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PREDICATIVE ALGEBRAIC SET THEORY

STEVE AWODEY AND MICHAEL A. WARREN

ABSTRACT. In this paper the machinery and results developed in [Awodey et al, 2004]
are extended to the study of constructive set theories. Specifically, we introduce two
constructive set theories BCST and CST and prove that they are sound and complete
with respect to models in categories with certain structure. Specifically, basic categories
of classes and categories of classes are axiomatized and shown to provide models of the
aforementioned set theories. Finally, models of these theories are constructed in the
category of ideals.
The purpose of this paper is to generalize the machinery and results developed by Awodey,
Butz, Simpson and Streicher in [Awodey et al, 2004] to the predicative case. Specifically,

in 2bid. it was shown that:

1. every category of classes contains a model of the intuitionistic, elementary set theory

BIST,
2. BIST is logically complete with respect to such class category models,
3. the category of sets in such a model is an elementary topos,
4. every topos occurs as the sets in such a category of classes.

It follows, in particular, that BIST is sound and complete with respect to topoi as they
can occur in categories of classes.! Thus, in a very precise sense, BIST represents exactly
the elementary set theory whose models are the elementary topoi.

In the current paper, we show that the same situation obtains with respect to a weaker,
predicative, set theory CST which lacks the powerset axiom, and the new notion of a pred-
icative topos (called a IT-pretopos, and defined as a locally cartesian closed pretopos).? As
in the impredicative case, the correspondence between the set theory and the category is
mediated by a suitable category of classes, now weakened by the omission of the small
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Tt was also shown that every category of classes embeds into one of a special kind (the “ideal comple-
tion” of a topos), strengthening the completeness statement to topoi occurring in this special way. The
predicative analogue of that result will not be considered here.

2A better notion of predicative topos is a Il-pretopos with W-types (cf. [Moerdijk and Palmgren, 2000]
and [Moerdijk and Palmgren, 2002]). However, such categories will not be considered in this paper.
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powerset condition (P2). This condition essentially asserted that the powerobject P, (A)
of a small object A is again small; in its place, we adopt the requirement that the expo-
nential B4 of small objects A and B is again small. We also consider an even weaker,
basic set theory BCST without the exponentiation axiom, for which the corresponding
categories of sets are exactly the Heyting pretopoi.

The categories of sets at issue are briefly introduced in section 1 below, and the
elementary set theories in section 2. Section 3 then develops the predicative categories
of classes and shows that the set theories are indeed sound and complete for such class
category models. This development follows that of [Awodey et al, 2004] quite closely,
and it displays just how flexible and powerful the method developed there proves to be.
To establish point (4) above in ibid., the notion of an ideal in a topos was invented and
exploited. This concept has turned out to be quite robust and important. We here follow
a suggestion of Joyal’s to reformulate it as a certain diagonal condition on sheaves.® As
such, it also becomes a very flexible tool for the construction of class categories of various
kinds.

The main technical result in these paper is Proposition 4.21, stating that for any
Heyting pretopos &, the small powerobject Ps (A) of an ideal A on £ is again an ideal;
this is key for the possibility of constructing a predicative category of classes with £ as its
category of sets. The construction makes use of the fact that the category of ideals over
any pretopos &£ already satisfies the axioms for small maps as was shown in [Awodey and
Forssell, 2004]. These topics are presented in section 4.

Taken together, these results show that CST is exactly the elementary set theory of
[I-pretopoi, while BCST is the set theory of Heyting pretopoi. Indeed, syntactic versions
of these facts, involving translations of theories, can even be given, although we do not
pursue that here (cf. [Rummelhoff, 2004]).

Recently Gambino [Gambino, 2004] has studied presheaf models of constructive set
theories. One interesting aspect of this work is that it serves to relate the approach of
Joyal and Moerdijk with that of Scott [Scott, 1985]. However, we will not have occasion
to discuss these results in this paper.

Finally, a fuller treatment of all of the results contained in this paper may be found
in the second author’s Master’s thesis [Warren, 2004].

1. II-Pretopoi

A locally cartesian closed category C is a cartesian category such that each slice C/D
is cartesian closed. We will be interested in those locally cartesian categories which
possess additional structure; namely, those which are also pretopoi. As such we adopt the
following definition.

1.1. DEFINITION. A Il-pretopos is a locally cartesian closed pretopos.

3See [Awodey and Forssell, 2004] for a fuller treatment.
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Although we will not be particularly concerned with studying the properties of II-
pretopoi the following fact should be noted.

1.2. PROPOSITION.  FEwery Il-pretopos R is Heyting.

The reader should recall the following theorem which affirms a tight connection be-
tween locally cartesian closed categories and dependent type theory (cf. [Johnstone, 2003]
or [Jacobs, 1999]):

1.3. THEOREM. [LCCC Soundness and Completeness| For any judgement in context
L|e of dependent type theory (DTT),

DTT F T iff, for every lece C, CE T'|e.

Since every II-pretopos is locally cartesian closed we obtain the following:

1.4. COROLLARY. [II-Pretopos Soundness and Completeness| For any
Judgment in context '@ of dependent type theory,

DTT F T|p iff, for every II-pretopos R, R E T'|¢.

PROOF.  Soundness is trivial since every Il-pretopos is locally cartesian closed. For
completeness notice that if C is locally cartesian closed, then the Yoneda embedding y :
C—C preserves all of the locally cartesian closed structure and C is a II-pretopos. Suppose
that, for all II-pretopoi R, R E T'|¢. Then, in particular, C F T'|¢ for every LCCC C. But
since y is conservative (i.e., reflects isomorphisms) and preserves lcc structure it follows
that C E I'|p. By the foregoing theorem we therefore have = T'|¢p. ]

2. Constructive Set Theories

All of the set theories under consideration are first-order intuitionistic theories in the
language £ := {S, €} where S (‘sethood’) and € (‘membership’) are, respectively, unary
and binary predicates. We include S in the language because we intend to allow urelements
or non-sets. The majority of the results of this section are to be found, either explicitly
or implicitly, in [Aczel and Rathjen, 2001] or [Awodey et al, 2004].

Where ¢ is a formula, FV(y) denotes the set of free variables of ¢. We will freely
employ the class notation {z|p} as in common set theoretical practice. Frequently it will
be efficacious to employ bounded quantification which is defined as usual:

Ve € y.p(x) :=Vex cy= ¢(xr) and Jzre€y.p(z):=Jrv.x ey p(z).

A formula ¢ is called Ay if all of its quantifiers are bounded.
Another notational convenience is the introduction of the ‘set-many’ quantifier S de-
fined as:

Sr.p = Fy.(S(y) AVz.(z € y & @),
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where y ¢ FV(p). We also write:
xCy = S(x)AS(y) AVze€zz €Y.

We write func(f, a,b) to indicate that f is a functional relation on a x b (which will exist
in any of the set theories we consider):

func(f,a,b) = fCaxbAVr€adyecb(x,y)ef
Finally, for any formula ¢, we define:
coll(x € a,y € b,p) = (Vxe€adyebp)AVyebdreay).

For the sake of brevity we omit the obvious universal quantifiers in the following axioms
and schemata for set theories:

Membership: x € a = S(a).

Universal Sethood: S(z).

Extensionality: (¢« CbAbDC a)=a=0.

Emptyset: Sz. 1.

Pairing: Szz =2V z=y.

Binary Intersection: S(a) AS(b) = Sz.z € a Az €b.

Union: S(a) A (Vz € a.S(z)) = Sz.3z € a.z € x.

Infinity: 3a.S(a) A (Fr.z € a A (Vo € a)(S(z) Ay € a.S(y) Az € y)).
e-Induction: [Va.(S(a) AVz € a.p(z) = ¢(a))] = Va.(S(a) = ¢(a)).
Replacement: S(a) AVz € a.3ly.p = Sy.3z € a.p

Strong Collection: S(a) A (Vx € a.Fy.¢) = 3b.(S(b) A coll(z € a,y € b, ).
Exponentiation: S(a) A S(b) = Sz.func(z, a,b).

Subset Collection: S(a) A S(b) =

Jde.S(e) A [VoVx € a.3y € b.p = Id € ¢.S(d) A coll(z € a,y € d)y].

Ag-Separation: S(a) = Sz.z € a A p, if p is a Ay formula.
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AXIOMS BCST CST CZF

[ ] o

Membership
Extensionality, Pairing, Union
Emptyset
Binary Intersection
Replacement

O e e o o o

Ag-Separation

®e O e o o o

Exponentiation
Infinity
€-Induction
Strong Collection
Subset Collection
Universal Sethood

® 6 ¢ ¢ ¢ O ¢ O O O e

Table 1: Several Constructive Set Theories

The particular set theories with which we will be primarily concerned are given in Table
1. In Table 1 we employ a solid bullet e to indicate that the axiom in question is one of
the axioms of the theory and a hollow bullet o to indicate a consequence of the axioms.
There are several points worth mentioning in connection with Table 1. First, CZF is con-
ventionally formulated in the language {€} with all of the axioms suitably reformulated.
In the present setting this amounts to the addition of Universal Sethood. Secondly, the
form of Ag-Separation which holds in BCST and CST is subject to the stipulation that
@ is also well-typed in a sense which will be made precise shortly. Finally, the reader
should note that although the theories we consider do not include an axiom of infinity
the results of this paper are easily extended to theories augmented with (an appropriate
version of) Infinity (to be discussed below).

We begin by showing that a particularly useful axiom schema holds in BCST; namely,
Indexed Union:

S(a) A (Vz € a.Sy.¢) = Sy.3z € a.p.

2.1. LEMMA. BCST F Indexed Union.

PROOF. Suppose S(a) and Vz € a.Sy.o(x,y), then for any x € a there is a unique b such
that S(b) and (Yy)(y € b < ¢(z,y)). By Replacement there exists a ¢ such that S(c) and:

c = {z|3r €aS(z)A Vy)(y € z< ¢(x,y))}.

Clearly S(y') for any 3’ € ¢. By Union S(|Jc¢). Intuitively, we want to show that the class
w = {z|3x € a.p(x, z)} is a set. The claim then is that w = [Jc.

To see that this is so suppose that y € | Jc. Then there exists a d € ¢ such that y € d.
By the definition of ¢ there exists an e € a with (Vz)(z € d < ¢(e, 2)). So, since y € d it
follows that (e, y) and y € w.
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Next, suppose that y € w. Then there exists an e € a such that ¢(e,y). By the
original assumption there exists a set d such that:

d = {z|p(e, 2)}.

Also d € ¢ and since (e, y) it follows that y € d and y € |Je. Thus, Sy.3z € a.p, as
required. [

We now show that, although BCST lacks a separation axiom, it is possible to recover
some degree of separation. To this end we define:

pla, z]-Sep := S(a) = Sz.(x € a A p).

Here the free variables a and x need not occur in ¢. Additionally we say that a formula
@ is simple when the following, written !y, is provable:

Sz.(z=0N)

and z ¢ FV(¢). The intuition behind simplicity is that certain formulas are sufficiently
lacking in logical complexity that their truth values are indeed sets. In particular, we will
write ¢, for {z|z = 0 A ¢} which we call the truth value of ¢ (and, if necessary, we will
exhibit the free variable of ¢: t,(,)). Separation holds for such simple formulae:

2.2. LEMMA.  [Simple Separation] BCST F (Vz € a.lp(x)) = ¢[a, z]-Sep.

PrRoOOF. We will show that, given the assumptions, {z|z = A p(z)} is a set for each
x € a. The conclusion then is an easy consequence of Union-Rep. By assumption S(a)
and for every x € a the truth value:

to) = {zlz =0 A p(z)}

of ¢(x) is a set. Suppose y € ty(), then y = O A p(z). But then Flz.z =z Ay =0 A p(z).
By Replacement:

is a set. But 3y € tyu).2 = 2 Ay = 0 A p(x) is equivalent to z = x A ¢(x) so that
{z]z =2 N p(x)} is a set, as required. =

2.3. LEmMmMmA.  BCST proves the Equality Axiom (cf. [Simpson, 2004]):
Vr,y.Sz.z=xNz=y.

PROOF. Let z and y be given. Then {z} and {y} are sets and, by Binary Intersection,
their intersection {x} N {y} is also a set which has the required property. =
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Henceforth, given x and y, we write d,, for the set {z|z =z A 2z = y}.

2.4. LEMMA. In BCST:

2. If S(a) and Vx € alp(z), then !(3x € a.p(x)) and !(Vx € a.p(x)).

3. (x € a), when S(a).

4. If o and 1, then (o AY), e V), (e = ), and |(—yp).

5. If o V v, then lp.
PROOF. See [Awodey et al, 2004] or [Warren, 2004]. n
2.5. COROLLARY.  Given the other axioms of BCST the following are equivalent:

1. Binary Intersection,

2. FEquality, and

3. Intersection.
PROOF. See [Awodey et al, 2004] or [Warren, 2004]. "

2.6. DEFINITION. Let a Ay formula ¢ and a variable x occurring in ¢ be fixed. We
say that = is an orphan if x € FV(p). If x ¢ FV(p), then we define the parent of z in ¢
to be the variable y such that x occurs as a bound variable of one of the following forms in
p: Y € y or Ix € y (note that every x which is not an orphan has a unique parent in ¢ ).
The family tree of x in ¢, denoted by ®(p,x), is the singleton {z} if x is an orphan and
otherwise it is the tuple (x,y1,Ya, ..., Yn) such that the following conditions are satisfied:
(i) y1 is the parent of x in p, (ii) each Ym,11 is the parent of y,, for 1 <m <n—1, and
(iii) y, is an orphan. The reader may easily verify that, for each variable x occurring in
v, (o, x) is unique.

2.7. DEFINITION.  Given a Ay formula ¢ and a variable x occurring in ¢ we adopt the
following abbreviation:

S(®(p,2)) = S(Un) AVYn-1 € Yn.
S(yn—l) A Vyn—Q € yn—l-s(yn—Q) N...Vr € yl.S(l'),

where (@, x) = (T, Y1, .-+, Yn—1, Yn)-
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2.8. DEFINITION.  If ¢ is a Ay formula of BCST such that there are no occurrences
of the S predicate in @ and x1,...,x, are all of those variables of ¢ either bound or free
which occur on the right hand side of the € predicate in @, then we define a formula
(@, m) for each 1 < m < n inductively by:

T(p,0) = T.
T(@u m + 1) = T((P, m) A S(q)(¢7 xm—l—l))'
Then () :=T(p,n).
2.9. COROLLARY. [Ag-Separation] If ¢ is a Ay formula in which there are no occur-
rences of S and x4, ...,x, are all of those free variables of ¢ that occur on the right hand

side of occurrences of €, then:
BCST F 7(¢) AS(y) = Sz € y.p.

2.10. REMARK. If the Simple Sethood axiom, which states that the sethood predicate
S is simple, is satisfied then full Ay-separation holds.

We will now show that the category of sets of BCST form a Heyting pretopos and
that the sets of CST form a Il-pretopos (what we mean by ‘the category of sets’ will be
made precise shortly). First, we consider quotients of equivalence relations.

2.11. LEMMA. If S(a) and r C a X a is an equivalence relation, then for each x € a
the equivalence class:

[z], :={z]z € a A (x,2) €r}

1S a set.

PROOF. Let z € a be given to show that Sz.z € a A (z, z) € r. In order to apply Simple
Separation let an arbitrary y € a be given. It is an obvious consequence of part (2) of
Lemma 2.4 that Vz € r.!(z = (z,y)). By part (1) of the lemma (32 € r.z = (z,y)). Since
we shown that, for all y € a, /(32 € r.z = (z,y)) it follows from Simple Separation that
Sy.(ly € aN(3z€rz=(x,y)). Le, [z], is a set, as required. =
2.12. LEMMA. IfS(a) and r C a X a is an equivalence relation, then the quotient

a/r = {lz].|r € a}

of the set a modulo r is a set.

Proor. This is an easy application of Replacement. [



PREDICATIVE ALGEBRAIC SET THEORY 9

Let “Sets” be the category consisting of sets and functions between them in BCST.
More precisely, objects are those z of BCST such that S(z) and arrows f : © —y are
those f of BCST such that func(f,z,y). By the foregoing lemmas and some obvious
facts that we omit, we have the following:

2.13. THEOREM. BCST proves that “Sets” is a Heyting pretopos.
Now we regard “Sets” as the category of sets in CST:

2.14. LEMMA. For any object I of “Sets”, the category “Sets” /I is equivalent to
“Sets”! where I is regarded as a discrete category.

PROOF. The usual proof goes through in BCST: Define F : “Sets” /I — “Sets”’ by:

XL>] S (Xi)iela and
hef—g = (hi)ier,

where X; is the fiber f~1(i) of f over i and:

b Y
N
I
commutes in “Sets”. Notice that each X; is a set by Simple Separation.
Let G : “Sets”! — “Sets” /I by:

X

(Xi)iel — X —1,

where X := [[X; and, for any =z € X, f(z) is the i € I such that x € X;. Here
[1X: :={(z,i)|x € X} is a set by Simple Separation.

It is easily verified that F' and G constitute an equivalence of categories just as in
classical set theory. [

Given f : X —Y the pullback functor A; : “Sets” /Y — “Sets” /X serves to reindex
a family of sets (Cy)yey as (Cf))zex- Note also that given a set I and a family of sets
X; for each i € I, the class {X;|i € I'} is a set by Replacement.

2.15. LEMMA. For any map f : X —Y in “Sets”, the pullback functor Ay :
“Sets” /Y — “Sets” /X has both a left adjoint ¥y and a right adjoint I1;.

Proor. We may employ the usual definitions of the adjoints:

Xy
“Sets”X =7 LnsetSnY

(Cx>:L’EX — (Sy)yEYa

where Sy = [];(,-, Cs, and Iy

(Cx):vEX — (Py)yEYv
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where P, :=[] Fa)=y C,. Here the arbitrary product:

[[Xi={f:1—JXilVie Lf(i) € X;}

iel iel
is a set. In particular, | JX; is a set by Union and (|J X;)! is a set by Exponentiation.
The result follows directly from Lemma 2.4 and Simple Separation. [

By the foregoing lemmas we have proved:

2.16. THEOREM. CST proves that “Sets” is a II-pretopos.

We now consider the theories obtained by augmenting BCST and CST with an axiom
of infinity. In what follows we will consider an extension of the language L of set theory
obtained by adding three new constants o,s, N (cf. [Simpson, 2004]). We write £ for
the language so obtained. Let ¢ denote the conjunction of the following three formulae:

Vz € N.o# s(x),
Vz,y € N.s(x) = s(y) = = =y, and

Va.la C NANo€aAVx €a(s(z) €a)l =N =a,

then we may state the particular axiom of infinity (Infinityx) with which we will be
concerned:

Infinity+: S(N) Ao € N Afunc(s, N, N) A 1.

Henceforth we denote the theory obtained by adding Infinity* to BCST by BCST* and
similarly for CST. The immediate point to note about the particular axiom of infinity
adopted is that it places no unnecessary constraints on the actual elements of N. In
particular, we do not know that the elements of N are built up using Pairing and the
emptyset; indeed, the elements of N need not even be sets. The benefits of adopting such
an axiomatization are both practical and ideological; for such an axiomatization allows us
greater ease in the later interpretation of the set theory and permits an ‘implementation-
invariance’ not otherwise possible.

For any formula ¢, we write [z]-Ind for the formula asserting that the axiom of
induction holds for ¢; namely:

[p(0) AV € N.(p(z) = p(s(x)))] = Vz € N.p(z).

Then we have the following useful fact:
2.17. PROPOSITION.  [Simple Induction] BCST™ F Vz € N.lp = ¢[x]-Ind.
PROOF. See [Awodey et al, 2004] or [Warren, 2004]. "
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3. Predicative Categories of Classes

In this section we introduce the axiomatic theory of categories of classes (as well as
several variants of this notion) and derive soundness and completeness results for BCST
and CST. Our approach is related to those developed in [Joyal and Moerdijk, 1995],
[Simpson, 1999], [Butz, 2003], [Awodey et al, 2004], and [Rummelhoff, 2004].

3.1. AxioMsS FOR CATEGORIES WITH BAsiCc CLASS STRUCTURE. A system of
small maps in a positive Heyting category C is a collection S of maps of C satisfying the
following axioms:

(S1) S is closed under composition and all identity arrows are in S.

(S2) If the following is a pullback diagram:

o2 . ¢

o

D'——D
and f isin S, then f"isin S.
(S3) All diagonals A : C'—=C' x C are contained in S.
(S4) If e is a cover, g is in S and the diagram:

C . D

N

A

commutes, then f isin S.
(S5) If f:C—=Aand g: D— A are in S, then so is the copair [f,¢g] : C + D — A.

A map f is small if it is a member of S and an object C' is small if the canonical map
lo : C'—11is small. Similarly, a relation R>—=C'x D is a small relation if the composite:

R>—CxD—D

with the projection is a small map. Finally, a subobject A > C' is a small subobject if
A>—(C x 1 is a small relation; i.e., provided that A is a small object.
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3.2. DEFINITION. A category with basic (predicative) class structure is a positive
Heyting category C with a system of small maps satisfying:

(P1) For each object C of C there exists a (predicative) power object Ps (C') and a small
membership relation e == C' x P, (C) such that, for any D and small relation
R>—=C x D, there exists a unique map p: D —"P, C such that the square:

R €C

|

CxD——CxP,C
lcxp

18 a pullback.

As in topos theory we call the unique map p in (P1) the classifying map of R and R
the relation classified by p.

By the definition of small subobjects and small relations there are covariant functors
SSube(—) and SRelg(—) induced by restricting, for any objects A and B, the covariant
‘direct image’ functors Sube(B) and Sube(B x A) to the subposets of small subobjects of
B and small relations on B x A, respectively (this fact requires images of small subobjects
to be small which follows by (S4)). The content of the small powerobject axiom (P1) is
then that these functors are representable in the sense that:

Hom(A,P, B) = SRelg(A), and
Hom(1,P, B) = SSub¢(B).

These facts are proved below in proposition 3.8.

3.3. THE INTERNAL LANGUAGE OF CATEGORIES WITH BASIC CLASS STRUCTURE.
We will now develop some of the properties of the internal language of categories with basic
class structure. This approach is influenced by the work of Rummelhoff [Rummelhoff,
2004] and will provide a useful stepping stone for deriving further results. In particular,
our aim in developing the internal logic explicitly is twofold:

1. By deriving typed versions of the set theoretic axioms with which we are concerned
we are able to provide more elegant soundness proofs; for the validity of the untyped
axioms ultimately rests on the validity of their typed analogues.

2. Furthermore, we will make some use of the internal language to show that the
subcategories of small things have certain category theoretic properties. E.g., if C
is a category with basic class structure, then the subcategory S¢ of small objects is
a Heyting pretopos.

More generally, the development of the theory via the internal language allows us to
emphasize the contribution of the categorical structure already present in categories with
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basic class structure and to compare it with the additional structure provided by the move
to categories of classes (cf. subsection 3.32 below).

Henceforth we will assume that the ambient category C is a category with basic class
structure. We will denote by 74 the composite:

Tp:€ea=>AXP, —P, A.

Throughout we employ infix notation for certain distinguished relations and maps as in
the use of x ec y for the more cumbersome e€c (z,y). We abbreviate Vx; : X;.Vag :
XoV... Vo, X0 by Vo, : Xy, 20 0 Xo, ..., 2, : X,,.0 and similarly for existential quan-
tifiers. Finally, we write Vx € y in place of Vo : C.x €c .

3.4. PROPOSITION.

1. A relation R>—=C x D is small iff, for some
p:D—"P,C:
CEVz:C,y:D.R(z,y) & zec p(y).

2. A map f: C—=D is small iff, for some f~': D—=P,C:

CEVr:Cy:D.f(x) =y zec fH(y).

ProOF. Immediate from the definitions of small maps and relations. In particular, the
map f~!, which we call the fiber map, classifies the graph T'(f) == C x D of f. [

The following proposition will be one of the most useful tools at our disposal in the
study of categories with basic class structure. Indeed, this proposition serves to estab-
lish the importance of axiom (S3) (which will become all the more obvious with the
introduction of the category of ideals below.

3.5. PROPOSITION. The following are equivalent given (S1), (S2) and (P1) (cf.
[Awodey et al, 2004 and [Rummelhoff, 2004]):

1. (83).

2. Regular monomorphisms are small.

3. If go f is small then f is small.

4. €c: €c =>=C xX P, C is a small map.

5. Jx:Ciu:PCiv:P,Clr ec u Nz ec v] is a small relation

6. Sections are small.
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PrROOF. For (1)=-(2) notice that A is a regular mono and suppose that m : A>—= B is
the equalizer of h,k : B—=C'. Then:

Y

A hom=kom C

m] a

BWCXC

is a pullback and m is small by (S2).
To show that (2)=(3) suppose regular monos are small and g o f is small where:

Al ¢,

and consider the pullback:

p2
—_—

B
|s
o7 C.

P
g
A

There is a canonical map ¢ : A— P such that p; o ( = 14. By (S1) f is a small map.
(3)=-(1) is trivial. Also (3)=(4) is trivial. (4)=(1) is by (S2). Both (3)=(6) and
(6)=-(1) are trivial.
For (4)=-(5) notice that if R>=C x D is a small relation and the map S>—=C x D
is small, then R A S is a small relation. (5)=-(1) is by the fact that:

CEVz:Cly:Ca=yeoVe:Czeo{z}cNzeo {yle.

3.6. COROLLARY.  All of the canonical maps !4 : 0—= A are small and if f : A— B
and g : C—= D are small, then f+g: A+ C—= B+ D 1is also small.

The reader should be alerted at this point that use of proposition 3.5 and its corollary
will often be made without explicit mention.

3.7. PROPOSITION. [Typed Axioms| The following are true in any category C with
basic class structure:

Extensionality: For any object C':

CEVa,b:P,C.(Vx:Cxecas recb) = a=0.

Emptyset: For ecach object C there exists a map O : 1 —=P, C' such that:

CEVz:Crec o= L.



PREDICATIVE ALGEBRAIC SET THEORY 15

Singleton: For each object C' the singleton map {—}c, which is the classifying map for
the diagonal A : C > C x C, is a small monomorphism.

Binary Union: For each C' there exists a map U : Ps C' x Py C —="P, C' such that:

CEVz:C,a,b:P,Cxec (aUcb) < xecaVxesh.

Product: For all C and D there exists a map X¢p : Ps C x Py D—P, (C x D) such
that:

CEVz:C,y:D,a:P;C,b:PsD.(x,y) €cxp (aXepb) < xecaNyepb.

Pairing: For any C there exists a map {—, —}c : C x C —="P, C such that:
CEVzr,y,z:Cxec{y,ztcer=yVr=z.

Proor. For Extensionality, let the subobject r be given by the following:
[a,b: P, C|(Vx: C)(z ec a & x ec b)] =P, C x P, C.

By (P1) there exist subobjects S, S of C' x R classified by w1 or and my o r, respectively.
But by assumption S = S’. Notice that r factors through the diagonal A iff 7y or = o7
(recall that A is the equalizer of my and my). Thus, by (P1), R factors through A, as
required.

For Emptyset it suffices to notice that [« : C|L] is small.

For Singleton note that by Proposition 3.4 we have that:

[,y : Clz ec {y}] = A,
so that if C F {z}c = {y}c, then C F z = y. To see that {—}¢ is small notice that where:

C P €C
T
CxC o la CxP,C

we have {—}¢c = mo o p. But p is small since it has a retraction.

Binary Union follows from the fact that, by (S4) and (S5), the join of two small
subobjects is a small subobject. Product is by (S2). Finally, for Pairing, the map
{—,—}c: C x C—="P C is the composite Uc o ({—}c x {—}c). n

The foregoing is a good start, but before we are able to verify that more sophisticated
principles (e.g., Replacement) we must first develop several additional properties of the
categories in question.

3.8. PROPOSITION. P, (=) is the object part of a covariant endofunctor P, on C.
PROOF. As in [Joyal and Moerdijk, 1995] or [Awodey et al, 2004]. "
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Henceforth we write fi : P, C — Ps D instead of P, (f), where f: C —D.
3.9. ProrosiTiON.  Where f: C'— D:

CEVz:D,a:P,Cxep fila) = Jyeca.fly) =z
PrROOF. Easy. [
3.10. COROLLARY. Ifm:C>—= D is monic, then so ism,: P, C—P, D. Le.,
CEVz, 2’ : P,Comy(x) =my(2') =z =o'
Proor. By Typed Extensionality and the internal language. [

3.11. COROLLARY. Ifm :C>—=D is monic, then:

€c €D

I I

C’X'PSCWDX'PSD

18 a pullback.
PrROOF. Easy. n

3.12. PROPOSITION.  FEvery small map f: C — D gives rise to an (internal) inverse
mmage map f*: P, D—P,C.

PROOF. As in [Joyal and Moerdijk, 1995] or [Awodey et al, 2004]. n

3.13. ProrosiTION.  If f: C—= D is a small map, then:
CEVz:C,a:P,Dxec ff(a) = f(x)ep a,

where f* is as above.
PrROOF. Easy. n

In the following we write C¢ for the subobject of P, C' x P, C' given by:
Ce = [z :PCly:PCNzec z.z ec y.

From this description of C¢ it easily follows that Co == P, C' x P, C' is the equalizer of
m,Ng : P, C x P, C —= P, C and that:

CEVz,y: P,CxCoysaxNecy=c.
3.14. LEmMA. If f:C—=D is a small map, then fy = f* internally. That is:
CEVz:PCoy:P.D.filr) Spy e x o [ (y)

ProOOF. Easy using the internal language. [
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3.15. PROPOSITION. [Internal Beck-Chevalley Condition| If f : C'— D is a small
map and the following diagram is a pullback:

oL
A
.D/ —g> D
then f*o g = g/ o (f')*.
Proor. By the external Beck-Chevalley condition. [

3.16. SLICING, EXPONENTIATION AND THE SUBCATEGORY OF SMALL OBJECTS. In
this subsection we first show that the structure of categories with basic class structure is
preserved under slicing. Next, we show that small objects are exponentiable and introduce
the (categorical) ezponentiation axiom. Finally, we show that the category S¢ of small
objects in a category C with basic class structure is a Heyting pretopos and, moreover, if
C also satisfies the categorical exponentiation axiom, then S¢ is a Il-pretopos.

3.17. THEOREM. IfC is a category with basic class structure and D is an object of C,
then C/D is also a category with basic class structure.

ProOOF. The Heyting category structure of C is easily seen to be preserved under slicing.
Also, the collection Sp of all maps in C/D that are small in C is a system of small maps
in C/D.

Where f: C'— D is an object in C/D we define the powerobject P, (f : C'— D) as
the composite py : Vy > P, C' x D —= D where V; is defined as follows:

Vi = [z: R Cy:D[fi(z) Sp {y}n]-

Notice that by previous results V; = [z,y|Vz ec x.f(z) = y]. Similarly, we define the
membership relation €; as the composite My >—= D x C x P, C'— D where:

My == [z:D,y:C,z:P.Clyec 2 AV2' ec z.f(2') = z].
For further details see [Awodey et al, 2004] or [Warren, 2004]. =

3.18. LEMMA.  Guven f : B—A in C the pullback functor Ay : C/A—C/B preserves
all basic class structure.

PROOF. See [Warren, 2004]. =
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We will now show that exponentials D¢ exist when C' is a small object. We define the
exponential in question as a subobject of P, (C' x D) as follows:

DY = [R:P,(C x D)Vx:C3y:D.(x,y) ecxp RJ.

3.19. LEMMA. If C is small, then the following special case of the adjunction — x C
—% holds:

Hom(C, D) = Hom(1, DY) (1)

That is to say, there exists a natural isomorphism Hom(C, D) = Hom(1, D%).

PROOF. By the internal language (cf. [Warren, 2004]). n

Now, using the fact that C/E has basic class structure and the pullback functor A, :
C —=C/FE preserves this structure we arrive at the more general lemma:

3.20. LEMMA.  Where C' is a small object we have the following natural isomorphisms:
Hom(E x C, D) = Hom(E, DY) (2)
3.21. COROLLARY.  Small objects are exponentiable.

3.22. PROPOSITION. If f : C—= D 1is a small map, then the pullback functor
A :C/D—=C/C has a right adjoint I1;.

ProoF. Clearly (f : C—=D) is a small object in C/D and, hence, exponentiable there.
The existence of the adjoint II; then follows as usual. [

3.23. DEFINITION. A category with (predicative) class structure is a category C with
basic class structure which also satisfies the following exponentiation axiom:

(E) If f : C—=D iis a small map, then the functor Iy : C/C'—=C/D (which ezists by
the foregoing proposition) preserves small maps.

3.24. PROPOSITION. In a category with class structure if C' and D are both small,
then so is D°.

PROOF. Notice that DY is IIg o Ag(D). Moreover, since D is small so is Aq(D). By
(E) it follows that D¢ —=1 is also small. n

3.25. PROPOSITION. If C is a category with class structure and D is an object of C,
then C/D also has class structure.

PROOF. Use the fact that (C/D)/f = C/dom(f). =
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In the following proposition and theorem we will be concerned with the properties of
the full subcategory S¢ := S/1 of C consisting of small objects and small maps between
them.

3.26. PROPOSITION. LetC be a category with basic class structure. If 0y, 01 : R—=C'xC
is an equivalence relation in Se¢, then the coequalizer of 0y and 0y exists in S¢ and Oy, O,
18 1ts kernel pair.

PROOF. We define the coequalizer C//R by:
C/R = [z:PC|Fz:CVy:Cyec z< R(x,y)].

Notice that since Jy and 0y are small maps so is (0p, 01) : R>=C x C. As such, (0y, 01)
is also a small relation and there exists a unique « : C'— P, C' such that:

I

C’xC’@C’x’PSC

is a pullback. That is:

CEVz,y:C.R(z,y) & xec aly). (3)
By (3) and Typed Extensionality it follows that C'/R is the image of «:

im(a) = [z: P Cl3z: C.ax) = 2],

and, as such, that « factors through i : C'/R>—= P, C via a cover a. Moreover, by (P1),
aody = aod since (0y,0;) is an equivalence relation. Notice that since C' is small it
follows that & is a small map and, by (S4), that C'//R is a small object.

Finally, we will show that dy, 0, is the kernel pair of @; i.e., that:

R ¢

Nt

C—=C/R

is a pullback. Let an object Z and maps zg, z; : Z —=C be given such that aozy = aoz;.
Then we also have that a0 2y = a0 z;. Define a map n: Z— €c by n:=poro z,
where r is the ‘reflexivity’ map. Then we have:

€on = (Jp,a001)oroz
= (20,00 zp)

= (1¢ x @) o (0, 01).

By the universal property of pullbacks there exists a unique map 7 : Z—R with pon =17
and (0, 01) o = (0, 21). Moreover 7 is the unique map from Z to R such that 9yon = 2y
and 0; o = 2. It follows from the fact that covers coequalize their kernel pairs that &
is a coequalizer of Jy and 0;. It is easily seen that if Z together with zy and z; are in S¢,
then so is 7). [
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3.27. THEOREM. If C has basic class structure, then Se¢ is a Heyting pretopos.
Moreover, if C has class structure, then S¢ is a Il-pretopos.

Proor. By Proposition 3.26 S¢ has coequalizers of equivalence relations. It suffices
to show that S¢ is a positive Heyting category. But, this structure is easily seen exist
since C is a positive Heyting category. For instance, to show that S¢ has disjoint finite
coproducts note that if C' and D are small objects then so is C'+ D together with the
maps C—=C+ D and D—=C+ D by (S5). Disjointness and stability are consequences of
(S3). Similarly, by the description of C'x D as the pullback of ! along !p, it follows that
C x D is a small object when C' and D are. S¢ is seen to be regular by (S3). Finally, for
dual images, let a map f : C'— D and a subobject m : S>—=C be given in S¢c. Consider
the subobject i : Vy(m)>—= D. Notice that, in general, if a monomorphism C'>— D in a
category C with basic class structure is small, then it is also regular since it is a pullback
of the section T : 1 —"P, 1. Moreover since, by Proposition 3.22, II; exists and is a right
adjoint, it follows that 7 is a small map.

The further result is a consequence of Proposition 3.24. [

3.28. TYPED UNION AND REPLACEMENT. We now show that typed versions of
Union and Replacement are valid in categories with basic class structure. To this end, we
introduce a typed version of the ‘Sz.¢’ notation from above as follows:

St:Cp = Fy:P,CNx:C.rxecy< p),
where y ¢ FV ().

3.29. PROPOSITION. A relation R>—=C" x D s small if and only if C EVy : D.Sx :
C.R(z,y).

PrROOF. Suppose R>—C' x D is a small relation and p : D — P, C is the classifying
map. Then by Proposition 3.4 we have C F Vy : D.Vx : C.R(x,y) < = ¢c p(y). The
conclusion may be seen to follow from this (use p to witness the existential).

For the other direction suppose C F Vy : D.Sx : C.R(x,y). Then, by Typed Exten-
sionality:

CEVYy:D3z:PCVx:C(xec z < R(x,y)),

and there is a map p : D — P, C with the requisite property. [
3.30. ProrosITION.  [Typed Union| For all C':

CEVa:P,(P,C)Sz:C3xep, ¢ a.zec .
PrROOF. Let H be defined as:

H = [v:Cy:PCz:P(PC)lyepczNzecyl,

and note that the projection:

H>>CxP,CxP (P C)—=P (P C)

is small. By (S4) it follows that [z : C,z : P, (P:C)|3y ep, ¢ 2 Az €c y] is a small relation.
We write | : Ps (P; C) — P, C for the classifying map. n
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3.31. ProrosiTION.  [Typed Replacement| For all C' and D:
CEVa:P,C.(Vx ec a3y : D.p) = (Sy : D.3z €c a.p).

PRrROOF. Let a:1—="P,C be given with 1 I Vx ec a.3ly : D.p. Let a>—=C' be the small
subobject classified by a. Then the assumption yields a map f : « —C'— D such that:

L(f) = [r:a,y: Dlp(z,y)].

Moreover, the image of f is the subobject:

I = [y:D|3z ec a.p(x,y)].

Since « is a small subobject it follows by (S4) that I is also a small subobject. We may
now pull the general problem back as usual. [

3.32. UNIVERSES AND CATEGORIES OF CLASSES.  All of the set theories introduced
earlier are untyped (or, as we prefer to think of things, mono-typed) theories; yet the
internal languages of the categories we have been considering are typed languages. As
such, we will introduce a technical device which will allow us to model untyped theories.
The use of universal objects for this purpose originated in [Simpson, 1999] and has its
roots in Scott’s earlier work on modeling the lambda calculus (cf. [Scott, 1980]).

3.33. DEFINITION. A universal object in a category C is an object U of C such that
for any object C there exists a monomorphism m : C' == U. Similarly, in a category
C with basic class structure, a universe is an object U together with a monomorphism

L P (U)>—U.

Notice that the monomorphisms m and ¢ in the definition need not be unique. Also,
notice that if U is a universe in a category C then we may obtain a category C’ containing a

universal object, also U, by restricting to the full subcategory of C consisting of subobjects
of U.

3.34. DEFINITION. A basic (predicative) category of classes a category C with basic
class structure satisfying the additional universal object aziom:

(U) There exists a universal object U.

Similarly, a predicative category of classes is a category with class structure satisfying
(U).

We will now turn to proving that BCST is sound and complete with respect to models
in basic categories of classes and that CST is sound and complete with respect to models
in predicative categories of classes.



22 STEVE AWODEY AND MICHAEL A. WARREN

3.35. SOUNDNESS AND COMPLETENESS. In order to interpret the theories in question
in basic categories of classes (respectively, predicative categories of classes) we must choose
a monomorphism ¢ : P, U > U (this is because (U) is consistent with the existence of
multiple monos P, U == U). An interpretation of BCST in a basic category of classes C
is a conventional interpretation [—] of the first-order structure (€,S) determined by the
following conditions:
e [S(z)] is defined to be:
P, U==U.

e [z € y] is interpreted as the subobject:

1xe

o ~>UxPUSEU XU

3.36. REMARK. We write (C,U) F ¢ to indicate that ¢ is satisfied by the interpretation.
As above C F ¢ indicates that ¢ is true in the internal language and Z |- ¢ means that
Z forces .

We will now derive several useful results that will allow us to transfer results about the

typed internal language to the untyped set theories in question.

3.37. LEMMA. Ifm:C>—=D is a small map and r : R>= D x E is a small relation
with classifying map p : E—="Ps; D such that E - Yz ep p.p(z), where we write [x : D|g]
for C as a subobject of D, then there exists a restriction v’ : R'>—=C x E of R to C which
is a small relation with classifying map p' : E— P, C' such that p = myo p'.

PRrROOF. Let 7' : R'>=C x E be the pullback of r : R>= D x E along m X 1g, then,
since m X 1g is small 7’ : R' > (C x FE is a small relation and there exists a classifying
map p' : E—P, C.

We use (P1) to show that p =m0 p/. In particular, let p : P> D x E be the small
relation which results by pulling ep back along 1 x (my o p'), then it is a straightforward
application of the internal language to show that the following holds:

CEVz:D,y:Exepply) < xepmiop(y).
By (P1) it follows that p = myo p'. ]
3.38. PROPOSITION.  Suppose i : o> C' is a small map, then:
P.a = [o:PCNVzeo v.a(2)],

where P; v is regarded as a subobject of P, C' via 1) : Py a =P, C. In particular, when «
1s a small subobject with classifying map a : 1 —"P; C we have:

P.a = [z:PClr Ceal.
ProoF. Writing [z : Ps C|¢] for P, a as a subobject of P, C' we must show that:
CEVz : P Cu(x) & Vz eo v.az).

The left-to-right direction is a straightforward application of the internal language. The
right-to-left direction is by Lemma 3.37. [
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3.39. LEMMA. Ifa:1—U and 11 S(a) via some map a: 1— P, U, then:
[z[S(x) A (Vy)(yex =y €a)] = Pa,

where 1 : a>=U 1s the small subobject classified by a and Ps v is regarded as a subobject
of U via 1o 1.

PROOF. Note that [z, z|(Vy)(y € x = y € z)] is the composite:

LXL

Cy “>PUXPULLU x U

Using Proposition 3.38 the proof is by the following diagram:

P — P, @ Cu
7 % J
I 1 I 1xa I
P.U PU—PUXPU
_ _
1I LI ILXL
PU—U— U x U.
Xa
u

3.40. THEOREM. [Soundness of BCST] BCST s sound with respect to models in

basic categories of classes.

PrROOF. The Membership axiom is trivial and all of the other axioms follow from the
previous results contained in this subsection and the fact that their typed analogues are

valid in the internal languages of categories with basic class structure (see 3.7, 3.30 and
3.31). ]

In order to prove the soundness of CST we will need a way to eliminate the defined
terms such as func(f, a,b), {a, b}, et cetera which occur in Exponentiation. We now prove
several lemmas which will provide us with the requisite methods (which will also be needed
to prove the soundness of BCST™).

3.41. LEMMA.  [Eliminating Defined Terms| In any basic category of classes C:

1. Gwen a : 1 —=U (such an a will usually occur for us as the interpretation of a
constant) we have that [{a}] =to{—}y ca.

2. If a,b:1—U, then [{a,b}] =to{—,—}y o (a,b).

3. There exists a map pair : U x U —=U such that, given a,b as above, pair({a,b)) =
[{a,b)] (in the latter the {(a,b) is the set theoretic, defined, ordered pair).

PROOF. See [Warren, 2004]. =
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3.42. LEMMA.  Let a,b:1=xU each factoring through v via maps a,b:1=—=P,U be
given, then [a x b] = ¢ o (pair), o Xy o (a,b).

PROOF.  First, let ¢ : a«>=U and j : §>—U be the small subobjects classified by a
and b, respectively. Define a X b := (pair), o Xy o (a,b) and k := pairo (i x j). It is
straightforward to verify that:

[z:Ulxeyaxbd] = [z:Ulreyk].
The required result then follows by soundness. n

3.43. COROLLARY. If a,b : 1==U factor through v via a and b, respectively, and
1:a>—>U and j : B>—=U are the subobjects classified by a and b, respectively, then:

[zIS(z) A (Vy)(y ez =y €axb)] = P (axp),
where Ps (o x B) is regarded as a subobject of U via the map v o (pair); o (i X j).
Proor. By lemmas 3.42 and 3.39. n

3.44. COROLLARY.  Given the same assumptions as in the foregoing corollary:
B = [z]zCaxbAVreadlyeb(zy) € 7],

where 3 is regarded as a subobject of U wvia the map v o (pair); o (i X j)yol and [ :

B =P (% 3).
Proor. Using the foregoing corollary as well as the internal language. [

3.45. THEOREM. [Soundness of CST| CST is sound with respect to models in
predicative categories of classes.

Proor. All that remains to be checked is that (C,U) F Exponentiation where C is a
predicative category of classes.

We will first show that for any a,b : 1—U factoring through ¢ : P,U>—=U via maps a
and b, respectively, the subobject [z|func(z,a,b)] is small. By definition there exist small
subobjects o and 3 of U corresponding to @ and b.

Since these subobjects are small so is the exponential 5 by Proposition 3.24 and, by
the foregoing lemma and Proposition 3.38, it follows that:

g = [zlzCaxbAVr €adyeblry) € z]. (4)

The general result follows from the fact that, given a, b : Z—=U such that Z I S(a)AS(b),
we may pull the problem back to C/Z along A,,. [
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In order to prove the completeness of BCST with respect to models (C,U) in basic
categories of classes and the completeness of CST with respect to models in predicative
categories of classes we employ the familiar syntactic category construction. This approach
to completeness theorems is to be found in [Awodey et al, 2004] has its origins for the
purposes of algebraic set theory in [Simpson, 1999]. For proofs of the relevant facts the
reader is referred therefore to [Awodey et al, 2004] and [Warren, 2004].

3.46. THEOREM. [Completeness| For any formula ¢ of L, if (C,U) E ¢ for all models
(C,U) with C a category of classes, then BCST & . Similarly, if (C,U) E ¢ for all
models with C a predicative category of classes, then CST F ¢.

PROOF. See [Warren, 2004]. =

We obtain analogous theorems for the theories BCST* and CST™ if we restrict
attention only to those basic categories of classes (respectively, categories of classes) C
such that there exists a natural number object in the subcategory S¢ of small objects and
maps. Explicitly:

3.47. THEOREM. For any formula ¢ of LT, (C,U) E ¢ for all models (C,U) with
such that C is a basic category of classes and S¢ has a natural number object if and only
if BCST" & ¢ (and similarly for CST™).

4. The Ideal Completion of a Pretopos

In this section we construct models of CST ‘over’ [I-pretopoi R. Intuitively, the construc-
tion proceeds by freely adjoining certain ‘nice’ colimits to the base category R. This is
achieved explicitly by considering a certain subcategory of the category Sh(R) of sheaves
over R. Henceforth we assume that sheaves are taken with respect to the coherent cover-
age (also called the ‘finite-epi’ in pre-Johnstonian terminology).

4.1. DEFINITIONS AND BASIC PROPERTIES. Given a category C, recall that the
inductive completion Ind(C) is the subcategory of C consisting of filtered colimits of
representables. We will be concerned only with those Ind-objects which are ideals, in the
following sense:

4.2. DEFINITION. A diagram D : ZT—=C is an ideal diagram in C provided that T is a
small filtered category such that for every map « :i—j in Z the map D(a) is a monic.
An ideal I on a category C is an object ofé\ which is (up to isomorphism) a colimit of an
wdeal diagram of representables.

Using this definition, the ideal completion Id1(C) of a category C is the full subcategory
of C consisting of ideals. Indeed, if C is a pretopos then since every ideal is a sheaf for

the coherent coverage (cf. [Awodey and Forssell, 2004]), Idl(C) is also a subcategory of
Sh(C).
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In C the representable functors have many nice properties. One such property is that
they satisfy a form of compactness (or presentability) condition analogous to the defining
condition for compact elements of a lattice:

4.3. PROPOSITION.  [Representable Compactness| In (?, where X is a colimit h_rr>1l yD;

of representables, any map [ : yC—=X factors through at least one of the canonical maps

PROOF. Let X, yC and f be given as in the statement of the theorem and let P := [[, yD;
be the coproduct of the yD;. Then, by the construction of 11_n>1Z yD; as a coequalizer of
coproducts, there is a canonical map § : P— X such that each [; : yD; — X factors as
l; = £ o1, where ¢; : yD; —= P is the coproduct inclusion. It is easily verified that £ is a
cover.

Since representables are projective it follows that there is a map ¢ : yC'— P such that
§ o ( = f. Therefore there exists a yD; such that ¢ factors through some ¢; : yD; — P
via some map 7. But then:

f= &o¢
§ovjon
= ljon,

as required. [

Of course, when X is an ideal any such factorization will occur also in Id1(R) since
Id1(R) is a full subcategory of R.

4.4. DEFINITION. Where C and D are categories with colimits of ideal diagrams, a
functor F' : D —C is said to be continuous provided that it preserves colimits of ideal
diagrams.

4.5. PROPOSITION. If C is a category with colimits of ideal diagrams and R is any
category, then any functor ' : R — C which preserves monomorphisms extends to a
functor F : Id1(R) —= C which is continuous and unique up to natural isomorphism. In
this sense IdL(R) is the free completion of R with colimits of ideal diagrams:

R Y - IdI(R)

R s F

C.

PrOOF. Let F(lim.__yC;) :=lim _ F(C;). Notice that the assumption that F preserves
—i€Z —iel
monomorphisms is necessary so that the colimit lim_ F (C;) exists in C. ]
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4.6. CLAss STRUCTURE IN Idl(C).  In explaining the basic class structure on Id1(C)
we make use of the intuition that the representables should be the small objects and that
the small maps should be those with small fibers. This intuition is made explicit in the
following definition:

4.7. DEFINITION. A map f: X —Y in Sh(C) is small provided that it pulls
representables back to representables. I.e., f is small provided that, for every yC —Y
the object P in the following pullback diagram is a representable:

P——syC

]
As such, an object is small if and only if it is a representable since the terminal object of
Id1(C) is y1.

4.8. DEFINITION. A sheaf F is separated if and only if its diagonal A : F>—F x I is
a small map. Note though that being a separated sheaf is not the same as being a separated
presheaf (all sheaves are trivially separated presheaves).

Using this definition of small maps between sheaves we are able to employ a charac-
terization, which was proposed by André Joyal, of the ideals as precisely the separated
sheaves. This is stated explicitly in the following theorem.

4.9. THEOREM. [The Joyal Condition| Let C be a pretopos, then, for any sheaf F in
Sh(C), the following are equivalent:

1. F'is an ideal.
2. F is separated.

3. For all arrows f : yC' — F with representable domain, the image of f is repre-
sentable; i.e., [ :yC —=yD > F for some yD.

PROOF. See [Awodey and Forssell, 2004]. "
Using the Joyal condition one may easily show that Id1(C) has several nice properties.
4.10. THEOREM.  IfC s a pretopos, then:
1. Id1(C) is a positive Heyting category.
2. All of the positive Heyting structure of Id1(C) may be computed in Sh(C).

3. The (restricted) Yoneda embedding y : C—=1d1(C) preserves the pretopos structure,
all limits existing in C and, moreover, if C is Heyting, then it is a Heyting functor.

PROOF. See [Awodey and Forssell, 2004]. =
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Next we show that the small map axioms from 3.1 are satisfied in Id1(C):

4.11. PROPOSITION.  Let C be a pretopos, then Id1(C) satisfies azioms (S1)-(S5).

PRrROOF. (S1) and (S2) are easy. (S3) is by the Joyal Condition.
For (S4) suppose we have:

X = Y
foe\ }4
Z
with e a cover and f o e small. Let ¢ : yC' — Z be given and consider the diagram:

yC”—e/>>Pi>yC

S

e

where both squares are pullbacks (as is the outer rectangle). Then it follows that P is
representable.

For (S5) notice that the pullback of yC'—=Z7 along [f, g] : X +Y —Z is the coproduct
[*(yC)+ ¢g*(yC) which is representable since both f*(yC') and ¢g*(yC) are representable. m

We will strengthen this result by showing that, where R is a Heyting pretopos, the
category Id1(R) is a category with basic class structure. In order to motivate the definition
of the (predicative) powerobjects Ps (X) in Id1(R) suppose that the indexing category is
a topos £ and consider a provisional definition of the powerobject of an object yC' in £
as follows:

P (yC) = y(P(C)),

where P(C) is the usual (topos) powerobject of C in £. Then we have P, (yC) = y(Q°)
and at any object E in &:

2

P (yC)(E) = y(Q°)(E)
Homg (E, Q)
Homg(E x C,9Q)
Subg (E x C).

I

I

Dropping both the assumption that the indexing category is a topos and that we are
working in presheaves, we therefore adopt the following provisional definition of the small
powerobject of yC' in Id1(R):

P, (yC) = Subgr(—x ().
We then extend P, (—) continuously to ideals X = lim. yC; by:
P (X) = lm P, (yCi).
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We will show that this definition of Ps (X) is justified by first showing that there is
a functor Subj : R — Idl(R) which takes C' to Subgr(— x C) and which preserves
monomorphisms. Then it will be possible to apply Proposition 4.5 to arrive at an extension
P, : Id(R) —Idl(R) which will be seen to be a powerobject functor in the sense of
satisfying (P1).

Similarly, we will define the membership relation ex == X x P, X as the restriction
of the sheaf (hence also of the presheaf) membership relation to P; X. Explicitly, for a
representable yC', an ideal X := @Z yC; and an object D of the base category:

eo (D) = {(f,5) e yC(D) x P (yC)(D)|L(f) < S}, and

€x = hm €yC; -
K3

4.12. P, 1S AN IDEAL.

4.13. LEMMA. If R is a pretopos and C is an object of R, then the purported
powerobject presheaf Ps (yC') := Subg(— x C) is a sheaf.

ProOOF. Notice that P, (yC')(0) = {*} and, since coproducts in R are stable, Ps (yC)(A+
B) = P, (yC)(A) xPs(yC)(B). Suppose f : A—=DBis a cover and let h, k : Z—=Subg (B X
C) be given such that Subg(f x C) o h = Subg(f x C) o k. Then, for any z € Z,
h(z),k(z) € Subg(B x C) and the pullback P of h(z) along f x 1¢ is also the pullback of
k(z) along f x 1¢. But covers are preserved under pullback in R so that h(z) = k(z) by
the uniqueness of image factorizations. [

4.14. PROPOSITION. If R 1s a Heyting pretopos and C' is an object of R, then the
purported small powerobject Ps (yC') is an ideal.

PROOF. Since R is effective it suffices to show that P (yC') is separated. To that end
let yD —P, (yC) x Ps (yC) be given and consider the following diagram:

yD

P, (yC) =2 P, (yC) x P, (yC) === P, (yC)

We will show that the equalizer of m o4 and 75 07 is representable.

By the Yoneda lemma there are subobjects «, f € Subg(D x C) corresponding to
m o1 and my o 7, respectively. We want to find some H and h : H— D in R such that
the result of pulling o back along h x 15 is the same as the result of pulling 3 back along
h x 1c.

]

HXChX_lzDXC
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Define subobjects G and H of D x C' and D, respectively, as follows:

G = [z ylelz,y) < B, y)],

and:

H = V., (G)
= [zl(v2)(alz, 2) & Bz, 2))];

where 7mp is the projection D x C'— D. Finally, let h : H > D.
To see that v and 8 both pull back to the same thing along h X 1¢ notice that, where
@ is the pullback of a along h x 1o and [ is similarly defined:

z,yla(z,y) A (V2)(a(z, 2) < Bz, 2
z,y|8(z,y) A (V2)(a(z, 2) & Bz, 2))]

Qa

|=|,=|

|
Q [

So, m 040 yh = my 040 yh.

To see that yH is the equalizer suppose given some 7 : X—yD with w0101 = myoion.
It suffices to assume that X is representable, so suppose X = yFE. Consider the image
factorization yE’ of n:

yE'

\/

Notice that 7 07 0 ye = my 0 i o ye since ye' is a cover. That is, it suffices to consider
monomorphisms m into yD with 7 0 0om = w5 02 0m. In particular, if @ and g pull
back to the same thing along 7 X 1, then they already are the same when pulled back
along e x 1¢. Let € denote the result of pulling a, 3 back along e x 1¢.

We will now show that E’ =%~ D factors through H ~". D in R. Note that:

E' < H in Subg(D) iff #;(E') <G in Subg(D x C),
iff 7(E)<a=pfand <= aq,
iff aA7hH(E) <pand BATH(E) < a.

But a ATH(E') =e= [ A7H(E') is < a and < 3 by definition.

So there exists a map e : £/ — H such that hoé = e. To show € o ¢’ is the unique
map from E making n factor through H suppose that f: E— H and ho f = 7. By the
uniqueness of image factorizations it follows that f = ¢eo¢’. [
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4.15. LEMMA.  The functor Suby : R—=Id1(R) defined by Sub%k(C') := Subg(— x C)
preserves monomorphisms.

PROOF. A map f: D—=C induces a natural transformation ¢ : Subg (—xD)—=Subg (— X
(') given at an object E of R by:

S € Subg(E x D) 25 5" € Subg(E x C),where
S = (g x f(9).
As such, we define Subi(f) := ¢. Notice that ¢ is natural since R satisfies the Beck-

Chevalley condition.
If f is monic, then each component ¢ is monic and, by the Yoneda lemma, ¢ is monic

(since the monomorphisms, like other limits, in Id1(R) agree with those in R). n
4.16. DEFINITION. For any object X = lim yC; of Id1(R), where R is a Heyting

pretopos, we have by Proposition 4.5 and the foregoing lemma that there is a unique
functor P, : Id1(R) —Idl(R) with:

P (X) = P (limyC)
= lim Subg (C;)
= @Subn(— x C).
4.17. P, (X) 1S A POWEROBJECT.  We will now show that the axiom (P1) holds in
Id1(R) where R is a Heyting pretopos. It will be more efficient to break the proof into
several steps. Also, notice that we write €x for the membership relation in R and ex_

for the membership relation in Idl(R). Similarly, we write PX for the power object in R
and Ps X for the small power object in Id1(R).

4.18. LEMMA.  Given any small relation R X XY in Idl(R) there exists a unique
classifying map 7 : Y — P, X.

PRrROOF. First consider the case where R>—=yC x yD. Then in R both of the following
squares (and the outer rectangle):

€yC Cyo

| !

ny’Pswany’PyC

I I

P, yC PyC

)

are pullbacks where €, and PyC' are the presheaf membership and powerobject relations
and 7 is the inclusion of Ps yC into PyC (P; yC' is, by definition, a subfunctor of P, yC').
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Notice that R is representable since r is a small relation. In particular, R = yFE for some
object E of R and r = ye. So, using the ‘twist’ isomorphism ~: C' x D = D x C', we have
a relation € : E>—= D x C'. By the Yoneda lemma such an element corresponds to a map
r:yD—P,yC. R

We will now show that the canonical classifying map p : yD — PyC in R factors
through 7. L.e., we show that:

yD —"—P,yC

N

PyC

commutes. Notice that, by the two pullbacks lemma, this will suffice to show that 7 is a
classifying map for R in Idl(R). By the proof of the Yoneda lemma the action of 7 on a
given member f of yD(F) is:

[ P C)(f)e).

But, pr(f) = (yf x Lyc)*(ye) = i(P (yC)(f)(€)).
For uniqueness suppose that ¢ : yD — P, yC' such that:

yE Eyc

I I

yC’xyDﬁnyPsyC

is a pullback. Then, in 7/5, ye is the pullback of €,¢ along i 0 ¢ and along i o7 = p. Since
p is unique with this property it follows that i o # = i o ¢ and, since ¢ is monic, ¢ = 7.

Now, for any ideal X = hLQl yC; and small relation r : R>—= X x yD, R must be
representable since the projection:

R>— X xyD—yD

is small. T.e., R = yFE for some E. By Representable Compactness 4.3 there exists then

a factorization of r:
R>—yC; x yD>—= X x yD

for some 7. Thus indeed SRelx = lim. SRelyc;. ]
4.19. LEMMA.  For any ideal X, ex ==X X P, X is a small relation.

Proor. It clearly suffices to verify this for the case where X is a representable yC'. Let
yD =P, yC' be given. Then there is a r : R>=C x D in R such that:

Toyr

yR——yD

P

EyC 71—75 R ?JC

is a pullback, as required. [
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4.20. COROLLARY. Any relation R==X XY such that there exists a unique classifying
map p:Y —=P; X is a small relation.

PRrROOF. By (S2) and the fact that ex is a small relation. =

Putting the foregoing together we have the following proposition:
4.21. PROPOSITION. If R is a Heyting pretopos and X = lim yC; is an object of
IdI(R), then P, (X) = lim. Subgr(— x C;) is a small powerobject.

Moreover, when combined with the fact that axioms (S1)-(S5) are satisfied in pretopoi

we have shown the following:

4.22. THEOREM. IfR is a Heyting pretopos, then IdL(R) is a category with basic class
structure.

4.23. REMARK. It should be mentioned that Alex Simpson was the first to give a
proof of Proposition 4.14 (the main difference between his proof and the one given in this
paper is our use of the Joyal Condition).

4.24. EXPONENTIATION. We now extend the results of the preceding subsection by
showing that if R is a II-pretopos, then Id1(R) satisfies (E). First we need the following
beautiful and useful fact:

4.25. PROPOSITION.  IfC is a small category and P is an object of 1d1(C), then:

IdI(C)/P ~ Idi( / P).

Proor. Here fc P denotes the category of elements of P as in [Mac Lane and Moerdijk,
1992]. It is well known that C /P ~ [.P. In particular, there are two functors R :

5/P—>f/c77 and L : fc 73—>5/P such that L 4 R and the two maps are pseudo-inverse
to one another. These functors are defined as follows:

e R(n: F— P) is a functor given by:

(¢,C) +— Homgp(¢:yC—Pn: F—DP),

where ¢ is the map in C corresponding to the element ¢ € P(C) by the Yoneda
lemma.

o L(F):=lim moi where J := fch’ i ch—>CA/P is the map taking an object
(¢, C) to the corresponding ¢ : yC'— P as above and 7 is the projection from the
category of elements.
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We begin by showing that if (n : F—=P) is an object of Id1(C)/ P, then R(P) is isomorphic
to an object of Id]( fc P). Let n be given as mentioned. Then, since F' is an ideal we have
F= MLQI yD; with maps pu; : yD; — F making up the cocone.

We define a functor G : Z— [, P such that lim_yG; = R(n) and lim_yG; is an
object of Idl( [, P). Let G(i) := 7 0 f1; be the object corresponding via the Yoneda lemma
tonop;. Given f:i—=jin Z, let G(f) := D(f). G is easily seen to be functorial.

Next, let 7' := lim_yG. We now define an isomorphism ¢ : R(n) —T. If f €
R(n)(c,C) then we have f : yC—F. But using Representable Compactness there exists
an ¢ together with a map yl : yC'—yD; such that y;oyl = f. Now, an element of T'(¢c, C')
is an equivalence class [g : C'— D;|. where g : C —= D; ~ ¢’ : C'— Dy if and only if
there exists an object ¢ of Z together with maps h : i —=14” and h' : ' — 4" such that
D(h)og = D(h')og'. So we define p(cy(f) := [l]~. The naturality of ¢ follows from the
fact that 7 is filtered and the maps py : yDy — F' are monic.

Now we need an inverse map ¢ : T — R(n). If [¢ : C — D;]. € T(¢,C), then let
Y(e,c)([g]~) == pi o yg. This definition is independent of choice of representative by the
fact that Z is filtered and naturality is straightforward.

Finally, it is straightforward to verify, using the fact that Z is filtered, that o) = 1.
Moreover, ¥ o ¢ = 1g(, is trivial. Furthermore, G is easily seen to preserve monomor-
phisms. As such, we have shown that R(n) is an ideal in Id1( J, P).

Similarly, given an object F of Idl( [, P) it follows from the fact that 7 : [ P F— [P

and i : [, P—>C/P both preserve monomorphisms that L(F) is an object of IdI(C)/P. m
4.26. PROPOSITION.  If R is a Il-pretopos, then Idl(R) satisfies (E).

PROOF. First, we show that given !,c : yC'—=1and f : X —yC the map I, . (f) —1
is small. By definition we have the following pullback square:

M, () —> X

yC
"
1

— yC ve
TyC

where 7 ¢ is the transpose of 1,c. However, since f is small it follows that X is repre-
sentable. L.e., X = yFE for some E. But since R is a [I-pretopos it follows that:

1%

yCve y(CY), and
yEC = y(EY).

Therefore fY“ is a small map and by (S2) so is the map m . (f) — 1.
The general case then follows from the foregoing proposition. [
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4.27. UNIVERSES AND INFINITY. If R is a Heyting pretopos, then we may construct
universes U in Id1(R) as fixed points for endofunctors (cf. [Rummelhoff, 2004] or [Awodey
and Forssell, 2004]). Given such a universe U in Idl(R), the full subcategory | (U) of
IdI(R) consisting of those objects X of Idl(R) which are subobjects of U is a category
of classes with U as the universal object (cf. [Simpson, 1999]). Putting this fact together
with the results of the foregoing subsections we have our main theorem:

4.28. THEOREM. IfR is a Heyting pretopos, then there exists a universe U in Id1(R)
such that | (U) is a basic category of classes in which R is equivalent to the category of
small objects:

R ~ SIdl(R)-

Moreover, if R is a Il-pretopos, then |[(U) is a predicative category of classes.

PRrROOF. Let A:=][ .z yC and U a fixed point of F(X) = A+ P, (X):
U=A+P (U).
Cf. [Awodey and Forssell, 2004]. "

The reader should note that such initial models will satisfy the Simple Sethood axiom
and, as such, Ag-separation.

One may also be interested in providing ideal models of set theories satisfying Infinity.
Such models are obtained by adding a natural number object to the base category:

4.29. COROLLARY. If R is a Heyting pretopos with a natural number object, then:
(1(U),U) = Infinity*.

However, there is an additional question as to how (and whether) one may obtain
ideals models of stronger induction principles such as induction for classes as well as sets.
This is an issue of considerable interest, but is one which we will not take up here.

4.30. COLLECTION AND IDEAL COMPLETENESS. Ideal categories actually have some
additional properties which are worth briefly mentioning.

4.31. DEFINITION. A category with basic class structure is saturated if and only if it
satisfies the following:

Small covers: Given a cover e : E—= D such that D is a small object, there exists a
small subobject m : E' > E such that e om is a cover.

Small generators: If cvery small subobject m : D==FE factors through somel : E'>—~F,
then ' =2 F.

Saturated categories with (impredicative) class structure were considered by Awodey
et al [Awodey et al, 2004] in connection with their (inclusion) ideal models (see above) of
the set theory BIST. We will employ them to prove an analogous result for predicative
theories.
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4.32. LEMMA. If R is a Heyting pretopos, then Id1(R) is saturated.

PROOF. Since the representable functors generate Id1(R) the second condition is easily
seen to hold. For small covers, let a cover ¢ : X —yC be given with X = hLQ, yD;. We
employ the description of covers in Id1(R) as those maps which are locally epimorphic.
Applying the criteria for locally epimorphic maps to ¢, C, and 1o we have that there
exists a covering family (fy : Ey — C)rex where K is finite such that, for all k£ € K,
fr € im(yp,). Let E =], Ey and p: E—C.

So, yp : yE —=yC. Moreover, for all k € K, yf, : yEr, — yC factors through ¢
via the map {y, corresponding to x s, under the Yoneda lemma. Since yF is a coproduct
it follows that there exists a unique map p : yE — X such that, for each coproduct
injection Iy, : By — E, poyly = &,. As such, p o u = yp. By definition X = hLQZ yD;.
Therefore, by representable compactness, p factors through some yh; : yDyp > X via a
map i : yE —yD;. But then ¢ oyh; o i = yp and ¢ o yh; is a cover, as required. [

Small covers implies that the ideal models will satisfy, in addition to the other axioms
of BCST (or CST if R is a Il-pretopos), the Strong Collection axiom. First, another
axiom in which we will be interested is the (categorical) strong collection axiom [Joyal
and Moerdijk, 1995]:

4.33. DEFINITION. A system S of small maps in a category C with pullbacks is said
to have collection if and only if it satisfies the following axiom.:

(S6) For any cover p: D—=C and [ : C—= A in S there exists a quasi-pullback square:

C'—=D-2sC
7 |7
A A

such that h is a cover and f" isin S.

4.34. PROPOSITION. [Typed Strong Collection] If a category C with basic class
structure satisfies (S6), then:

CEVa:P,C.(Vrecady: D.p(x,y) = 3b: P, D.coll(z ec a,y ep b, p(x,y)),
where ¢ s any relation on C' x D.
PROOF. A routine but fairly lengthy exercise in the internal language. [

4.35. PROPOSITION.  IfC is a category with basic class structure that has small covers,
then C satisfies (S6).
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PrOOF. By Theorem 3.17, it suffices to show consider the case where we are given a
cover e : E—= C with ¢ : C'—1 a small map. By (2) there exists a small subobject
m : B> FE and the following is easily seen to be a quasi-pullback:

B>——F—(C
l |
1 1

Using the foregoing facts (and results of the previous sections) we have:
4.36. PROPOSITION.  For any Heyting pretopos R.:
(1(U),U) = Strong Collection.

Awodey et al [Awodey et al, 2004] have obtained, for the impredicative set theory
BIST. (BIST augmented with Strong Collection), a strengthening of the completeness
result with respect to models in (impredicative) categories of classes with collection. This
so-called ‘topos-completeness’ result may be replicated for impredicative set theories as
well, and we will now summarize this construction. In the statement of the following
theorems we will state everything for BCST exclusively. However, all of the results are
obtained for CST in the exact same way.

4.37. LEMMA. BCST¢ is complete with respect to models in basic categories of classes
which have collection.

Proor. Cf. [Awodey et al, 2004]. n

4.38. LEMMA.  For any basic category of classes C with collection there exists a basic
category of classes C' which has collection and is saturated and a functor F : C —=C’
which 1s conservative and logical.

PROOF. The proof from [Awodey et al, 2004] does not use any impredicative features
of the starting category C. [

4.39. REMARK. The proof of 4.38 requires some form of the axiom of choice. However,
it is not entirely clear to the author whether the full (non-constructive) strength of choice
is required or whether a similar proof may be given in a predicative meta-theory (as
codified by, say, CZF augmented with the axiom of multiple choice).

4.40. LEMMA. If a basic category of classes C is saturated, then there is a conservative
logical functor d : C —=1dl(S¢), namely, the restricted Yoneda embedding:

d(C) := Home¢(i—,C),
where i : S¢——C 1is the inclusion functor.

Assembling the pieces as in [Awodey et al, 2004] give the following result which says
that BCST¢ is complete with respect to models over Heyting pretopoi.
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4.41. THEOREM. For any formula ¢ of BCSTc, if, for all Heyting pretopoi R,
(L(U),U) = ¢, then BCST¢ F .

PROOF.  Again, the proof contained in [Awodey et al, 2004] requires no impredicative
means. [
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