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NEARLY LOCALLY PRESENTABLE CATEGORIES

L. POSITSELSKI AND J. ROSICKY

ABSTRACT. We introduce a new class of categories generalizing locally presentable
ones. The distinction does not manifest in the abelian case and, assuming Vopénka’s
principle, the same happens in the regular case. The category of complete partial orders
is the natural example of a nearly locally finitely presentable category which is not locally
presentable.

1. Introduction

Locally presentable categories were introduced by P. Gabriel and F. Ulmer in [Gabriel
and Ulmer, 1971]. A category K is locally A-presentable if it is cocomplete and has a
strong generator consisting of A-presentable objects. Here, X is a regular cardinal and
an object A is A-presentable if its hom-functor (A, —) : K — Set preserves A-directed
colimits. A category is locally presentable if it is locally A-presentable for some A. This
concept of presentability formalizes the usual practice — for instance, finitely presentable
groups are precisely groups given by finitely many generators and finitely many relations.
Locally presentable categories have many nice properties, in particular they are complete
and co-wellpowered.

[Gabriel and Ulmer, 1971] also showed that one can define locally presentable cate-
gories by using just monomorphisms instead all morphisms. They defined A-generated
objects as those whose hom-functor (A, —) preserves A-directed colimits of monomor-
phisms. Again, this concept formalizes the usual practice — finitely generated groups are
precisely groups admitting a finite set of generators. This leads to locally generated cat-
egories, where a cocomplete category K is locally A-generated if it has a strong generator
consisting of A\-generated objects and every object of K has only a set of strong quotients.
Since a locally presentable category is co-wellpowered, every locally A-presentable category
is locally A-generated. Conversely, a locally A-generated category is locally presentable
but not necessarily locally A-presentable (see [Gabriel and Ulmer, 1971] or [Addmek and
Rosicky, 1994]). In particular, each locally generated category is co-wellpowered. Under
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Vopénka’s principle, we can omit weak co-wellpoweredness in the definition of a locally
generated category, but it is still open whether one needs set theory for this (see [Adamek
and Rosicky, 1994], Open Problem 3).

We introduce further weakening of the concept of presentability — an object A is
nearly A-presentable if its hom-functor (A, —) preserves A-directed colimits given by
expressing a coproduct by its subcoproducts of size < A. Any A-presentable object is
nearly A-presentable and, if coproduct injections are monomorphisms, any \-generated
object is nearly A-presentable. In this case, an object A is nearly A-presentable if every
morphism from A to the coproduct [, ; K; factorizes through [[;.; K; where [J| < A.
This concept is standard for triangulated categories where the resulting objects are called
A-small (see [Neeman, 2001]).

We say that a cocomplete category K is nearly locally A-presentable if it has a strong
generator consisting of nearly A-presentable objects and every object of I has only a set
of strong quotients. This definition looks quite weak because A-directed colimits used
for defining nearly A-presentable objects are very special. But, surprisingly, any abelian
nearly locally A-presentable category is locally presentable. These abelian categories were
introduced in [Positselski and Stovicek, 2017] and called locally weakly generated. This is
justified by the fact that coproduct injections are monomorphisms there and thus nearly
A-presentable objects generalize A-generated ones. Since weakly locally presentable cat-
egories mean something else (see [Addmek and Rosicky, 1994]), we had to change our
terminology. We even show that for categories with regular factorizations of morphisms
(by a regular epimorphism followed by a monomorphism), the fact that nearly locally
presentable categories are locally presentable is equivalent to Vopénka’s principle. Thus
we get some artificial examples of nearly locally presentable categories which are not lo-
cally presentable under the negation of Vopénka’s principle. A natural example of this,
not depending on set theory, is the category CPO of complete partial orders. It is nearly
locally finitely presentable but not locally presentable. This category plays a central role
in theoretical computer science, in denotational semantics and domain theory.

2. Nearly presentable objects

2.1. DEFINITION. A-directed colimits [[;c; K; — [l,e; i, where J ranges over all the
subsets of I of cardinality less than A, will be called special \-directed colimits.

2.2. DEFINITION. Let IC be a category with coproducts and \ a reqular cardinal. An object
A of K will be called nearly \-presentable if its hom-functor IC(A, —) : K — Set preserves
special \-directed colimits.

2.3. REMARKS. (1) This means that IC(A, —) sends special A-directed colimits to -
directed colimits and not to special A-directed ones (because IC(A, —) does not preserve
coproducts).

Explicitly, for every morphism f: A — []..; K; there is a subset J of I of cardinality

el
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less than A such that f factorizes as

A5T]E 5 K

jeJ

where u is the subcoproduct injection. Moreover, this factorization is essentially unique
in the sense that if f = gu = ¢’u then there is a subset J' of I of cardinality < A such
that J C J" and the coproduct injection [[;_; K;j — [];c; Kj merges g and g'.

(2) If coproduct injections are monomorphisms, the essential uniqueness is automatic.
Thus A is nearly A-presentable if and only if for every morphism f : A — [[,.; K; there is
asubset J of I of cardinality less than A such that f factorizes as A — [[..; K; — [[,c; K;
where the second morphism is the subcoproduct injection.

(3) Coproduct injections are very often monomorphisms, for instance in any pointed
category. However, in the category of commutative rings, the coproduct is the tensor
product and the coproduct injection Z — Z ® Z/2 = 7Z/2 is not a monomorphism.

(4) Any A-presentable object is nearly A-presentable. We say that A is nearly pre-
sentable if it is nearly A-presentable for some A.

(5) An object K is called coproduct-presentable if its hom-functor IC(K, —) preserves
coproducts (see [Hu, 1971]); these objects are also called indecomposable or connected.
Any coproduct-presentable object is nearly Ng-presentable.

jeJ

Recall that an epimorphism f : K — L is strong if each commuting square

L———B

f g

K A

such that g is a monomorphism has a diagonal fill-in, i.e., a morphism ¢ : L. — A with
tf =w and gt = v.

A colimit of a diagram D : D — K is called A-small if D contains less than A mor-
phisms.

2.4. REMARKS. (1) A A-small colimit of nearly A-presentable objects is nearly A-present-
able. The proof is analogous to [Addmek and Rosicky, 1994], 1.3.

(2) If coproduct injections are monomorphisms then any strong quotient of a nearly
A-presentable object is nearly A-presentable. In fact, let g : A — B be a strong quotient
and f: B — [],.; K;. Thereis J C I of cardinality less than A such that fg factorizes

through [[,c; K

B—T1-11. K
g u
A [, &,
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Since w is a monomorphism, there is a diagonal h : B — ]_[j K factorizing f through
HjeJ Kj'
2.5. LEMMA. If \; < Ay then a nearly \i-presentable object A is nearly Ao-presentable.

PROOF. Let A be nearly A-presentable. Then any morphism f : A — [[,.; K; factor-
izes through a subcoproduct [[;.; K; where [J| < A; < A2. Assume that we have two
factorizations given by fi. : A — [[;.; K; where [J| < X. Each of f; factorizes through
g A — HjeJ’ K, where J' C J and |J'| < Ay and k = 1,2. There is J' C J” C I such
that [J”| < Ay and [[,, K; — [[, K; coequalizes ¢g; and go. Thus [[, K; = [, K;
coequalizes f; and fs. n

2.6. EXAMPLES. (1) Let K be a category where every object is a coproduct of coproduct-
presentable objects. Then coproduct injections are monomorphisms in . Furthermore,
nearly A-presentable objects are precisely the A-small coproducts of coproduct-presentable
objects. Examples are the categories of sets, graphs, posets, or presheaves of sets. In the
category of sets, nearly A\-presentable objects coincide with A-presentable ones. In the
categories of graphs and posets, they are precisely the objects having less that A connected
components. Observe that there is a proper class of non-isomorphic nearly A-presentable
objects there.

(2) More generally, let IC be a category where every object is a coproduct of nearly
No-presentable objects. Then nearly A-presentable objects are precisely the A-small co-
products of nearly Wy-presentable objects. The category of vector spaces (over any fixed
field) is an example. An object of the category of vector spaces is nearly A-presentable iff
it is A-presentable.

(3) An abelian group A is nearly A-presentable iff it is A-presentable.

Assume at first that A is an uncountable cardinal. Then, to say that an abelian group
A does not have a set of generators of the cardinality less than A\, simply means that the
cardinality of A is at least A\. Any abelian group is a subgroup of an injective (= divisible)
abelian group (see, e.g., [Rotman, 2009], 3.35(i) and 3.36). According to the classifica-
tion of injective abelian groups (or, more generally, injective modules over a Noetherian
commutative ring), an injective abelian group is a direct sum of indecomposable injec-
tives, which are precisely the abelian groups Q and Q,/Z, = Z[%]/Z ([Matlis, 1958], 2.5
and 3.1). All of these are countable. Thus, to embed an abelian group A of the cardinality
at least A\ into an injective abelian group J, the group J has to be the direct sum of at
least A (indecomposable injective) abelian groups. Hence A is not nearly A-presentable.

Now, assume that A\ = Nj;. Let A be an infinitely generated abelian group. Pick
elements aq, as, as, ... in A such that a,; does not belong to the subgroup generated
by ai, ..., a, in A. Denote this subgroup by A, C A, and the union of A, over the
natural numbers n by A,. Then we have a natural (injective) morphism of abelian groups
hy : Ay = @, Au/A,. For every n, choose an injective abelian group .J, such that
A, /A, is a subgroup in J,,. Then we also have an injective morphism j,, : @, | A, /A, —
D,”, J,. Now it is important that the class of injective abelian groups is closed under
direct sums (see [Rotman, 2009], 3.31). The direct sum of J,, being injective, we can
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extend the morphism j,h, @ A, — .-, J, to a morphism h : A — @~ J,. Since
the image of this morphism is not contained in the direct sum of any finite subset of .J,
(as the image of h,, is not contained in the direct sum of any finite subset of A, /A,), it
follows that A is not nearly finitely presentable.

(4) The same argument as in (3) applies to modules over any countable Noetherian
commutative ring (in place of the abelian groups).

3. Nearly locally presentable categories

Recall that a strong generator is a small full subcategory A of K such that the functor
E4: K — Set"” | EK = K(—, K), is faithful and conservative (= reflects isomorphisms).
A generator A of K is strong if and only if for each object K and each proper subobject
of K there exists a morphism A — K with A € A which does not factorize through that
subobject.

A category is called weakly co-wellpowered if every its object has only a set of strong
quotients.

3.1. DEFINITION. A cocomplete category K will be called nearly locally \-presentable if
it 1s weakly co-wellpowered and has a strong generator consisting of nearly \-presentable
objects.

A category is nearly locally presentable if it is nearly locally \-presentable for some
reqular cardinal \.

This concept was introduced in [Positselski and Stovicek, 2017] for abelian categories.
Since any abelian category with a generator is co-wellpowered, weak co-wellpoweredness
does not need to be assumed there. Any locally A-presentable category is nearly locally -
presentable (by [Addamek and Rosicky, 1994], 1.20 and since a locally presentable category
is co-wellpowered [Addmek and Rosicky, 1994], 1.58).

3.2. REMARK. Let K be a nearly locally A\-presentable category and A its strong generator
consisting of nearly A-presentable objects. Following 2.3(1), E4 : K — Set” sends
special A-directed colimits to A-directed colimits.

We say that a category K has monomorphisms stable under \-directed colimits if for ev-
ery A-directed set of subobjects (K;);e; of K € K the induced morphism colim;¢; K; — K
is a monomorphism. Following [Addamek and Rosicky, 1994] 1.62, any locally A-presentable
category has this property.

A category has regular factorizations if every morphism can be decomposed as a regular
epimorphism followed by a monomorphism. Any regular category (in particular, any
abelian category) has this property (see [Barr, 1971] 1.2.3). The following result was
proved in [Positselski and Stovicek, 2017], 9.1 for abelian categories and for A = Ny.

3.3. PROPOSITION. Every nearly locally A-presentable category with regular factorizations
has monomorphisms stable under A-directed colimits.
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PROOF. Let (K;);c;r be a A-directed set of subobjects, k; : K; — L = colim;cr K; a colimit
cocone and t : L — K the induced morphism. Since tk; : K; — K are monomorphisms,
k; are monomorphisms. Let f : [[,.;K; — L and p : [],.; Ki — K be the induced
morphisms. Clearly, tf = p.

As we will see below in 4.3, every nearly locally presentable category is complete; in
particular, it has kernel pairs. Let py, ps : P — [[,.; K; be a kernel pair of p. It suffices to
prove that fp; = fpe. In this case, p;, ps is a kernel pair of f because fg; = fgo implies
that pg; = pgo. Since f is a regular epimorphism, it is a coequalizer of p;, ps. Since K
has regular factorizations, ¢ is a monomorphism. Indeed, the regular factorization of p
should consist of the coequalizer of p;, py followed by the induced morphism.

Let A be a strong generator of K consisting of nearly A-presentable objects. It suffices
to prove that fpih = fpah for any h: A — P, A € A. Since A is nearly A-presentable,
there is J C I of cardinality less than A such that p,h factorizes through Hje ; K for
n =1, 2. Since (K;);es is a A-directed set, there is K,,, m € I such that fp,h factorizes
through the monomorphism k,, : K,, =& L for n = 1, 2. Let ¢1,¢q2 : A — K,, be the
corresponding factorizations. Then tk,,q, = tk,,q2, hence ¢ = ¢» and thus fp1h = fpsh.m

il

Recall that a category is bounded if it has a small dense subcategory (see [Addmek
and Rosicky, 1994]).

3.4. COROLLARY. Every nearly locally presentable category with reqular factorizations is
bounded.

PROOF. Let A be a strong generator of a nearly locally A\-presentable category K consisting
of nearly A-presentable objects. Let A be the closure of A under A-small colimits and
strong quotients. Since /C is weakly co-wellpowered, A is small. For an object K of K
we form the canonical diagram D w.r.t. A and take its colimit K*. Since A is a strong
generator, it suffices to prove that the induced morphism ¢ : K* — K is a monomorphism.
Then it is an isomorphism because every morphism f : A — K, A € A factorizes
through ¢.

Since K has regular factorizations and A is closed under strong quotients, the subdi-
agram Dy of D consisting of monomorphisms f : A — K, A € A is cofinal in D. Thus
K* = colimDg and, following 3.3, t is a monomorphism. [

In fact, we have proved that every weakly co-wellpowered category K having regular

factorizations, a strong generator and monomorphisms closed under A-directed colimits is
bounded.

3.5. THEOREM. Every nearly locally presentable abelian category is locally presentable.

ProoOF. Consider a nearly locally A-presentable abelian category K. According to 3.3, K
has A-directed unions. Following [Mitchell, 1965] I11.1.2 and III1.1.9, in any cocomplete
abelian category with monomorphisms closed under directed colimits the directed colimits
are exact (cf. [Positselski and Sfovicek, 2017] 9.2). In the same way we see that in any
cocomplete abelian category with monomorphisms closed under A-directed colimits the
A-directed colimits are exact (i.e., commute with finite limits). Thus K is a cocomplete
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abelian category with a generator in which A-directed colimits commute with finite limits.
Following [Positselski and Rosicky, 2017] 2.2, K is locally presentable. [

3.6. THEOREM. Vopénka’s principle is equivalent to the fact that every nearly locally
presentable category having reqular factorizations is locally presentable.

PRrROOF. Assuming Vopénka’s principle, every cocomplete bounded category is locally
presentable (see [Addmek and Rosicky, 1994] 6.14). Under the negation of Vopénka’s
principle, there is a rigid class of connected graphs G; in the category Gra of graphs (see
[Adamek and Rosicky, 1994] 6.13). This is a rigid class in the category of multigraphs
MGra which, as a presheaf category on - = -, is regular. Let IC be the full subcategory of
MGra consisting of all the multigraphs in which every connected component is either the
terminal multigraph 1 or there are no morphisms from G; into it. This is the modification
of [Addamek and Rosicky, 1994] 6.12. Like there, K is an epireflective subcategory of
MGra and thus it is cocomplete. Moreover, K is closed under coproducts in M Gra. The
graphs - and - — - are nearly finitely presentable in I because every their morphism into
a coproduct uniquely factorizes through a coproduct injection. Since the graphs - and
- — - form a dense subcategory in K, the category K is nearly finitely presentable. But,
like in [Addmek and Rosicky, 1994] 6.12, the graph - is not presentable in K. Thus K is
not locally presentable.

Let us prove that I is regular, i.e., that regular epimorphisms are stable under
pullback. For this, it suffices to show that the inclusion X — MGra preserves reg-
ular epimorphisms. Assume that f : K — L is a regular epimorphism in . Then
f=nhA1lfe: Ki]] K2 — Ly [] La where Ly is a coproduct of copies of 1 and there is no
morphism G; — Ly. Then f; : K; — L is a regular epimorphism in MGra. Since the
full preimage in K5 of each component of L, contains an edge, f, is a regular epimorphism
in MGra again. Hence f is a regular epimorphism in MGra. n

3.7. ExXAMPLES. (1) Analogously, [Adamek and Rosicky, 1994] 6.36 gives a nearly locally
presentable category which, under the negation of Vopénka’s principle, is not bounded.

(2) [Adamek and Rosicky, 1994] 6.38 gives a cocomplete category K having a strong
generator consisting of nearly A-presentable objects which is not complete. But K is not
weakly co-wellpowered.

3.8. EXAMPLE. Let CPO be the category of chain-complete posets, i.e., posets where
every chain has a join. Morphisms are mappings preserving joins of chains. Every chain
complete poset has the smallest element, and the joins of directed sets and morphisms
preserve them. These posets are also called cpo’s and play a central role in theoretical
computer science, in denotational semantics and domain theory. The category CPO
is cocomplete (see [Markowsky, 1977]). The coproduct is just the disjoint union with
the least elements of each component identified. Thus every finite cpo is nearly finitely
presentable in CPO. Epimorphisms are morphisms f : A — B where f(A) is directed
join dense in B, i.e., every b € B is a join of a directed set X C f(A). Thus |B| < 24,
which implies that CPO is co-wellpowered. The two-element chain 2 is a strong generator
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in CPO. In fact, it is a generator and for each object B and each proper subobject A of
B there exists a morphism 2 — B which does not factorize through A. Hence CPO is
nearly locally finitely presentable. But CPO is not locally presentable (see [Addmek and
Rosicky, 1994] 1.18(5)).

3.9. DEFINITION. Let K be a category with coproducts. We say that IC has monomor-
phisms stable under special A-directed colimits if for every special \-directed colimit
[ics K = [ics Ki, every morphism [{;c; Ki — K whose compositions with [ ], ; Kj —
K; are monomorphisms is a monomorphism.

jed

iel

This definition fits with the stability of monomorphisms under A-directed colimits
provided that coproduct injections in K are monomorphisms.

3.10. PROPOSITION. Let KC be a locally presentable category such that K°P has monomor-
phisms stable under special \-directed colimits for some reqular cardinal X. Then I is
equivalent to a complete lattice.

PROOF. It follows from [Addmek and Rosicky, 1994] 1.64. In more detail, the proof
considers a special A-codirected limit p; : K! — K7 and m : colimD — K'. Using
local presentability of IC, m is shown to be a regular monomorphism. Since K has
monomorphisms stable under special A-directed colimits, m is an epimorphism because
the compositions p;m are epimorphisms. Thus m is an isomorphism, which yields the
proof. n

3.11. REMARK. [Hu, 1971] calls a category K coproduct-accessible if it has coproducts
and a set of coproduct-presentable objects such that every object of K is a coproduct
of objects from this set. Any cocomplete coproduct-accessible category is nearly locally
No-presentable.

4. Properties of nearly locally presentable categories

4.1. REMARKS. The following observations will be useful below.

(1) A full subcategory A of K is called weakly colimit-dense if K is the smallest full
subcategory of I containing A and closed under colimits. Any weakly colimit-dense full
subcategory is a strong generator (see [Shulman] 3.7). Conversely, as we will see in 4.2,
in a cocomplete and weakly co-wellpowered category every strong generator is weakly
colimit-dense (cf. [Kelly, 1982] 3.40 or [Shulman] 3.8).

(2) Compact Hausdorff spaces form a cocomplete, regular and weakly co-wellpowered
category with a strong generator which is not nearly locally presentable. This follows
from 4.4 and the fact that 1 is not nearly presentable in compact Hausdorff spaces.

(3) Recall that a generator A of K is strong if and only if for each object K and each
proper subobject of K there exists a morphism A — K with A € A which does not
factorize through that subobject. If K has equalizers then every small full subcategory A
of IC satisfying this condition is a strong generator. Given two morphisms f,g: K — L,
it suffices to apply this condition to the equalizer of f and g.
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In a cocomplete category, a generator A is strong iff every object is an extremal
quotient of a coproduct of objects from A (see [Addmek and Rosicky, 1994] 0.6). Recall
that an epimorphism f : K — L is extremal if any monomorphism L' — L through which
f factorizes is an isomorphism.

4.2. LEMMA. Let A be a strong generator in a cocomplete, weakly co-wellpowered cate-
gory KC. Then A is weakly colimit-dense in K.

PROOF. Let K be an object of K. Following 4.1(3), there is an extremal epimorphism
eo : Ko — K where K| is a coproduct of objects of A. If ey is a monomorphism, it is an
isomorphism. Thus K belongs to the closure of A under colimits.

If e is not a monomorphism, there are distinct morphisms fi, fo : M — Ky such
that egfi = egfs. Since A is a generator of K, we can assume that M € A. Let
eo1 : Ko — K be the coequalizer of fi, fo and ey : K1 — K the induced morphism. If e;
is a monomorphism, then it is an isomorphism and K belongs to the iterated closure of
A under colimits. If e; is not an monomorphism, we repeat the procedure. In this way,
we get the chain

Ko — K; —25 ...

consisting of strong epimorphisms where in limit steps we take colimits. Since IC is weakly
co-wellpowered, the construction stops and we get that K belongs to the iterated colimit
closure of A. -

4.3. PROPOSITION. Every nearly locally presentable category is complete.

PRrROOF. Let K be a nearly locally presentable category. Following 4.2, K has a weakly
colimit-dense small subcategory. By [Adamek, Herrlich and Reiterman, 1989] Theorem
4, any cocomplete weakly co-wellpowered category with a weakly colimit-dense small
subcategory is complete. [

4.4. LEMMA. Let IC be a nearly locally presentable category such that coproduct injections
are monomorphisms. Then every object of K is nearly presentable.

PROOF. Let A be a strong generator of IC consisting of nearly presentable objects. Fol-
lowing 4.3, IC has pullbacks. Every object of I is then a strong quotient of a coproduct of
objects from A (see [Addmek and Rosicky, 1994] 0.6 and 0.5). The result follows from 2.4.

4.5. LEMMA. Let L be a cocomplete well-powered and weakly co-wellpowered category with
(strong epimorphism, monomorphism)-factorization. Let A be a set of nearly presentable
objects in L. Let KC consist of strong quotients of coproducts of objects from A. The K is
nearly locally presentable.

PRrROOF. Following [Addmek, Herrlich and Strecker, 1990] 16.8, K is a coreflective full sub-
category of L. Hence it is cocomplete and weakly co-wellpowered. A is a strong generator
in C consisting of nearly presentable objects. Thus I is nearly locally presentable. [
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4.6. PROPOSITION. Let K be a reflective subcategory of a locally \-presentable category
such that the inclusion G : K — L is conservative and sends special \-directed colimits
to \-directed colimits. If IC is complete, cocomplete and weakly co-wellpowered then it is
nearly locally \-presentable.

PROOF. Let F' be a left adjoint to G and consider a A-presentable object L in L. Since
K(FL,—) = L(L,G—) and G sends special A-directed colimits to A-directed colimits,
FL is nearly A-presentable in L. We prove that the objects F'L, where L ranges over
A-presentable objects in £, form a strong generator of K. We use the argument from
the end of the proof of 2.9 in [Addamek and Rosicky, 2015], which we repeat. Following
4.1(3), it suffices to show that for every proper subobject m : K’ — K in K there exists a
morphism from some F'L to K, where L is A-presentable in £, not factorizing through m.
We know that Gm is a monomorphism but not an isomorphism because G is conservative.
Since L is locally A-presentable, there exists a morphism p : L — GK, L A-presentable
in £, that does not factorize through Gm. The the corresponding p : F'. — K does not
factorize through m. m

4.7. COROLLARY. Let IC be a nearly locally \-presentable category and C be a small cat-
egory. Then the functor category K€ is nearly locally \-presentable.

PROOF. K¢ is complete and cocomplete (with limits and colimits calculated pointwise). It
is easy to see that ¢ : P — @ is a strong epimorphism in K¢ if and only if p¢ : PC — QC
is a strong epimorphism on K for each C' in C. Thus K¢ is weakly co-wellpowered. Let
A be a strong generator of K consisting of nearly A-presentable objects. Following 3.2,
E4: K — Set®” makes K a reflective subcategory of a locally A-presentable category
£ = Set™” with the conservative inclusion functor sending special A-directed colimits
to A-directed colimits. Thus K€ is a reflective subcategory of a locally A-presentable
category L£¢ with the conservative inclusion functor sending special A-directed colimits to
A-directed colimits. Following 4.6, K¢ is nearly locally A-presentable. n

4.8. THEOREM. Let K be a cocomplete category with reqular factorizations in which co-
product injections are monomorphisms. Then K is nearly locally A-presentable if and only
if it is a full reflective subcategory of a presheaf category such that the inclusion preserves
special \-directed colimits.

PROOF. Since K has regular factorizations, regular and strong epimorphisms coincide
(see [Addmek and Rosicky, 1994] 0.5). Let K be a full reflective subcategory of a presheaf
category such that the inclusion preserves special A-directed colimits. Then K is complete
and every object has only a set of regular quotients. Following 4.6, K is nearly locally
A-presentable.

Let K be nearly locally A-presentable and A be a strong generator consisting of nearly
A-presentable objects. Let B be the closure of A under A-small colimits and strong
quotients. Following 3.4, B is dense in K, and, following 2.4, every object of B is nearly -
presentable. Thus the functor Eg : K — Set?” preserves special A-directed colimits and
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makes K a full reflective subcategory of the presheaf category (see [Addmek and Rosicky,
1994] 1.27). ]

4.9. PROPOSITION. Let Ay < A\ be regular cardinals. Then any nearly locally A -present-
able category is nearly locally \o-presentable.

Proor. Follows from 2.5. =

4.10. LEMMA. Fvery nearly locally A\-presentable category has monomorphisms stable un-
der special \-directed colimits.

PROOF. Let f : [[; K; — K be a morphism whose compositions f; : [[; K; = K with the
subcoproduct injections []; K; — [[, K; are monomorphisms for all J C I of cardinality
< A. It suffices to show that u = v for any u,v : A — [][; K; such that fu = fv
and A is nearly A-presentable. Since u and v factorize through a subcoproduct injection
[, K; — 11; Ki, we have fu = f;u’ and fv = f;u' for u’',v" : A — ][, K. Since f; is a
monomorphism, v’ = v" and thus u = v. n

4.11. THEOREM. Let K be a locally presentable category such that K is nearly locally
presentable. Then K is equivalent to a complete lattice.

Proor. It follows from 4.10 and 3.10. =
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