories which we
refer to as having right fibred right adjoints, RFRA for short. We show that:

(a) the span of split extensions of a semi-abelian category C has RFRA if and only if
C is action representable;

(b) the reversed span to the one considered in (a) has RFRA if and only if C is locally
algebraically cartesian closed;

(¢) the span of split extensions of the category of morphisms of C has RFRA if and
only if C is action representable and has normalizers;

(d) the reversed span to the one considered in (¢) has RFRA if and only if C is locally
algebraically cartesian closed.

We also examine our condition for the span of monoid actions (of monoids in a monoidal
category C on objects in a given category on which C acts), and for various other spans.

1. Introduction

It is well known that the category Grp of groups is very far from being cartesian closed.
Nevertheless it admits two constructions that can be seen as special types of exponents.
Specifically, given a group G one can form:

(a) the automorphism group Aut(G);
(b) for any group X the G-group X¢.

Each of these two constructions can be defined purely-categorically, and their existence in
Grp is expressed by saying that Grp is action representable [5] and is locally algebraically
cartesian closed ([13], [14], [8]), respectively. There are also a few other examples of
categories that are action representable ([5], [6], [3], [4]) and of categories which are
locally algebraically cartesian closed ([14], [15], [8]).

The main purpose of this paper is threefold:
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To show that action representability and locally-cartesian-closedness, expressed in
the language of the span of split extensions, in a given semi-abelian category C,
become symmetric to each other. More precisely, we introduce a condition, RFRA
from the Abstract, on an abstract span S, so that:

(a) when S is
C <domain ghit extensions in C —=24 -~ C (1.1)
it has RFRA if and only if C is action representable;

(b) when S is the reversed span

C<—temel  gplit extensions in C —<demain, ¢ (1.2)

it has RFRA if and only if C is locally algebraically cartesian closed.
To replace C with its category C2? of morphisms and show that:

(c) when S is

2 <Codomain Split extensions in C2 - kernel 2 (1.3)

it has RFRA if and only if C is action representable and has normalizers;

(d) when S is the reversed span

C2 <—femel  Gplit extensions in €2 —<edomain,_ (2 (1.4)

it has RFRA if and only if C is locally algebraically cartesian closed.

In addition to these facts, which essentially follow from I(a) and I(b) together with
Theorem 4.8 of [16] and Proposition 4.8 below, we show that:

(e) C is action representable and has normalizers if and only if for each split exten-
sion, and each pair of morphisms 6 and ¢ as displayed using solid arrows in the

diagram

X-%-4Az°>B

|
| 19
| N

X 19 B (1.5)
|

Sk
Y ooy

Z—">O<—T>D,

there exists a universal lifting as displayed with dotted arrows;
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(f) C is locally algebraically cartesian closed if and only if for each split extension,
and each pair of morphisms 6 and ¢ as displayed using solid arrows in the
diagram

=B

5 B (1.6)

there exists a universal lifting as displayed with dotted arrows.
To examine having RFRA for various other spans, namely the following ones:
C—2 CcxC—2 >C (1.7)

where C and ® are part of the structure of a monoidal category (C, I, ®, a, A, p) and
Ty is the second projection;

C<—dom 2« _c (1.8)

where C is an arbitrary category, and dom and cod are the functors sending a
morphism to its domain and codomain, respectively;

C P Span(C)

C (1.9)
where Span(C) is the category of spans in an arbitrary category C, and P and @
are the functors sending a span A<——S—">B to A and B, respectively;

Q

Mon(C) <X —— Act(A) X (1.10)

where Mon(C) is the category of monoids in a monoidal category C, Act(.A) is the
category of monoid actions defined with respect to an action A of C on X, and P
and @ are forgetful functors; the various “dual” spans of 1.8, 1.9 and 1.10

The paper is organized as follows. First we introduce the condition of having RFRA in
Section 2. After that examining what it means for a span S to have RFRA, for various
induced or special spans, we consider the cases of:

several “dual” spans S°°, S, etc. (Section 2);

“functor span” S" (Section 3 );

S being right regular (Section 4);

S being the span (1.10) (Section 5, where it is denoted by Act(A));

S being the span of split extensions in a pointed finitely complete category C under
various conditions on C (Section 6, where it is denoted by SE(C)).
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2. Right fibred right adjoints

In this section we introduce and study several conditions on a span of categories. Before
we do so let us introduce some notation and terminology.

Let F: C — X be a functor. For an object X in X we will denote by F~1(X), the fibre
of F' above X, that is the subcategory of C consisting of those objects and morphisms
which are mapped by F' to X and 1y, respectively. For a span of categories S =

A<l s 9. p (2.1)

and for each A in A and B in B, we will write Q4 : P~'(A) — B and Pg: Q'(B) — A for
the composite of the inclusion of P~'(A) in S with @, and the composite of the inclusion
of Q71(B) in S with P, respectively.

2.1. DEFINITION. We will say that the span S has right fibred right adjoints (RFRA) if
for each B in B the functor Pg: Q' (B) — A has a right adjoint.

For the span of categories S there are three dual spans S°° =

Ao PP gop @7 BeP, (2.2)
S, =
B2 s-—P.A (2.3)
and S =
Bor 2 gop PP pop. (2.4)

Translating what it means for the spans S°P, S_, and S°P to have RFRA into the language
of S, we will say that the span S has

e right fibred left adjoints RFLA, when for each B in B the functor Pg : Q= *(B) — A
has a left adjoint;

e left fibred right adjoints LFRA, when for each A in A the functor Q4 : P71(A) — B
has a right adjoint;

e left fibred left adjoints LFLA, when for each A in A the functor Q4 : P~'(A) — B
has a left adjoint.

Let us begin by seeing how the condition of having RFRA fits in with some general
conditions in category theory. It is easy to observe that:
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2.2. REMARK. For the span S:

(i) if A = 1 is the one object and one morphism category, then S having RFRA is
equivalent to the functor QQ having terminal objects in its fibres;

(i1) if A has a terminal object, then S having RFRA implies that the functor @ has
terminal objects in its fibres;

(111) if B =1, then S having RFRA is equivalent to the functor P having a right adjoint.

For the span S we will write my : (P | 14) = S, me: (Pl 1y) > A, m :Bx A - B
and mo : B x A — A for the respective projections of the categories (P | 1) and B x A.
We will denote by

(Qmy,ma) : (Pl 14) > B x A (2.5)

the unique functor with 7 (Qmy, m) = Qm and mo(Qm, me) = m. It straightforward to
check that:

2.3. LEMMA. For the span of categories S and for each A in A and B in B, the categories
(Pg | A) and (Qmy,m) (B, A) are isomorphic.

As an immediate corollary we see that having RFRA can be thought of as a certain
functor having terminal objects in its fibres.

2.4. COROLLARY. The span S has RFRA if and only if the functor (Qmi,m) : (P |
14) — B x A has terminal objects in its fibres.

Combining Remark 2.2 (iii) and Corollary 2.4 we obtain the following simple fact:

2.5. PROPOSITION. A functor F' : C — X has a right adjoint if and only if the second
projection mo : (F | 1x) — X has terminal objects in its fibres.

We will also need the following fact:

2.6. PROPOSITION. A functor F' : C — X is a prefibration if and only if for each B in
C the functor FP . (C | B) — (X | F(B)), which sends (A, f) to (F(A), F(f)), has
terminal objects in its fibres.

To end this section we will give some examples of spans having RFRA which will not
be of central interest in the rest of the paper.

2.7. PROPOSITION. Let C = (C,I,®,a, A\, p) be a monoidal category. The span

c—2cCcxCcZ-C (2.6)

has RFRA if and only if C is (left) monoidal closed.

PRrROOF. The statement of the proposition follows from the fact that for each B in C the
functor ®p : m, '(B) — C is essentially the same as — ® B : C — C. ]
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Throughout the rest of the paper we will denote by 2 the category with two objects 0
and 1 and one non-identity morphism 0 — 1. For a category C we will identify the category
C? with the category of morphisms in C and write its objects as triples (A, B, f) where A
and B are objects and f : A — B is a morphism in C. A morphism (A, B, f) — (A", B, ')
in C? will be written as a pair (u,v) where u: A — A’ and v : B — B’ are morphisms in
C with flu=vf.

Throughout the rest of this section let C be a fixed category. Let us consider the span
Mor(C) =

C dom Cz cod C (27)

where dom and cod are the domain and codomain functors.
Since for each A and B in C the category (domp | A) is isomorphic to the category
of cones over the discrete diagram consisting of A and B we obtain:

2.8. PROPOSITION. The span Mor(C) has RFRA if and only if C has binary products.
On the other hand.

2.9. PROPOSITION. The span Mor(C) has LERA if and only if C is indiscrete (i.e. there
is a unique morphism between any two objects).

PROOF. Trivially if there is a unique morphism f : A — B for each A and B in C, then the
terminal object in (cods | B) is ((A, B, f), 1g). Conversely, suppose that ((4, B, f), e) is
the terminal object in (cods | B). For each morphism g : A — B there exists a unique
morphism u : B — B making the two squares in the diagram

g 1p

A——=B——B
|k 28
A —f> B e B

commute. This however means that g = eug = ef and so hom(A, B) = {ef}. n

Applying Propositions 2.8 and 2.9 to C°P, and using the fact that there is an isomor-
phism (the vertical arrow below) making the diagram

Cop QCOdOP (C2)op domosp Cop

| 1]

op op\2 op
C dom <(C ) cod C

commute, we obtain:
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2.10. PROPOSITION.

1. The span Mor(C) has LFLA if and only if C has binary coproducts.
2. The span Mor(C) has RFLA if and only if C is indiscrete.

Next we consider the span Span(C) =

C <2 Span(C) —*~C (210)

where Span(C) is the category of spans in C, and P and ) are the functors sending a
span

A<l s5_1.RB (2.11)

to A and B, respectively. Note that for objects A and B in C an object in (P | A) will
be represented by a diagram

A< A2 g 1.1

in C with the expected interpretation. It is easy to observe that:

2.11. LEMMA. The functor sending each span A<2— S —2= B in Span(C) to its reverse

span B<2— S -2+ A is an isomorphism making the diagram

C <2 Span(C) —2~C
L 212
C ~a Span(C) —~=C
commute.
We obtain:

2.12. PROPOSITION. The following conditions are equivalent:
(a) the span Span(C) has RFRA;
(b) the span Span(C) has LFRA;

(¢) C has binary products.
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PROOF. The equivalence of (a) and (b) follows from Lemma 2.11. On the other hand, it
is easy to check that if C has binary products, then for A and B in C the diagram

A A ™ A B™ . B (2.13)

is the terminal object in (Pg | A). Now suppose that Span(C) has RFRA. We will show
that C has binary products. If, for A and B in C, the diagram

A< A<l g _%.p (2.14)

is the terminal object in (P | A), then there exist unique morphisms u and v making
the lower part (and hence the whole) of the diagram

A< AL g 1.1
| s ]
A<t A< 1. (2.15)
A< AL 5 1.1

commute. It follows that e is an isomorphism and hence the diagram

A<t A< g1 (2.16)

is also a terminal object in (Pg | A). One easily concludes that the span on the right in
(2.16) is a product. =

The following proposition which seems to be interesting in its own right, will be useful
in analysing what having RFLA means for the span Span(C).

2.13. PROPOSITION. If C is non-empty, then the following conditions are equivalent:

(a) the induced functor (P,Q) : Span(C) — C x C, where P and Q are the functors
forming part of Span(C), has initial objects in its fibres, i.e. for each pair of objects
A and B in C the category of cones over the discrete diagram consisting of A and B
has an initial object;

(b) C has an initial object.
Proor. If C has an initial object, then trivially
A<~—0——>B (2.17)

is the initial object in (P, Q)~'(A, B). This proves that (b) = (a). If C has a terminal
object 1, then (P, @Q)7'(1,1) = C and hence (a) implies (b). However we will see that
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this implication holds even if C doesn’t have a terminal object. Suppose that the functor
(P, @) has initial objects in its fibres, and for some A in C let

A<l _g§g_1._ 4 (2.18)

be an initial object in (P, Q)~'(A, A). We will show that S is an initial object in C. For
an object B in C, let
B<l T4 (2.19)

be an initial object in (P, Q)~'(B, A). Accordingly, there is a unique morphism making
the diagram

A< ST 4
| b 220
A<-T 25 A
commute, meaning that p = ¢ = sf. Furthermore, since rf is a morphism from S to B,
and B was arbitrary, S is a weak initial object in C. Now suppose that f,g: S — B are

arbitrary morphisms in C. By assumption there is a unique morphism from the initial
object in (P, Q)~!(B, B) as shown in the diagram

]

However since S is initial in (P, Q)~1(A, A) any morphism into it is a split epimorphism
and hence f = g. [

2.14. PROPOSITION. If C is non-empty, then the following conditions are equivalent:
(a) the span Span(C) has RFLA;

(b) the span Span(C) has LFLA;

(¢) C has an initial object.

PROOF. As in Proposition 2.12 the equivalence of (a) and (b) follows from Lemma 2.11.
On the other hand, it is easy to check that if C has an initial object 0, then for A and B
in C the diagram

A A«—0—B (2:22)

is the initial object in (A | Pg). Now suppose that Span(C) has RFLA. We will show
that (P, Q) : Span(C) — C x C has initial objects in its fibres. For A and B in C, suppose
the diagram

A aLl 5 1. (2.23)
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is the initial object in (A | Pg). We will show that 7 is an isomorphism. To do so let

A AL 514 (2.24)

be the initial object in (A | Pj). Accordingly, we obtain unique morphisms

L D A R .
R O I S (O I
Al AL g P4 A4l 3 "B
It follows that the left hand diagram commutes
ALl AL 5 g AT AL 5T
TRTET
QY PR S LR - S WL ) PO A < Ay (2:26)
RN
Al AL 5T A LA 5 T

and so we must have that ui = 157 and vj = 15. This means that ¢j = pvj = p and hence
the right hand diagram above commutes. It follows that iu = 1; and jv = 13, and so u
and v are isomorphisms, and

ALl-AL 5 P4 (2.27)

is an initial object in (A | Pj). Accordingly, there exist unique morphisms making the
upper part of the diagram on the left

LAy P - Ay WY Q. Sy L Ay A |
H \ o
Ly la 4 g . 5 (2.28)
<A A4 A" At f A4

commute. This means that en = 14 and nf = p. Therefore since the entire diagram on
the left as well as the diagram on the right commute it follows ne = 15 (and nf = p) so
that n is an isomorphism, and

Qg ta g2 g a1 p (2.29)

is an initial object in (A | Pg). From this it easily follows that for each pair of objects
A and B in C the category (P, Q) (A, B) has an initial object, and hence so does C by
the previous proposition. [
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Combining Propositions 2.12 and 2.14 we immediately obtain:
2.15. COROLLARY. If C is non-empty, then the span Span(C) and all its duals have
RFRA if and only if C has binary products and an initial object.

Using the fact that CoSpan(C), the span of cospans in C, can be defined by CoSpan(C) =
Span(C°P)°P | translating Propositions 2.12 and 2.14, and Corollary 2.15 we obtain:
2.16. COROLLARY.

1. The following conditions are equivalent:

(a) the span CoSpan(C) has RFLA;
(b) the span CoSpan(C) has LFLA;
(c) C has binary coproducts.

2. If C non-empty, then the following conditions are equivalent:

(a) the span CoSpan(C) has RFRA;
(b) the span CoSpan(C) has LFRA;
(¢) C has a terminal object.

3. If C is non-empty, then the span CoSpan(C) and all its duals have RFRA if and
only if C has binary coproducts and a terminal object.

3. Right fibred right adjoints for induced spans between functor categories

In this section we study the relationship between the span S having RFRA and, for some
category I, the induced span S' =

Al gl Q' Bl (3.1)

having RFRA.
The following example shows that S having RFRA does not in general imply that S'
has RFRA.

3.1. EXAMPLE. Forll = 2, according to Remark 2.2 (i), it is sufficient to find a functor F
with terminal objects in its fibres, but such that F2 has at least one fibre with no terminal
object. It is easy to see that such functors exist, for instance if C is the discrete category
with objects 0 and 1 and F : C — 2 is the functor which is identity on objects, then F
has terminal objects in its fibres but the functor F'? does not have a terminal object in the
fiber above O — 1.

The following easy lemma and proposition will allow us to translate the problem of
comparing S' having RFRA, and S having RFRA, into a problem of comparing, for some
functor F : C — X, the existence of terminal objects in fibres of F' and the existence of
terminal objects in the fibres of F'.
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3.2. LEMMA. For the span of categories S and for a category 1, the canonical isomor-
phisms of categories (the vertical functors below) are such that the diagram

1,2
(P' | 1,0) 8T gy Al

l j (3.2)

(P 1,) (B x A)!

(Qm1,m2)!
commutes.

3.3. PROPOSITION. For the span of categories S and for a category I, the following con-
ditions are equivalent:

(a) the span S' has RFRA;
(b) the functor (Q'my,mo) : (P* | 14) — B! x Al has terminal objects in its fibres;
(c) the functor (Qmy, mo)t : (P L 14)' — (B x A)! has terminal objects in its fibres.

PROOF. Just combine the previous lemma with Corollary 2.4. [

Note that throughout this paper we will say that a functor weakly creates a limit
dropping the uniqueness requirement from the definition of creation of limits by a functor.

For a functor F': C — X, the relationship between the existence of terminal objects
in the fibres of F, the existence of terminal objects in the fibres of F! for some finite I,
and F' being a prefibration was studied in [17]. In order to apply Theorem 2.24 of [17] we
need the following lemma.

3.4. LEMMA. For the span of categories S and for a diagram D : G — (P | 14), the

functor (Qmy, ms) weakly creates the limit of D as soon as QQ weakly creates the limit of
7T1D.

PROOF. Since the functor (Q x 1) : S x A — B x A weakly creates the limit of D as soon
as () weakly creates the limit of m D, the statement of the lemma follows from the fact
that (Qmy, m) = (Q X 14) o (w1, m) and the functor (m,ms) : (P ] 14) — S X A creates
limits. m

3.5. THEOREM. For the span S, if the categories A and B have finite limits, and ) weakly
creates finite limits, then the following conditions are equivalent:

(a) the span of categories S* has RFRA;
(b) for each finite category I the span of categories S' has RFRA;
(c) the functor (Q*my,mo) : (P? | 142) — B2 x A% has terminal objects in its fibres;

(d) for each finite category 1 the functor (Q'my, mo) : (P1 141) — B! x Al has terminal
objects in its fibres;
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(e) the functor (Qmy,m)? : (Pl 14)% — (B x A)? has terminal objects in its fibres;

(f) for each finite category I the functor (Qmi,mo)t : (P | 14)' — (B x A)! has terminal
objects in its fibres;

(g) the functor (Qm,ms) : (P 1 14) — B x A is a prefibration;
(h) for each finite category I the functor (Qmy, m)' : (P | 14)' — (BxA)! is a prefibration.

PROOF. The equivalences (a) < (¢) < (e), and (b) < (d) < (f) follow from Proposition
3.3. The equivalences (e) < (f) < (g9) < (h) follow via Lemma 3.4 from Theorem 2.24
of [17] applied to the functor (Qmy, ) : (P | 15) — B x A. =

It is worth explaining explicitly what Condition 3.5 (g) means. To do so we shall
use the convention: for a functor F' : C — X and two morphisms f : A — B in C and
f: X — Y in X, a display of the form

At

X
.

>

(3.3)

will be called a commutative diagram, if F/(f) = 6. Furthermore, we will do the same
for displays containing such parts and commutative diagrams in the usual sense. Now
Condition 3.5 (g) means that, for objects A;, Ay in A, By in B, S5 in S and morphisms
a: A — Ay and ey 1 P(Sy) — Ag in A, and § : By — Q(S2) in B, the category with
objects all commutative diagrams of the form

A1<iP(Sl) P ISll @ Bl

al lp(a) lo jﬁ (3.4)

A2 ~ P(SQ) <T| SQ IT Q(SQ)

and morphisms all commutative diagrams of the form

A1

«

*\‘ Sa | Q(S2) |8
\ \L \

) 5 1 S | 5
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has a terminal object. However, each of these categories is isomorphic to the category
defined in the same way where A, is replaced by P(Ss), a by the projection my : Ay X4,
P(S3) — P(S;) of the pullback of a and ey, and ey by the identity morphism 1pg,) i.e.
the category with objects of the form

Al X As P(Sg)&P(Sl) P ISll @ Bl

Ml jP(a) la jﬁ (3.6)

P(55) P(S5) <5 825> Q(S2)

Lp(sy)

and morphisms defined in the expected way. The existence of terminal objects in cate-
gories of the last form can easily be seen to be equivalent to the condition:

3.6. CONDITION. For each object S in S, the induced span

(A1 P(S) < (8 18) - (B Q(S)), (3.7)

where PS5 and Q° are the functors which send (S', o) to (P(S"), P(a)) and (Q(S"), Q(0)),
respectively, has RFRA.

Note that this means that this condition is a further equivalent condition of the above
theorem. Furthermore, since comma categories of the form (C | C'), where C' is an object
in a category C, always have terminal objects, it follows by Remark 2.2 (ii), that Q° has
terminal objects in its fibres, and hence by Proposition 2.6 the functor @) is a prefibration.
Therefore, we have proved:

3.7. PROPOSITION. For the span S, suppose that the categories A and B have finite limits,
and that QQ weakly creates finite limits. If any (and hence all) of the Conditions 3.5 (a) -
(h), Condition 3.6 hold, then Q is a prefibration.

4. Right/left fibred right adjoints for right regular spans

In this section we study a condition on a span S which, for most of the examples below,
does not hold for all of the dual spans S°°, S_ or S?P. This condition might be thought
of as the source of the non-symmetric (or non-dual) descriptions and properties of action
representability and locally-algebraically-cartesian closedness. Recall that G. Janelidze
called a span S right regular [19] (splitting the definition of N. Yoneda’s regular span [22]
into two parts - the other part being the same condition for the span S°P) if for each A
in A, SinSand a: A— P(S) in A, there exists a P-cartesian morphism o : S — S in
S such that P(0) = a and Q(0) = 1g(s)-

The following lemma is part of the folklore but we couldn’t find an explicit reference
for it.
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4.1. LEMMA. Let F : C — X be a functor. Suppose that X has binary products and C
has a terminal object T. Let FT : (C | T) — (X | F(T)) be the functor between comma
categories induced by F. The category (FT | (X x F(T), ms)) is isomorphic to the category
(F | X), and hence (FT | (X x F(T), 7)) has a terminal object if and only if (F | X)
does. As a consequence, under the conditions above, if F' is a fibration or more generally
if T has a right adjoint, then F has a right adjoint.

PROOF. To see why these two categories are isomorphic note that for an object ((C,C —
T),e) in (FT | (X x F(T),m,)) the morphism e is completely determined by mje since
mee must be the image under F' of the unique morphism C' — T. [

It is easy to check that if the span S is right regular, then for each B in B the functor
Py is a fibration.

4.2. PROPOSITION. If the span S is right reqular (or more generally for each B in B the
functor Pp is a fibration) and A has finite products, then the span S has RFRA if and
only if for each B in B the category Q' (B) has a terminal object.

PROOF. The “if” part follows from Lemma 4.1 applied to the functor Pz : Q71(B) — A,
while the “only if” part follows trivially from the fact that right adjoints preserve limits. m

The following lemma follows from Remark 2.14 of [17] and should also be compared
to Lemma 2.7 of [9]. To make the paper more self contained, we include a proof.

4.3. LEMMA. Let F : C = X be a functor weakly creating pullbacks and let 0 : X — Y
be a morphism in X. If the fibers F2 ' (X,Y,0) and F~'(Y) have terminal objects, then
F' admits precartesian liftings of 6.

PROOF. By Lemma 2.6 of [17] we know that the morphism f : A — B forming part of
the terminal object in F2 (X, Y,#) has codomain terminal in F~'(Y). Now if v is the
unique morphism from an object B’ to B in F~1(Y) and the diagram on the left

AL p Xty
ul lv/ lX ly

is the pullback whose image under F' is the pullback on the right (F' weakly creates
pullbacks), then one easily checks that f' : A" — B’ is an F-precartesian lifting of 0 to
B [

It is straightforward to verify that:

4.4. LEMMA. For the span S, for each object B in B, (Q~'(B))? = szl(B,B, 1) and
(PB>2 = P(2B,B,1B)-

As a corollary we obtain:
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4.5. LEMMA. If the span S has RFRA and the functor Q) weakly creates pullbacks, then
for each morphism o : Ay — Ay in A and for each B in B, the functor (Qm,ms) : (P ]
1p) — (B x A) admits precartesian liftings of (1, ) : (B, A1) — (B, As).

PRrROOF. Let a: A; — As be a morphism in A and B an object in B. Since by assumption
the functor Pp has a right adjoint, it follows that the functor (Pg)? = P(2B,7 B.1p) has aright
adjoint. Therefore, according to Lemmas 2.3 and 3.2, the functors (Qmy, m) : (P ] 14) —
(B x A) and (Qmy,m)? : (P} 14)? — (B x A)? have terminal objects in the fibres above
(B, Ay) and ((B, A1), (B, Ay), (15, «)) respectively. The claim now follows from Lemmas
3.4 and 4.3. ]

4.6. LEMMA. If the span S s right reqular, then for each o : A1 — As in A and for
each B in B the functor (Pmy,me) @ (Q | 1lg) — A x B admits cartesian liftings of
(o, 1) : (A1, B) — (As, B).

PROOF. Let o : A — A be a morphism in A, let B be an object in B, let S be an object
in S such that P(S) = A, and let f : Q(S) — B be a morphism in B. Since the span S
is right regular, there exists a P-cartesian morphism o : S — S such that P(0) = a and
Q(0) = 1g(s)- It follows that the morphism (o, 15) : (S, B, f) — (S, B, f) is a morphism
in (Q | 1p) such that (Pmy,m) (o, 15) = (o, 15). We will show that (o,1p) is (Pmy, ma)-
cartesian. Let (o/, ') : (5", B', f') — (S, B, f) be a morphism in (@ | 1g) and let (6, ¢) :
(P(S"), B") = (A, B) be a morphism in A x B such that (Pry, ) (0", 8') = (o, 15)(0, ¢).
This means that fQ(c") = p'f’, P(¢') = af and f’ = ¢ and hence the diagram

P(S') ———8'; Q) —
af Y L \\i_ 0 ‘ \f(ai g’
A 1S
. afl ‘U l@(w (4.1)
A =S} 9 Q(S) !
NETOND N
P " Q

commutes (in the sense described in the discussion immediately after Theorem 3.5). Ac-
cordingly there exists a unique morphism u : S’ — S such that ¢/ = ou and P(u) = 0.
Since Q(u) = lgs)Q(u) = Q(ou) = Q(o') it follows that fQ(u) = fQ(o') = f'f" and
hence (u,f') : (8", B, f') — (S,B, f) is the desired unique morphism in S such that
(0", 8") = (0,1p)(u, f') and (Pmy, m2)(u, 5) = (6, 0). .

Recall the following well-known fact:
4.7. LEMMA. Let F' : C — X be a functor and let f : A — B and g : B — C be

morphisms in C. If f is F-precartesian and g is F-cartesian, then the composite g o f is
F-precartesian.
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4.8. PROPOSITION. If the span S is right reqular and has LFRA, and P weakly creates
pullbacks, then the span 8% has LFRA.

PROOF. Since each morphism (a, 8) : (A1, B1) — (A2, By) in A x B factors as (a, ) =
(e, 1p,)(1a,, B) it follows from Lemmas 4.5, 4.6 and 4.7 that the functor (Pmy,ms) : (Q |
1g) — A x B is a prefibration. Therefore, since by Corollary 2.4 it has terminal objects
in its fibres, it follows from Proposition 2.7 in [17] that (P7y,m)?% : (Q | 1g)? — (A x B)?
has terminal objects in its fibres and hence by Proposition 3.3 the span S? has LFRA. m

5. General monoid actions

In the paper [5] F. Borceux, G. Janelidze and G. M. Kelly gave an extremely informative
exposition on monoidal actions in general, and introduced and studied the notion of
representable monoid actions. We recall from [5] that an action of a monoidal category
C = (C,I,®,a,\,p) on a category X can be defined as a monoidal functor (F,6,¢)
from C to the strict monoidal category End(X) = (End(X), 1x,0) or equivalently as
a triple (e,0,v) where o is a functor C x X — X, and (fx : X — [ @ X)xex and
(vapx:Ae(BeX)— (A® B) e X)4 pec xex are natural transformations making the
diagrams

Ao(Bo(CoX))———Ae(Be(CoX)
Ao((BTC’)oX) (A@B)J(CQX) (5.1)

(AR (B(C)) e X (AB)®(C)e X

_—
aa,B,celx

AeX Ae X AeX Ae X
jOAoX 1A.9XL
relx Te(AeX) Ae(leX) el (5.2)
l'YI,A,X 'YA,I,Xl
(I®A)eX (AI)e X

commute. The two descriptions of an action are related by F(A)(X) = Ae X, ¢pap, =
va.px and 6 is the same for both. Such an action is called strong when 6 and ¢ (or
equivalently 6 and ) are isomorphisms. A monoidal functor (F,0,¢) as above deter-
mines, as usual, a functor from the category Mon(C) of monoids in C to the category
Mon(End(X)) of monoids in End(X). Using the fact that monoids in Mon(End(X))
are monads, a monoid action, with respect to A = (C, X, e,6,7) can be defined as a pair
((M,e,m),(X,h)) where (M, e, m) is a monoid in C, (X, h) is an algebra for the monad
M e —. An algebra for this monad can be more explicitly described as a pair (X, h) where
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Xisin X and h: M ¢ X — X is a morphism making the diagram

YM,M,X mel x ecol x

Me(MeX)™MX (M oM)eX ™ Nfex X ToexX _x

1M.hl jh / (5.3)

Me X ; X

commute. A morphism of monoid actions with domain ((M, e, m), (X, h)) and codomain
(M’ e,m'), (X', K)) is a pair (f,g) where f: M — M’ and g : X — X’ are morphisms
in C and X respectively, such that f is a monoid morphism (M, e, m) — (M’ ¢’,m’) and
h'(f e g) = gh. For the monoidal action A = (C,X,e,6,7), let us denote by Act(.A)
the category of monoid actions and by P and @ the forgetful functors to Mon(C) and X
respectively. These data together forms a span Act(A) =

Mon(C) <F— Act(A) 2. x. (5.4)

Recall also that

5.1. DEFINITION. The monoidal action A has representable monoid actions on an object
X in X, if the functor
Act(—, X) : Mon(C)°® — Set (5.5)

which sends a monoid in C to the set of its actions on X is representable.

5.2. THEOREM. For the monoidal action A. If C has finite products, then the span
Act(A) has RFRA if and only if A has representable monoid actions.

PROOF. Note that for an object X in X the category of elements of the functor Act(—, X) :
Mon(C)°? — Set is isomorphic to @~ (X) and hence Act(—, X) is representable if and
only if the fibre Q7'(X) has a terminal object. For an object X in X, it is easy to see that
Px : Q7Y(X) — Mon(C) is a discrete fibration, in fact this is used to make Act(—, X)
into a functor. Therefore, Proposition 4.2 implies that the span Act(.A) has RFRA if and
only if A has representable monoid actions. n

5.3. COROLLARY. If A 1is strong monoidal and C has finite products, then the span
Act(A) has RFRA as soon as, for each X in X, the functor — e X : C — X has a
right adjoint.

PROOF. F. Borceux, G. Janelidze and G. M. Kelly explained in [5] that under the above
assumptions the action A has representable monoid actions. The statement of the corol-
lary now follows from Theorem 5.2. [
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5.4. REMARK. Note that the condition, for each X in X the functor — e X : C — X has
a right adjoint, from the previous corollary could be stated as the span

has RFRA.

5.5. DEFINITION. The monoidal action A has exponentiable monoid actions for a monoid
(M, e,m), if the forgetful functor from the category of algebras over the induced monad
M e — to the category X has a right adjoint.

Since for the monoidal action A and each monoid (M, e, m) in Mon(C) the functor
Q(M,e,m) : P_l((Mv e,m)) —+X (57)

induced by the span Act(A) is essentially the forgetful functor from the category of
algebras over the monad M e — to X we obtain essentially by definition:

5.6. THEOREM. The span Act(A) has LFRA if and only if A has exponentiable monoid
actions.

Recall the following well-known fact (see [11]).

5.7. LEMMA. Let T = (T,n,u) be a monad in X. The functor T has a right adjoint
if and only if the forgetful functor UT from the category of T-algebras to X has a right
adjoint.

5.8. THEOREM. The span Act(A) has LFRA, if and only if for each monoid (M, e, m)
in Mon(C) the functor M e — has a right adjoint.

PROOF. Since, as explained above, for each monoid (M, e, m) in Mon(C) the functor
Qumem) @ P7H(M,e,m)) — X is essentially the forgetful functor from the category
of M e — algebras to X, it follows easily from Lemma 5.7 that the two conditions are
equivalent. [

5.9. REMARK. It is sometimes of interest to have a more explicit description of the right
adjoint above. Using the notation from the previous theorem and writing —™ for the right
adjoint of M e —, the right adjoint of Q(nem) sends X to (M, e,m), (XM, h)) where h
15 the unique morphism making the diagram

molXM

M.(MOXM)M)(M®M)OXM M e XM
ljwohl/ ]GX (5.8)
M e XM X,

€X

in which € is the counit of the adjunction M e — - =M commute.

For the monoidal action A and a monoid (M, e, m) in Mon(C), let us write Ry, for
the right adjoint of the forgetful functor from the category of algebras over the induced
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monad M e — to the category X when it exists. Let us add a column to the table on pages
242 and 243 of [5] in order to give some examples. Recall that [X] in the table below
denotes the representing object for Act(—, X).

M-action on

Monoidal Action of C |Monoid M in ..
category C |on X C ;gn object in | [X] B (X)
An ordinary An orc‘hnary e, the identity |Every ob:]ect
. M-action element of the |has a unique |e X
monoid M . :
on a set X |monoid action
<.X’ X) the The right
right Kan ..
. . adjoint of the
The (strict) extension of
. . forgetful
evaluation X (considered
. functor from
action of A monad T on An algebra |as a functor the catesor
End(X) End(X) on over the from the GOty
X of T-algebras
X defined monad T category 1 to to X annlied
by Ae X = X) along itself o X PP
A(X) provided that (provided it
Kan extension | \*.
) exists)
does exist
M .
A Ca'tegor}'f C An internal An internal X, with
C with finite . . .. algebra
canonically |monoid (= M-action in | |, y .
products . . X+ provided |structure as
acting on | monoid C (= : : :
regarded as . : . .. |Cis cartesian |in Remark
+ monoidal C; so that |object) M in | M-object in closed 5 0. provided
Ae X = C in the usual |C) in the P .
category Ax X sense usual sense Cis cartesian
with ® = X closed
As above, An ordinary
As above, . . ..
. but with An ordinary | M-action in | ., y M
but with . X X
C — Set X=C= monoid M Set (=
Set M-set)
Every object
A category C M in C has a
C with finite . unique monoid | An object in Only exists if
canonically . ; .
coproducts . structure given | C equipped M is an
acting on C ; . e .
regarded as <o that by the unique |with a X initial object,
a monoidal Ne X — morphism morphism in which case
category A X_ 0— M and |from M to it it is X
with ® = + the codiagonal

M+ M-—M
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Ab, the
o ity I
eroups with ® acting on C; |Aring M |An The ring H wi ©
the ordinary |° that (with 1) M-module  |Hom(X, X) 3561]1\/;1 action
AeX = AR X
tensor
product
C trivially A terminal
) acting (i.e. A monoid |Every object |object in
?;Zg?gfngdal AeX =X) |Min has a unique {Mon(C), |X
on any Mon(C) action of M |provided it
category X exists
Rans(X) the
X a category right Kan
with An End(X), |extension of X
Set regarded |coproducts, (“external”) |the (considered as a
as a monoidal [and A e X = | An ordinary| M-action on |monoid of |functor from the
category with ], ., X with [monoid M |an object in |endomor- |category 1 to X)
® = X evident X in the phisms of |along 1 — M
remaining usual sense | X provided that
structure Kan extension
does exist

Recalling that for each monoid (M, e, m) in Mon(C) the functor Qe m) : P~ (M, e, m) —
X is essentially the forgetful functor from the category of (M e —)-algebras to X it follows
that:

5.10. PROPOSITION. The span Act(A) has LFLA.

Recall that for the monoidal category C and for a category I we can construct a
monoidal category C! = (C!, I, @', o, M, p!) where C! is the usual functor category, I*
is the constant functor onto I, ®' is defined point-wise, and of, A\' and p' are natural
transformations whose components are natural transformations defined point-wise. Fur-
thermore the monoidal action A induces a monoidal action A" = (C!, X!, o 0 ') where
o! is defined point-wise and 6" and ~' are natural transformations whose components are
natural transformations defined point-wise.

Note that the canonical isomorphisms (the vertical arrows) make the diagram

I

Mon(C)! <2~ Act(A) —2~ X!

| |

Mon(C!) <2~ Act(A") —2~ X,

commute. Therefore as a corollary of Theorem 3.5 via Theorem 5.2 we obtain:
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5.11. THEOREM. For the monoidal action A. If X and C have finite limits, then the
following conditions are equivalent:

(a) the induced action A% has representable monoid actions;
(b) for each finite category I the induced action of A* has representable monoid actions.

and imply that the action of A has representable monoid actions.

We could write down a similar (essentially dual) theorem about exponentiable monoid
actions. However, using Theorems 3.5, 5.6 and 5.8 we will prove a stronger result (see
Theorem 5.14 (ii) below.) To do so we use the following proposition which is closely
related to Theorem 2.12 of [21]. The proof given in [21] can easily be adapted as follows:

5.12. PROPOSITION. Let A, B, C and I be categories such that B and C have finite limits
and products indexed by I, let H : A x B — C be a functor, and let H' : A" x B! — C!
be the induced functor. For A in AL, the functor H'(A, —) : B — C! has a right adjoint
if for each object I in 1 the functors H(A(I),—) : B — C have right adjoints.

PrOOF. Let J : Iy — I be the inclusion of the objects of I as a discrete category. The
product assumptions on B and C allow us to conclude the functors B’ : B! — Blo and
C’ : C' — C have right adjoints given by right Kan extensions along .J. Note that the
diagram

B! HY(A,-) !
]B%Jl L(‘CJ (5.10)
Bl P Cl

commutes and the vertical functors are comonadic. Therefore, since the bottom functor
has right adjoint as soon as for each I in I the functors H(A(I), —) have a right adjoint,
we see that the claim follows from a standard adjoint lifting theorem (see e.g. Lemma 2.1
of [21]). ]

5.13. REMARK. One can give a longer alternative proof of the previous proposition drop-
ping the limit requirements on C.

5.14. THEOREM. For the monoidal action A, suppose that X and C have finite limits.

(i) If A is a strong action, and for each object X in X the functor — e X has a right ad-
joint, then for each finite category I the induced action of C' on X! has representable
monoid actions.

(i1) For each monoid (M,e,m) in Mon(C), the functor M e — has a right adjoint if and
only if for each finite category 1 the induced action of C' on X! has exponentiable
monoid actions.
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PRroor.

(i) It is immediate that if A is a strong action so is A%, Therefore, since for each
(X1, X5, x) in X2 by Proposition 5.12 the functor — e (X, X5, x) has a right adjoint
it follows by Corollary 5.3 that A2 has representable monoid actions, and hence by
Theorem 5.11 so does A"

(ii) The “if” part follows immediately from Theorems 5.6 and 5.8. For the “only if” part,
suppose that for each monoid (M, e, m) in Mon(C) the functor M e — has a right
adjoint. It follows from Proposition 5.12 that for each ((M,e,m), (M’ e, m'), f) in
Mon(C)? the functor

(M, M, f) e —: X2 — X2 (5.11)
has a right adjoint, and hence by Theorem 5.8 the span Act(A?) has LFRA. Theo-
rem 3.5 now tells us that Act(A") has LFRA and hence by Theorem 5.6 the action
A" has exponentiable monoid actions as required.

5.15. REMARK. Using the fact that the span Act(A) is right regular it is possible to
construct a second proof of (ii) above using Proposition 4.8

6. Split extensions

Recall that for a pointed category C, a split extension (of B with kernel X) is a diagram
in C

X—t-A <—;_> B (6.1)
where x is the kernel of «, and a8 = 1. A morphism of split extensions is a diagram in
C

X—">A—=B

B
Joob 62)
X 4 o

where the top and bottom rows are split extensions (the domain and codomain respec-
tively), and vk = K'u, v8 = f'w and wa = &/v. In this section we consider the span

SE(C) =

C <2~ SpIExt(C) £~ C (6.3)

where SplExt(C) is the category of split extensions and P and K are the functors send-
ing the split extension (6.1) to B and X respectively. When C is semi-abelian, in the
sense of G. Janelidze, L. Marki and W. Tholen in [20], it was shown by F. Borceux, G.
Janelidze and G. M. Kelly in [5] that the category SplExt(C) is equivalent to a cate-
gory Act(C,C, e, 0,v) where C is the monoidal category with tensor defined by binary
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coproduct in C. Furthermore one easily checks that this equivalence is such that it makes
the diagram

C

SplExt(C)

l H (6.4)
Mon(C) <F— Act(C,C, e,0,~) —2~C,

where the vertical functor on the left is the isomorphism which sends each object C' in
C to C equipped with the unique monoid structure on it, commute. We will see that
this means that for a semi-abelian category some of the results in this section could be
obtained from the results in the previous section. However, there are examples for which
this equivalence no longer exists, to which results in this section will be applicable. In
particular some of the results below will be applicable to the category of finite groups
or more generally to a category of internal groups in a finitely complete cartesian closed
category.

For a pointed category C and for an object X in C, a terminal object (when it exists)
in the fibre K~'(X) of the functor K : SplExt(C) — C is essentially by definition a
generic split extension with kernel X in the sense of [5]. Accordingly we will say that
a pointed category C has generic split extensions when the fibres of K have terminal
objects. Therefore, since the span SE(C) is right regular, as soon as C has finite limits,
applying Proposition 4.2 to the span SE(C) we obtain:

6.1. PROPOSITION. If C is pointed and finitely complete, then the following conditions
are equivalent:

(a) C has generic split extensions;
(b) the span SE(C) has RFRA.
As a corollary we obtain:
6.2. THEOREM. If C is semi-abelian, then the following conditions are equivalent:
(a) C is action representable;

(b) the span SE(C) has RFRA.

PROOF. The equivalence of (a) and (b) follows from the previous proposition and from
[5] where it was proved that a semi-abelian category is action representable if and only if
it has generic split extensions. [
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For C pointed with finite limits, if in our description of the category SplExt(C) we
omitted all kernels from the diagrams involved we would obtain an equivalent category
which is called by D. Bourn the category of points and denoted Pt(C). Recall that the
functor 7 : Pt(C) — C sending a split epimorphism to its codomain is called the fibration
of points. Since the composite of the forgetful functor SplExt(C) — Pt(C) and 7 gives
the functor P, it follows that for each B in C the functor Kp is “up to equivalence”
what is known as the kernel functor Kerg : Pt5(C) — C (i.e. the functor sending a split
epimorphism in the fibre of 77!(B) = Pt3(C) to a chosen kernel). This means that:

6.3. PROPOSITION. If C s pointed and finitely complete, then the following conditions
are equivalent:

(a) for each B the functor Kerg has a right adjoint;
(b) the span SE(C) has LFRA.

For a category C with finite limits, recall that C is said to be locally algebraically
cartesian closed when each change of base functor between fibres of 7 has a right adjoint.
According to Theorem 5.1 of [15], for a pointed (Bourn-)protomodular category [7], this
is the case whenever each kernel functor has a right adjoint and hence we obtain:

6.4. THEOREM. If C is pointed protomodular and finitely complete, then the following
conditions are equivalent:

(a) the category C is locally algebraically cartesian closed;

(b) the span SE(C) has LFRA.

Examples of locally algebraically cartesian closed categories include the categories of
groups (internal to any finitely complete cartesian closed category) and Lie algebras over
any commutative ring (for details see [14], [15] and [8]). Note that:

6.5. REMARK. X. G. Martinez and T. Van der Linden noticed that Proposition 6.9 of [15]
is incorrect, so that the category of commutative rings satisfying ryz = 0 is not a locally
algebraically cartesian closed category (see [12]). Using the notation from Proposition 6.9
and its proof, the error in the proof is that R is defined on objects and claimed to be a
functor, but in fact can’t be made into a functor.

Using the well-known fact that for a pointed finitely complete category the existence
of a left adjoint to each kernel functor is equivalent to the existence of binary coproducts
we obtain:

6.6. THEOREM. If C is pointed and finitely complete, then the following conditions are
equivalent:

(a) C has binary coproducts;
(b) the span SE(C) has LFLA.
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Next we investigate, in the pointed protomodular context, what condition RFLA
means for the span SE(C). Recall that a pointed finitely complete protomodular cat-
egory is additive if and only if for each object X the morphisms 1y and 1x commute in
the sense of S. A. Huq [18] i.e. there is a (unique) morphism ¢ : X x X — X such that

the diagram

x20 x o x O

x 1; % (6.5)

X

commutes. Recall also that the existence of ¢ in (6.5) makes (X, ¢, 0) an internal abelian
group. For reference, the reader may consult [2] or more explicitly, in semi-abelian case
Theorem 6.9 and Corollary 7.3 of [1].

6.7. THEOREM. If C is pointed protomodular and finitely complete, then the following
conditions are equivalent:

(a) C is additive;
(b) the span SE(C) has RFLA.

(c) the span SE(C) and all its duals have RFRA.

PROOF. (b)=(a): Let X and B be objects in C and let the upper row of the diagram

X f.Ai=p" B
| |
NN
1x A Y
XX xX—0-—B

be an initial object in (B | Pyx). It follows that there is a unique morphism as shown
above and hence by protomodularity that
(1,0)

X—>XxB—>{r2>B<”iB (6.7)
0,1

is an initial object in (B | Px). Accordingly, we obtain the unique morphism as displayed
in the upper part of the diagram
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whose composite with the morphism displayed in the lower part of the diagram must be the
identity morphism. This means that ¢ is an isomorphism and hence by protomodularity
that the middle row of the above diagram is an initial object in (B | Px). In particular
when B = X we obtain the unique morphism

Xy x e x X

00
R 69
(1,0) T2 1

X5 Xx X——=X-—X

(L1)

meaning that 1x commutes with itself and hence C is additive. Since trivially (c)=-(b),
it remains to prove that (a)=-(c). However this easily follows from the fact that if C is
additive, then for each object C'in C the functors Pr and K¢ are both parts of equivalences
of categories. [

Since for each category I there is an isomorphism (the vertical functor) making the
diagram

C! <2 SplExt(C)! - C!

L,

H (6.10)
C!<£— SplExt(C!) £~ !

commute, according to Proposition 6.1 and Theorem 3.5 as well as Theorem 4.8 of [16],
we obtain:

6.8. COROLLARY. If C is pointed and finitely complete, then Conditions 3.5 (a) - (h)
and 3.6, for the span SE(C), are all equivalent to C? having generic split extensions.
Furthermore, if C is semi-abelian, then these conditions are all further equivalent to C
being action representable and having normalizers.

While, according to Proposition 4.8 and Theorems 6.4 and 3.5 we obtain:

6.9. COROLLARY. If C is pointed protomodular and finitely complete, then Conditions 3.5
(a) - (h) and 5.6, for the span SE(C) , are all equivalent to C being locally algebraically
cartesian closed.

In particular, by considering Condition 3.6, for SE(C) and SE(C) , when C is semi-
abelian, we obtain II(e) and II(f) of the introduction, respectively.

Note that both II(e) and II(f) are equivalent to the same condition restricted to where
¢ is required to be an identity morphism. These restricted conditions although simpler
are no longer symmetric.

One can show that requiring the existence of universal liftings, as in II(e), where 6 and
¢ are monomorphisms is equivalent (via Theorem 2.8 of [9]) to the existence of normalizers.
This leads to the question of whether it might be interesting to study the symmetric
condition requiring universal liftings as in II(f) but restricted to monomorphisms. This
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condition turns out to be closely related to algebraic coherence [10] and is part of the
subject of a forthcoming joint paper with D. Bourn, A. S. Cigoli and T. Van der Linden.
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